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Fermat’s Last Theorem
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Cubum autem in duos cubos, aut quadratoquadratum in duos quadra-
toquadratos, et generaliter nullam in infinitum ultra quadratum
potestatem in duos ejusdem mominis fas est dividere: cujus rei
demonstrationem mirabilem sane detexi. Hanc marginis exiguitas
non caperet. :
Pierre de Fermat

Introduction

An elliptic curve over Q is said to be modular if it has a finite covering by
a modular curve of the form Xo(N). Any such elliptic curve has the property
that its Hasse-Weil zeta function has an analytic continuation and satisfies a
functional equation of the standard type. If an elliptic curve over Q with a
given j-invariant is modular then it is easy.to see that all elliptic curves with
the same j-invariant are modular (in which case we say that the j-invariant
is modular). A well-known conjecture which grew out of the work of Shimura
and Taniyama in the 1950’s and 1960’s asserts that every elliptic curve over Q
is modular. However, it only became widely known through its publication in a
paper of Weil in 1967 [We| (as an exercise for the interested reader!), in which,
moreover, Weil gave conceptual evidence for the conjecture. Although it had
been numerically verified in many cases, prior to the results described in this
paper it had only been known that finitely many j-invariants were modular.

In 1985 Frey made the remarkable observation that this conjecture should
imply Fermat’s Last Theorem. The precise mechanism relating the two was
formulated by Serre as the e-conjecture and this was then proved by Ribet in
the summer of 1986. Ribet’s result only requires one to prove the conjecture
for semistable elliptic curves in order to deduce Fermat’s Last Theorem.

*The work on this paper was.supported by an NSF grant.
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Our approach to the study of elliptic curves is via their associated Galois

representations. Suppose that p, is the representation of Gal(Q/Q) on the
p-division points of an elliptic curve over Q, and suppose for the moment that
-p3 is irreducible. The choice of 3 is critical because a crucial theorem of Lang-
lands and Tunnell shows that if p3 is irreducible then it is also modular. We
then proceed by showing that under the hypothesis that ps is semistable at 3,
together with some milder restrictions on the ramification of ps at the other
primes, every suitable lifting of p3 is modular. To do this we link the problem,
via some novel arguments from commutative algebra, to a class number prob-
lem of a well-known type. This we then solve with the help of the paper [TW].
This suffices to prove the modularity of E as it is known that E is modular if
and only if the associated 3-adic representation is modular.

The key development in the proof is a new and surprising link between two
strong but distinct traditions in number theory, the relationship between Galois
representations and modular forms on the one hand and the interpretation of
special values of L-functions on the other. The former tradition is of course .
more recent. Following the original results of Eichler and Shimura in the
1950’s and 1960’s the other main theorems were proved by Deligne, Serre and
Langlands in the period up to 1980. This included the construction of Galois
representations associated to modular forms, the refinements of Langlands and
Deligne (later completed by Carayol), and the crucial application by Langlands
of base change methods to give converse results in weight one. However with
the exception of the rather special weight one case, including the extension by
Tunnell of Langlands’ original theorem, there was no progress in the direction
of associating modular forms to Galois representations. From the mid 1980’s
the main impetus to the field was given by the conjectures of Serre which
elaborated on the e-conjecture alluded to before. Besides the work of Ribet and
others on this problem we draw on some of the more specialized developments
of the 1980’s, notably those of Hida and Mazur.

The second tradition goes back to the famous analytic class number for-
mula of Dirichlet, but owes its modern revival to the conjecture of Birch and
Swinnerton-Dyer. In practice however, it is the ideas of Iwasawa in this field on
which we attempt to draw, and which to a large extent we have to replace. The
principles of Galois cohomology, and in particular the fundamental theorems
of Poitou and Tate, also play an important role here.

The restriction that ps be irreducible at 3 is bypassed by means of an
intriguing argument with families of elliptic curves which share a common
ps. Using this, we complete the proof that all semistable elliptic curves are
modular. In particular, this finally yields a proof of Fermat’s Last Theorem. In
addition, this method seems well suited to establishing that all elliptic curves
over Q are modular and to generalization to other totally real number fields.

Now we present our methods and results in more detail.
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Let f be an eigenform associated to the congruence subgroup I'1(N) of
SL2(Z) of weight kK > 2 and character x. Thus if T}, is the Hecke operator
associated to an integer n there is an algebraic integer c(n, f) such that T,,f =
c(n, f)f for each n. We let K¢ be the number field generated over Q by the
{c(n, f)} together with the values of x and let Oy be its ring of integers.
For any prime A of Oy let Oy » be the completion of Oy at A. The following
theorem is due to Eichler and Shimura (for k¥ = 2) and Deligne (for k > 2).
The analogous result when k£ = 1 is a celebrated theorem of Serre and Deligne
but is more naturally stated in terms of complex representations. The image
in that case is finite and a converse is known in many cases.

THEOREM 0.1. For each prime p € Z and each prime X | p of Oy there
is a continuous representation

pra: Gal(Q/Q) — GL2(Of,5)

which is unramified outside the primes dividing Np and such that for all primes
q1 Np,

trace pf z(Frobq) = c(g, f),  det psr(Frobg) = x(q)¢d" .

We will be concerned with trying to prove results in the opposite direction,
that is to say, with establishing criteria under which a A-adic representation
arises in this way from a modular form. We have not found any advantage
in assuming that the representation is part of a compatible system of A-adic
representations except that the proof may be easier for some A than for others.

Assume

po : Gal(Q/Q) — GL2(F,)

is a continuous representation with values in the algebraic closure of a finite
field of characteristic p and that det pg is odd. We say that pp is modular
if po and pyy mod A are isomorphic over Fp for some f and A and some
embedding of Of/X in F,. Serre has conjectured that every irreducible pg of
odd determinant is modular. Very little is known about this conjecture except
when the image of pg in PGLy(F)) is dihedral, A4 or Ss. In the dihedral case
it is true and due (essentially) to Hecke, and in the A4 and Sy cases it is again
true and due primarily to Langlands, with one important case due to Tunnell
(see Theorem 5.1 for a statement). More precisely these theorems actually
associate a form of weight one to the corresponding complex representation
but the versions we need are straightforward deductions from the complex
case. Even in the reducible case not much is known about the problem in
the form we have described it, and in that case it should be observed that
one must also choose the lattice carefully as only the semisimplification of
Pfx = psamod ) is independent of the choice of lattice in K% A
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If O is the ring of integers of a local field (containing Qp) we will say that
p:Gal(Q/Q) — GLz(O) is a lifting of py if, for a specified embedding of the
residue field of O in Fp, p and pg are isomorphic over F . Our point of view
will be to assume that pg is modular and then to attempt to give conditions
under which a representation p lifting py comes from a modular form in the
sense that p ~ py 5 over Ky for some f, \. We will restrict our attention to
two cases:

(I) po is ordinary (at p) by which we mean that there is a one-dimensional
subspace of Ff,, stable under a decomposition group at p and such that
the action on the quotient space is unramified and distinct from the
action on the subspace.

(II) po is flat (at p), meaning that as a representation of a decomposition
group at p, po is equivalent to one that arises from a finite flat group
scheme over Z,, and det py restricted to an inertia group at p is the
cyclotomic character.

We say similarly that p is ordinary (at p) if, viewed as a representation to Q
there is a one-dimensional subspace of Q2 stable under a decomposition group
at p and such that the action on the quotient space is unramified.

Let € : Gal(Q/Q) — Z; denote the cyclotomic character. Conjectural
converses to Theorem 0.1 have been part of the folklore for many years but
have hitherto lacked any evidence. The critical idea that one might dispense
with compatible systems was already observed by Drinfeld in the function field
case [Dr]. The idea that one only needs to make a geometric condition on the
restriction to the decomposition group at p was first suggested by Fontaine and
Mazur. The following version is a natural extension of Serre’s conjecture which
is convenient for stating our results and is, in a slightly modified form, the one
proposed by Fontaine and Mazur. (In the form stated this incorporates Serre’s
conjecture. We could instead have made the hypothesis that pg is modular.)

CONJECTURE.  Suppose that p: Gal(Q/Q) — GL2(0) is an irreducible
lifting of po and that p is unramified outside of a finite set of primes. There
are two cases:

(1) Assume that po is ordinary. Then if p is ordinary and det p = e*1x for
some integer k > 2 and some x of finite order, p comes from a modular
form.

(ii) Assume that po is flat and that p is odd. Then if p restricted to a de-
composition group at p is equivalent to a representation on a p-divisible
group, again p comes from a modular form.
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In case (ii) it is not hard to see that if the form exists it has to be of
weight 2; in (i) of course it would have weight k. One can of course enlarge
this conjecture in several ways, by weakening the conditions in (i) and (ii), by
considering other number fields in place of Q and by considering groups other
than GLs.

We prove two results concerning this conjecture. The first includes the
hypothesis that pg is modular. Here and for the rest of the paper we will
assume that p is an odd prime.

THEOREM 0.2. Suppose that po is irreducible and satisfies either (I) or
(II) above. Suppose also that pg is modular and that

(i) po is absolutely irreducible when restricted to Q (\/ (—1)1%l p).

(i) If ¢ = —1modp is ramified in po then either po|p, is reducible over
the algebraic closure where Dy is a decomposition group at q or pols, is
absolutely irreducible where I, is an inertia group at q.

Then any representation p as in the conjecture does indeed come from a mod-
ular form.

The only condition which really seems essential to our method is the re-
quirement that pg be modular.

The most interesting case at the moment is when p = 3 and pg can be de-
fined over F3. Then since PGL2(F3) ~ Sy every such representation is modular
by the theorem of Langlands and Tunnell mentioned above. In particular, ev-
ery representation into GLy(Z3) whose reduction satisfies the given conditions
is modular. We deduce:

THEOREM 0.3. Suppose that E is an elliptic curve defined over Q and
that po is the Galois action on the 3-division points. Suppose that E has the
following properties: ‘

(i) E has good or multiplicative reduction at 3.
(ii) po is absolutely irreducible when restricted to Q(\/—3).

Gy For any g = —Lwed? either aolp, is reducible over the algebraic closure
or po|1, s absolutely irreducible.

Then E is modular.

We should point out that while the properties of the zeta function follow
directly from Theorem 0.2 the stronger version that E is covered by Xo(N)



448 ANDREW WILES

requires also the isogeny theorem proved by Faltings (and earlier by Serre when
E has nonintegral j-invariant, a case which includes the semistable curves).
We note that if E is modular then so is any twist of E, so we could relax
condition (i) somewhat.

The important class of semistable curves, i.e., those with square-free con-
ductor, satisfies (i) and (iii) but not necessarily (ii). If (ii) fails then in fact po
is reducible. Rather surprisingly, Theorem 0.2 can often be applied in this case
also by showing that the representation on the 5-division points also occurs for
another elliptic curve which Theorem 0.3 has already proved modular. Thus
Theorem 0.2 is applied this time with p = 5. This argument, which is explained
in Chapter 5, is the only part of the paper which really uses deformations of
the elliptic curve rather than deformations of the Galois representation. The
argument works more generally than in the semistable case but in this setting
we obtain the following theorem:

THEOREM 0.4. Suppose that E is a semistable elliptic curve defined over
Q. Then E is modular.

More general families of elliptic curves which are modular are given in Chap-
ter 5.

In 1986, stimulated by an ingenious idea of Frey [Fr], Serre conjectured
and Ribet proved (in [Ril]) a property of the Galois representations associated
to modular forms which enabled Ribet to show that Theorem 0.4 implies ‘Fer-
mat’s Last Theorem’. Frey’s suggestion, in the notation of the following theo-
rem, was to show that the (hypothetical) elliptic curve y2 = x(x + uP)(z — vP)
could not be modular. Such elliptic curves had already been studied in [He]
but without the connection with modular forms. Serre made precise the idea
of Frey by proposing a conjecture on modular forms which meant that the rep-
resentation on the p-division points of this particular elliptic curve, if modular,
would be associated to a form of conductor 2. This, by a simple inspection,
could not exist. Serre’s conjecture was then proved by Ribet in the summer
of 1986. However, one still needed to know that the curve in question would
have to be modular, and this is accomplished by Theorem 0.4. We have then
(finally!):

THEOREM 0.5. Suppose that uP +vP +wP = 0 with u,v,w € Q andp > 3,
then uvw = 0.

-

The second result we prove about the conjecture does not require the
assumption that pp be modular (since it is already known in this case).
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THEOREM 0.6. Suppose that pg is irreducible and satisfies the hypotheses
of the conjecture, including (I) above. Suppose further that

(i) po = IndIC;2 ko for a character ko of an imaginary quadratic extension L
of Q which is unramified at p.

(ii) det po|r, = w.

Then a representation p as in the conjecture does indeed come from a modular
form.

This theorem can also be used to prove that certain families of elliptic
curves are modular. In this summary we have only described the principal
theorems associated to Galois representations and elliptic curves. Our results
concerning generalized class groups are described in Theorem 3.3.

The following is an account of the origins of this work and of the more
specialized developments of the 1980’s that affected it. I began working on
these problems in the late summer of 1986 immediately on learning of Ribet’s
result. For several years I had been working on the Iwasawa conjecture for
totally real fields and some applications of it. In the process, I had been using
and developing results on £-adic representations associated to Hilbert modular
forms. It was therefore natural for me to consider the problem of modularity
from the point of view of ¢-adic representations. I began with the assumption
that the reduction of a given ordinary ¢-adic representation was reducible and
tried to prove under this hypothesis that the representation itself would have
to be modular. I hoped rather naively that in this situation I could apply the
techniques of Iwasawa theory. Even more optimistically I hoped that the case
¢ = 2 would be tractable as this would suffice for the study of the curves used
by Frey. From now on and in the main text, we write p for £ because of the
connections with Iwasawa theory.

After several months studying the 2-adic representation, I made the first
real breakthrough in realizing that I could use the 3-adic representation instead:
the Langlands-Tunnell theorem meant that p3, the mod 3 representation of any
given elliptic curve over Q, would necessarily be modular. This enabled me
to try inductively to prove that the GLg(Z/3™Z) representation would be
modular for each n. At this time I considered only the ordinary case. This led
quickly to the study of Ht(Gal(Feo/Q), Wy) for ¢ = 1 and 2, where Fi, is the
splitting field of the m-adic torsion on the Jacobian of a suitable modular curve,
m being the maximal ideal of a Hecke ring associated to p3 and Wy the module
associated to a modular form f described in Chapter 1. More specifically, I
needed to compare this cohomology with the cohomology of Gal(Qx/Q) acting
on the same module.

I tried to apply some ideas from Iwasawa theory to this problem. In my
solution to the Iwasawa conjecture for totally real fields [Wi4], I had introduced
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a new technique in order to deal with the trivial zeroes. It involved replacing
the standard Iwasawa theory method of considering the fields in the cyclotomic
Z,-extension by a similar analysis based on a choice of infinitely many distinct
primes ¢; = 1 mod p™ with n; — 0o as i — 0o. Some aspects of this method
suggested that an alternative to the standard technique of Iwasawa theory,
which seemed problematic in the study of Wy, might be to make a comparison
between the cohomology groups as ¥ varies but with the field Q fixed. The
new principle said roughly that the unramified cohomology classes are trapped
by the tamely ramified ones. After reading the paper [Grel], I realized that the
duality theorems in Galois cohomology of Poitou and Tate would be useful for
this. The crucial extract from this latter theory is in Section 2 of Chapter 1.

In order to put these ideas into practice I developed in a naive form the
techniques of the first two sections of Chapter 2. This drew in particular on
a detailed study of all the congruences between f and other modular forms
of differing levels, a theory that had been initiated by Hida and Ribet. The
outcome was that I could estimate the first cohomology group well under two
assumptions, first that a certain subgroup of the second cohomology group
vanished and second that the form f was chosen at the minimal level for m.
These assumptions were much too restrictive to be really effective but at least
they pointed in the right direction. Some of these arguments are to be found
in the second section of Chapter 1 and some form the first weak approximation
to the argument in Chapter 3. At that time, however, I used auxiliary primes
¢ = —1mod p when varying ¥ as the geometric techniques I worked with did
not apply in general for primes ¢ = 1modp. (This was for much the same
reason that the reduction of level argument in [Ril] is much more difficult
when ¢ = 1mod p.) In all this work I used the more general assumption that
pp wWas modular rather than the assumption that p = 3.

In the late 1980’s, I translated these ideas into ring-theoretic language. A
few years previously Hida had constructed some explicit one-parameter fam-
ilies of Galois representations. In an attempt to understand this, Mazur had
been developing the language of deformations of Galois representations. More-
over, Mazur realized that the universal deformation rings he found should be
given by Hecke rings, at least in certain special cases. This critical conjecture
refined the expectation that all ordinary liftings of modular representations
should be modular. In making the translation to this ring-theoretic language
I realized that the vanishing assumption on the subgroup of H? which I had
needed should be replaced by the stronger condition that the Hecke rings were
complete intersections. This fitted well with their being deformation rings
where one could estimate the number of generators and relations and so made
the original assumption more plausible:.

To be of use, the deformation theory required some development. Apart
from some special examples examined by Boston and Mazur there had been
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little work on it. I checked that one could make the appropriate adjustments to
the theory in order to describe deformation theories at the minimal level. In the
fall of 1989, I set Ramakrishna, then a student of mine at Princeton, the task
of proving the existence of a deformation theory associated to representations
arising from finite flat group schemes over Z,. This was needed in order to .
remove the restriction to the ordinary case. These developments are described
in the first section of Chapter 1 although the work of Ramakrishna was not
completed until the fall of 1991. For a long time the ring-theoretic version
of the problem, although more natural, did not look any simpler. The usual
methods of Iwasawa theory when translated into the ring-theoretic language
seemed to require unknown principles of base change. One needed to know the
exact relations between the Hecke rings for different fields in the cyclotomic
Z,-extension of Q, and not just the relations up to torsion.

The turning point in this and indeed in the whole proof came in the
spring of 1991. In searching for a clue from commutative algebra I had been
particularly struck some years earlier by a paper of Kunz [Ku2]. I had already
needed to verify that the Hecke rings were Gorenstein in order to compute the
congruences developed in Chapter 2. This property had first been proved by
Mazur in the case of prime level and his argument had already been extended
by other authors as the need arose. Kunz’s paper suggested the use of an
invariant (the 7-invariant of the appendix) which I saw could be used to test
for isomorphisms between Gorenstein rings. A different invariant (the p/p>-
invariant of the appendix) I had already observed could be used to test for
isomorphisms between complete intersections. It was only on reading Section 6
of [Ti2] that I learned that it followed from Tate’s account of Grothendieck
duality theory for complete intersections that these two invariants were equal
for such rings. Not long afterwards I realized that, unlikely though it seemed at
first, the equality of these invariants was actually a criterion for a Gorenstein
ring to be a complete intersection. These arguments are given in the appendix.

The impact of this result on the main problem was enormous. Firstly, the
relationship between the Hecke rings and the deformation rings could be tested
just using these two invariants. In particular I could provide the inductive ar-
gument of Section 3 of Chapter 2 to show that if all liftings with restricted
ramification are modular then all liftings are modular. This I had been trying
to do for a long time but without success until the breakthrough in commuta-
tive algebra. Secondly, by means of a calculation of Hida summarized in [Hi2]
the main problem could be transformed into a problem about class numbers
of a type well-known in Iwasawa theory. In particular, I could check this in
the ordinary CM case using the recent theorems of Rubin and Kolyvagin. This
is the content of Chapter 4. Thirdly, it meant that for the first time it could
be verified that infinitely many j-invariants were modular. Finally, it meant
that I could focus on the minimal level where the estimates given by my earlier

~
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Galois cohomology calculations looked more promising. Here I was also using
the work of Ribet and others on Serre’s conjecture (the same work of Ribet
that had linked Fermat’s Last Theorem to modular forms in the first place) to
know that there was a minimal level.

The class number problem was of a type well-known in Iwasawa theory
and in the ordinary case had already been conjectured by Coates and Schmidt.
However, the traditional methods of Iwasawa theory did not seem quite suf-
ficient in this case and, as explained earlier, when translated into the ring-
theoretic language seemed to require unknown principles of base change. So
instead I developed further the idea of using auxiliary primes to replace the
change of field that is used in Iwasawa theory. The Galois cohomology esti-
mates described in Chapter 3 were now much stronger, although at that time
I was still using primes ¢ = —1mod p for the argument. The main difficulty
was that although I knew how the n-invariant changed as one passed to an
auxiliary level from the results of Chapter 2, I did not know how to estimate
the change in the p/p2-invariant precisely. However, the method did give the
right bound for the generalised class group, or Selmer group as it is often called
in this context, under the additional assumption that the minimal Hecke ring
was a complete intersection.

I had earlier realized that ideally what I needed in this method of auxiliary
primes was a replacement for the power series ring construction one obtains in
the more natural approach based on Iwasawa theory. In this more usual setting,
the projective limit of the Hecke rings for the varying fields in a cyclotomic
tower would be expected to be a power series ring, at least if one assumed
the vanishing of the p-invariant. However, in the setting with auxiliary primes
where one would change the level but not the field, the natural limiting process
did not appear to be helpful, with the exception of the closely related and very
important construction of Hida [Hil]. This method of Hida often gave one step
towards a power series ring in the ordinary case. There were also tenuous hints
of a patching argument in Iwasawa theory ([Scho], [Wi4, §10]), but I searched
without success for the key.

Then, in August, 1991, I learned of a new construction of Flach [Fl] and
quickly became convinced that an extension of his method was more plausi-
ble. Flach’s approach seemed to be the first step towards the construction of
an Euler system, an approach which would give the precise upper bound for
the size of the Selmer group if it could be completed. By the fall of 1992, I
believed I had achieved this and began then to consider the remaining case
where the mod 3 representation was assumed reducible. For several months I
tried simply to repeat the methods using deformation rings and Hecke rings.
Then unexpectedly in May 1993, on reading of a construction of twisted forms
of modular curves in a paper of Mazur [Ma3], I made a crucial and surprising
breakthrough: I found the argument using families of elliptic curves with a
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common ps which is given in Chapter 5. Believing now that the proof was
complete, I sketched the whole theory in three lectures in Cambridge, England
on June 21-23. However, it became clear to me in the fall of 1993 that the con-
struction of the Euler system used to extend Flach’s method was incomplete
and possibly flawed.

Chapter 3 follows the original approach I had taken to the problem of
bounding the Selmer group but had abandoned on learning of Flach’s paper.
Darmon encouraged me in February, 1994, to explain the reduction to the com-
plete intersection property, as it gave a quick way to exhibit infinite families
of modular j-invariants. In presenting it in a lecture at Princeton, I made,
almost unconsciously, a critical switch to the special primes used in Chapter 3
as auxiliary primes. I had only observed the existence and importance of these
primes in the fall of 1992 while trying to extend Flach’s work. Previously, I had
only used primes ¢ = —1 modp as auxiliary primes. In hindsight this change
was crucial because of a development due to de Shalit. As explained before, I
had realized earlier that Hida’s theory often provided one step towards a power
series ring at least in the ordinary case. At the Cambridge conference de Shalit
had explained to me that for primes ¢ = 1 mod p he had obtained a version of
Hida’s results. But except for explaining the complete intersection argument
in the lecture at Princeton, I still did not give any thought to my initial ap-
proach, which I had put aside since the summer of 1991, since I continued to
believe that the Euler system approach was the correct one.

Meanwhile in January, 1994, R. Taylor had joined me in the attempt to
repair the Euler system argument. Then in the spring of 1994, frustrated in
the efforts to repair the Euler system argument, I began to work with Taylor
on an attempt to devise a new argument using p = 2. The attempt to use p = 2
reached an impasse at the end of August. As Taylor was still not convinced that
the Euler system argument was irreparable, I decided in September to take one
last look at my attempt to generalise Flach, if only to formulate more precisely
the obstruction. In doing this I came suddenly to a marvelous revelation: I
saw in a flash on September 19th, 1994, that de Shalit’s theory, if generalised,
could be used together with duality to glue the Hecke rings at suitable auxiliary
levels into a power series ring. I had unexpectedly found the missing key to my
old abandoned approach. It was the old idea of picking ¢;’s with ¢; = 1 mod p™
and n; — oo as ¢ — oo that I used to achieve the limiting process. The switch
to the special primes of Chapter 3 had made all this possible.

After I communicated the argument to Taylor, we spent the next few days
making sure of the details. The full argument, together with the deduction of
the complete intersection property, is given in [TW].

In conclusion the key breakthrough in the proof had been the realization
in the spring of 1991 that the two invariants introduced in the appendix could
be used to relate the deformation rings and the Hecke rings. 'In effect the 7-
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invariant could be used to count Galois representations. The last step after the
June, 1993, announcement, though elusive, was but the conclusion of a long
process whose purpose was to replace, in the ring-theoretic setting, the methods
based on Iwasawa theory by methods based on the use of auxiliary primes.

One improvement that I have not included but which might be used to
simplify some of Chapter 2 is the observation of Lenstra that the criterion for
Gorenstein rings to be complete intersections can be extended to more general
rings which are finite and free as Zp-modules. Faltings has pointed out an
improvement, also not included, which simplifies the argument in Chapter 3
and [TW]. This is however explained in the appendix to [TW].

It is a pleasure to thank those who read carefully a first draft of some of this
paper after the Cambridge conference and particularly N. Katz who patiently
answered many questions in the course of my work on Euler systems, and
together with Illusie read critically the Euler system argument. Their questions
led to my discovery of the problem with it. Katz also listened critically to my
first attempts to correct it in the fall of 1993. I am grateful also to Taylor for
his assistance in analyzing in depth the Euler system argument. I am indebted
to F. Diamond for his generous assistance in the preparation of the final version
of this paper. In addition to his many valuable suggestions, several others also
made helpful comments and suggestions especially Conrad, de Shalit, Faltings,
Ribet, Rubin, Skinner and Taylor. Finally, I am most grateful to H. Darmon
for his encouragement to reconsider my old argument. Although I paid no heed
to his advice at the time, it surely left its mark.
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Chapter 1

This chapter is devoted to the study of certain Galois representations.
In the first section we introduce and study Mazur’s deformation theory and
discuss various refinements of it. These refinements will be needed later to
make precise the correspondence between the universal deformation rings and
the Hecke rings in Chapter 2. The main results needed are Proposition 1.2
which is used to interpret various generalized cotangent spaces as Selmer groups
and (1.7) which later will be used to study them. At the end of the section we
relate these Selmer groups to ones used in the Bloch-Kato conjecture, but this
connection is not needed for the proofs of our main results.

In the second section we extract from the results of Poitou and Tate on
Galois cohomology certain general relations between Selmer groups as X varies,
as well as between Selmer groups and their duals. The most important obser-
vation of the third section is Lemma 1.10(i) which guarantees the existence of
the special primes used in Chapter 3 and [TW].

1. Deformations of Galois representations

Let p be an odd prime. Let ¥ be a finite set of primes including p and
let Qs be the maximal extension of Q unramified outside this set and oo.
Throughout we fix an embedding of Q, and so also of Qy, in C. We will also
fix a choice of decomposition group Dy for all primes ¢ in Z. Suppose that k
is a finite field of characteristic p and that

(11) po: Gal(Qz/Q) — GLa(k)

is an irreducible representation. In contrast to the introduction we will assume
in the rest of the paper that py comes with its field of definition k. Suppose
further that det pg is odd. In particular this implies that the smallest field of
definition for pg is given by the field ko generated by the traces but we will not
assume that k = ko. It also implies that pg is absolutely irreducible. We con-
sider the deformations [p] to GL2(A) of po in the sense of Mazur [Mal]. Thus
if W (k) is the ring of Witt vectors of k, A is to be a complete Noetherian local
W (k)-algebra with residue field ¥ and maximal ideal m, and a deformation [p]
is just a strict equivalence class of homomorphisms p: Gal(Qs/Q) — GL2(A)
such that pmodm = pg, two such homomorphisms being called strictly equiv-
alent if one can be brought to the other by conjugation by an element of
ker : GLo(A) — GLg(k). We often simply write p instead of [p] for the
equivalence class.
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We will restrict our choice of pg further by assuming that either:

(i) po is ordinary; viz., the restriction of py to the decomposition group D,
has (for a suitable choice of basis) the form

X1 %
1.2 ~
( ) po Dp ( 0 xo )

where x; and x2 are homomorphisms from D, to k* with x2 unramified.
Moreover we require that x1 # Xx2. We do allow here that po|p, be
semisimple. (If x; and x2 are both unramified and po|p, is semisimple
then we fix our choices of x; and x2 once and for all.)

(i) po is flat at p but not ordinary (cf. [Sel] where the terminology finite is
used); viz., po|p, is the representation associated to a finite flat group
scheme over Z,, but is not ordinary in the sense of (i). (In general when we
refer to the flat case we will mean that pg is assumed not to be ordinary
unless we specify otherwise.) We will assume also that det pol;, = w
where I, is an inertia group at p and w is the Teichmiiller character
giving the action on p*! roots of unity.

In case (ii) it follows from results of Raynaud that po|p, is absolutely
irreducible and one can describe po|;, explicitly. For extending a Jordan-Holder
series for the representation space (as an I,-module) to one for finite flat group
schemes (cf. [Ray1]) we observe first that the trivial character does not occur on
a subquotient, as otherwise (using the classification of Oort-Tate or Raynaud)
the group scheme would be ordinary. So we find by Raynaud’s results, that
poli, % k ~ 91 @ 1po where 1 and 1, are the two fundamental characters of

degree 2 (cf. Corollary 3.4.4 of [Rayl]). Since %; and 1 do not extend to
characters of Gal(Q,/Qp), po|p, must be absolutely irreducible.

We will sometimes wish to make one of the following restrictions on the
deformations we allow:

(i) (a) Selmer deformations. In this case we assume that py is ordinary, with no-
tation as above, and that the deformation has a representative
p:Gal(Qx/Q) — GL2(A) with the property that (for a suitable choice

of basis)
~ [ X %
plo, ~ ( 0 522)

with X2 unramified, X2 = x2mod m, and detp|;, = ew™'x1x2 Where

€ is the cyclotomic character, e: Gal(Qs/Q) — Zj, giving the action
on all p-power roots of unity, w is of order prime to p satisfying w = ¢
mod p, and x;1 and x2 are the characters of (i) viewed as taking values in
k* — A*.
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(i) (b) Ordinary deformations. The same as in (i)(a) but with no condition on
the determinant.

(i) (¢) Strict deformations. This is a variant on (i) (a) which we only use when
po|p, is not semisimple and not flat (i-e. not associated to a finite flat
group scheme). We also assume that x1x3 ! = & in this case. Then a
strict deformation is as in (i)(a) except that we assume in addition that

(X1/X2)ID, = €.

(i) Flat (atp) deformations. We assume that each deformation p to GL2(A)
has the property that for any quotient A /a of finite order p|p, mod a
is the Galois representation associated to the Qp-points of a finite flat
group scheme over Z,,.

In each of these four cases, as well as in the unrestricted case (in which we
impose no local restriction at p) one can verify that Mazur’s use of Schlessinger’s
criteria [Sch] proves the existence of a universal deformation

p: Gal(Qs/Q) — GL2(R).

In the ordinary and unrestricted case this was proved by Mazur and in the
flat case by Ramakrishna [Ram]. The other cases require minor modifications
of Mazur’s argument. We denote the universal ring Ry in the unrestricted
case and RSS, Rg{d, R$tr, sz in the other four cases. We often omit the ¥ if the
context makes it clear.

There are certain generalizations to all of the above which we will also
need. The first is that instead of considering W (k) -algebras A we may consider
O-algebras for O the ring of integers of any local field with residue field k. If.
we need to record which O we are using we will write Rx o etc. It is easy to
see that the natural local map of local O-algebras '

Ryso — Ry ® O
W (k)
is an isomorphism because for functorial reasons the map has a natural section
which induces an isomorphism on Zariski tangent spaces at closed points, and
one can then use Nakayama’s lemma. Note, however, that if we change the
residue field via i : k< k' then we have a new deformation problem associated
to the representation p, = i o pp. There is again a natural map of W (k')-
algebras v
/ /
R(pp) — R A W (k')

which is an isomorphism on Zariski tangent spaces. One can check that this
is again an isomorphism by considering the subring R; of R(p;) defined as the
subring of all elements whose reduction modulo the maximal ideal lies in k.
Since R(pp) is a finite Rj-module, R; is also a complete local Noetherian ring
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with residue field k. The universal representation associated to pj is defined

over Ry and the universal property of R then defines a map R — R;. So we

obtain a section to the map R(pp) — R @())W(k’ ) and the map is therefore
W(k

an isomorphism. (I am grateful to Faltings for this observation.) We will also
need to extend the consideration of O-algebras to the restricted cases. In each
case we can require A to be an (J-algebra and again it is easy to see that
Ry n~ Ry ® O in each case.

5,0 Wik

The second generalization concerns primes ¢ # p which are ramified in pg.
We distinguish three special cases (types (A) and (C) need not be disjoint):

(A) polp, = (@ ;2) for a suitable choice of basis, with x; and x2 unramified,

X1 X3 = w and the fixed space of I, of dimension 1,

(B) pb| I, = (’8" 10),xq # 1, for a suitable choice of basis,

(C) HY(Qq, Wy) = 0 where W) is as defined in (1.6).

Then in each case we can define a suitable deformation theory by imposing
additional restrictions on those we have already considered, namely:

A) plp, = Y1 *) for a suitable choice of basis of A2 with ¥, and ¥, un-
q P2
ramified and 9195 l—¢

(B) plr, = (') for a suitable choice of basis (x4 of order prime to p, so the
same character as above);

(C) det p|;, = det pol,, i.e., of order prime to p.

Thus if M is a set of primes in ¥ distinct from p and each satisfying one of
(A), (B) or (C) for pg, we will impose the corresponding restriction at each
prime in M.

Thus to each set of data D = {-,X, 0, M} where - is Se, str, ord, flat or
unrestricted, we can associate a deformation theory to pg provided

(1.3) po: Gal(Qz/Q) — GLa(k)

is itself of type D and O is the ring of integers of a totally ramified extension
of W(k); po is ordinary if - is Se or ord, strict if - is strict and flat if - is fl
(meaning flat); po is of type M, i.e., of type (A), (B) or (C) at each ramified
prime q # p, ¢ € M. We allow different types at different ¢’s. We will refer
to these as the standard deformation theories and write Rp for the universal
ring associated to D and pp for the universal deformation (or even p if D is
clear from the context).

We note here that if D = (ord, &, O, M) and D’ = (Se, X, 0, M) then
there is a simple relation between Rp and Rp. Indeed there is a natural map



MODULAR ELLIPTIC CURVES AND FERMAT’S LAST THEOREM 459

Rp — Rpr by the universal property of Rp, and its kernel is a principal ideal

generated by T' = ¢~ 1(y) det pp(7y) — 1 where v € Gal(Qx/Q) is any element

whose restriction to Gal(Qw/Q) is a generator (where Qo is the Zy-extension -
of Q) and whose restriction to Gal(Q({np)/Q) is trivial for any N prime to p

with (¥ € Qsx, (n being a primitive N*! root of 1:

(14) RD/T ~ RD’- ~

It turns out that under the hypothesis that po is strict, i.e. that po|p,
is not associated to a finite flat group scheme, the deformation problems in
(i)(a) and (i)(c) are the same; i.e., every Selmer deformation is already a strict
deformation. This was observed by Diamond. The argument is local, so the
decomposition group D, could be replaced by Gal(Q,/Qp).

PRroPOSITION 1.1 (Diamond). Suppose that m:Dp — GL2(A) is a con-
tinuous representation where A is an Artinian local ring with residue field k, a
finite field of characteristic p. Suppose T =~ (g‘sx’;) with x1 and x2 unramified
and x1 # x2- Then the residual representation 7 is associated to a finite flat

group scheme over Zy.

Proof (taken from [Dia, Prop. 6.1]). We may replace 7 by 7 ® x5 and
we let ¢ = Xx;x3 - Then m 2 (%° f) determines a cocycle ¢ : D, — M(1) where
M is a free A-module of rank one on which D, acts via ¢. Let u denote the
cohomology class in H!(D,, M(1)) defined by ¢, and let uo denote its image
in HY(D,, Mp(1)) where Mo = M/mM. Let G = ker ¢ and let F be the fixed
field of G (so F is a finite unramified extension of Qp). Choose n so that p™A
= 0. Since H%(G, puyr) — H?(G, pps) is injective for r < s, we see that the
natural map of A[D,,/G]-modules HY(G, pp) ®z, M — HY(G,M(1)) is an
isomorphism. By Kummer theory, we have H'(G, M (1)) & F* /(F*)P" @z M
as Dp-modules. Now consider the commutative diagram

HY(G, M(1))Pr———((F* /(F*)"" ®g, M)Pp—— MPs

HY(G, Mo(1)) —— (F*/(F*)") ®, My —— Mo

where the right-hand horizontal maps are induced by v, : F* — Z. If ¢ #1,
then MPr C mM, so that the element resug of H'(G, Mo(1)) is in the image
of (O5/(OF)P) ®F, Mo. But this means that 7 is “peu ramifié” in the sense of
[Se] and therefore 7 comes from a finite flat group scheme. (See [E1, (8.2)].)

Remark. Diamond also observes that essentially the same proof shows
that if 7 : Gal(Q,/Qq) — GL2(A), where A is a complete local Noetherian
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ring with residue field k, has the form 7|z, = (§ ) with 7 ramified then = is
of type (A).

Globally, Proposition 1.1 says that if pg is strict and if D = (Se, , O, M)
and D= (str, &, O, M) then the natural map Rp — Ry is an isomorphism.

In each case the tangent space of Rp may be computed as in [Mal]. Let
A be a uniformizer for O and let Uy ~ k2 be the representation space for po.
(The motivation for the subscript A will become apparent later.) Let V) be the
representation space of Gal(Qx/Q) on Ad pg = Homyg(Uy, Uy) =~ Ma(k). Then
there is an isomorphism of k-vector spaces (cf. the proof of Prop. 1.2 below)

(1.5) Homy(mp/(mb, X), k) =~ Hp(Qz/Q,VA)

where H3,(Qx/Q,V)) is a subspace of H(Qs/Q, V)) which we now describe
and mp is the maximal ideal of Rp. It consists of the cohomology classes
which satisfy certain local restrictions at p and at the primes in M. We call
mp/(m?, \) the reduced cotangent space of Rp.

We begin with p. First we may write (since p # 2), as k[Gal(Qz/Q)]-
modules,

(1.6) Vx=Wxr®k, where Wy = {f € Homg(Uy,U,): trace f = 0}

~ (Sym?®det™!)po
and k is the one-dimensional subspace of scalar multiplications. Then if pg
is ordinary the action of Dj, on U) induces a filtration of Uy and also on W)
and V). Suppose we write these 0 C U C Uy, 0 C WY C W} C Wy and
0 C VY C V! C Vi. Thus U is defined by the requirement that D, act on it

via the character x; (cf. (1.2)) and on Uy/UY via x2. For W) the filtrations
are defined by

Wy = {feWx f(UY) cU},
W/{) = {fGW,%:f=OonUf\)},

and the filtrations for V), are obtained by replacing W by V. We note that
these filtrations are often characterized by the action of D,. Thus the action
of D, on WY is via x1/x2; on W/WY it is trivial and on W/ Wi it is via
X2/x1- These determine the filtration if either x1/x2 is not quadratic or py Dy
is not semisimple. We define the k-vector spaces

VWi o= {feVi:f=0 in Hom(Ux/US,Ux/U},
H5o(Qp,Va) = ker{H'(QpVa) — H'(Qu™,Va/Wi)},
Hoa(Qp,VA) = ker{H'(Qp,Va) — HMQP™,Va/VX™)},
H3r(QpV3) = ker{H'(QpV3) — H'(Qp,Wa/WY) ® H'(QE™, k)}.
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In the Selmer case we make an analogous definition for HS,(Q,p, W)) by
replacing V), by W), and similarly in the strict case. In the flat case we use
the fact that there is a natural isomorphism of k-vector spaces

H'Y(Qp, Va) — Extyp, (Ua,Uy)

where the extensions are computed in the category of k-vector spaces with local
Galois action. Then H}(Qp, V) is defined as the k-subspace of H 1Qp, Va)
which is the inverse image of Ext} (G, G), the group of extensions in the cate-
gory of finite flat commutative group schemes over Z, killed by p, G being the
(unique) finite flat group scheme over Z, associated to Uy. By [Ray1] all such
extensions in the inverse image even correspond to k-vector space schemes. For
more details and calculations see [Ram].

For g different from p and ¢ € M we have three cases (A), (B), (C). In
case (A) there is a filtration by D, entirely analogous to the one for p. We
write this 0 C Wo’q C W,\’q C Wy and we set

ker : H(Qg, V3)

— HY(Qq, Wa/W?) & H'(QU™,k) in case (A)
‘H})q(Qtp Vz\) =
ker : Hl(Qq: V)\)
— HY(Qy™,Vy) in case (B) or (C).

Again we make an analogous definition for H1 D, (Qq, W)) by replacing V)
by W) and deleting the last term in case (A). We now define the k-vector

space Hp(Qs/Q, V3) as
Hp(Qs/Q, W) = {a € H'(Qzs/Q,VA): aq € Hp (Qq, V) forall g€ M,
op € Hl(Qp, i)}

where * is Se, str, ord, fl or unrestricted according to the type of D. A similar
definition applies to H1(Qs/Q, W) if - is Selmer or strict.

Now and for the rest of the section we are going to assume that pg arises
from the reduction of the A-adic representation associated to an eigenform.
More precisely we assume that there is a normalized eigenform f of weight 2
and level N, divisible only by the primes in ¥, and that there is a prime A
of Oy such that pg = pymod . Here Oy is the ring of integers of the field
generated by the Fourier coefficients of f so the fields of definition of the two
representations need not be the same. However we assume that k O O /A
and we fix such an embedding so the comparison can be made over k. It will
be convenient moreover to assume that if we are considering py as being of
type D then D is defined using O-algebras where O 2 Oy, is an unramified
extension whose residue field is k. (Although this condition is unnecessary, it
is convenient to use A as the uniformizer for 0.) Finally we assume that py )
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itself is of type D. Again this is a slight abuse of terminology as we are really
considering the extension of scalars py x 0® O and not py,y itself, but we will
I

do this without further mention if the context makes it clear. (The analysis of
this section actually applies to any characteristic zero lifting of pg but in all
our applications we will be in the more restrictive context we have described
here.)

With these hypotheses there is a unique local homomorphism Rp — O
of O-algebras which takes the universal deformation to (the class of) ps x. Let
pp =ker : Rp — O. Let K be the field of fractions of O and let Uy = (K/0)?
with the Galois action taken from py . Similarly, let Vy = Ad pf ®0 K /O ~
(K/O)* with the adjoint representation so that

Vi ~ W@ K/O

where Wf has Galois action via Sym? P ® det pf » and the action on the
second factor is trivial. Then if pg is ordinary the filtration of Uy under the
Adp action of Dj, induces one on Wy which we write 0 C WP C W}; C Wy.
Often to simplify the notation we will drop the index f from W%, V; etc. There
is also a filtration on Wyn = {ker A™: W; — Wy} given by Wi, = Wyn NW*
(compatible with our previous description for n = 1). Likewise we write Vyn
for {ker A™: Vy — V;}. '

We now explain how to extend the definition of H% to give meaning to-
HL(Qx/Q, Van) and H5(Qx/Q, V) and these are O/A" and O-modules, re-
spectively. In the case where pg is ordinary the definitions are the same with
Van or V replacing V), and O/A" or K/O replacing k. One checks easily that
as O-modules

(1.7) Hp(Qs/Q,Vin) = Hp(Qz/Q,V)an,

where as usual the subscript A™ denotes the kernel of multiplication by A™.

This just uses the divisibility of H°(Qx/Q,V) and H°(Q,, W/W?) in the

strict case. In the Selmer case one checks that for m > n the kernel of
Hl(Qunr V,\n/W/\n) N Hl (Qunr V)\m/W/(\)m)

has only the zero element fixed under Gal(Q,""/Q,) and the ord case is similar.

Checking conditions at ¢ € M is done with similar arguments. In the Selmer

and strict cases we make analogous definitions with Wy~ in place of V)» and

W in place of V and the analogue of (1.7) still holds.

We now consider the case where py is flat (but not ordinary). We claim
first that there is a natural map of O-modules

(1.8) HY(Qp, Van) — Extgp ;(Uxm, Uxn)

for each m > n where the extensions are of O-modules with local Galois
action. To describe this suppose that o € H 1(Qp, Van). Then we can asso-
ciate to a a representation p,: Gal(Qp/Qp) — GL2(Oyle]) (where Ople] =
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Ole]/ (A", €2)) which is an O-algebra deformation of p (see the proof of Propo-
sition 1.1 below). Let E = Oy[e]? where the Galois action is via p,. Then
there is an exact sequence

0— €eE/X™ —E/X™ — (E/e)/A™ — 0
|2 ki

and hence an extension class in Ext!(Uym, Uyn). One checks now that (1.8)
is a map of O-modules. We define H}(Qp,Van) to be the inverse image of
Ext}(Usn,Uxn) under (1.8), i.e., those extensions which are already extensions
in the category of finite flat group schemes Z,. Observe that Ext}(Un, Uxn) N
Ext(lngp](U an,Upn) is an O-module, so H}(Qp, Var) is seen to be an O-sub-
module of H1(Q,, Vi»). We observe that our definition is equivalent to requir-
ing that the classes in H}(Q,, Van) map under (1.8) to Ext}(Uxm,Uxn) for all
m > n. For if e,, is the extension class in Ext!(Uym,Uy) then e,, < e, ®Uym
as Galois-modules and we can apply results of [Rayl] to see that e, comes
from a finite flat group scheme over Z, if e, does.

In the flat (non-ordinary) case po|;, is determined by Raynaud’s results as

mentioned at the beginning of the chapter. It follows in particular that, since
po|, is absolutely irreducible, V(Q,) = H(Q,, V) is divisible in this case
P

(in fact V(Qp) ~ K/O). Thus H}(Qp, Van) ~ H1(Qp, V)i~ and hence we can
define

H{(Qp, V) = | H{ (Qp, Van),
n=1 :

and we claim that H} (Qp, V)ar ~ H}(Qp, Var). To see this we have to compare
representations for m > n,

pnm: Gal(Qp/Qp) — GLa(Onle]/A™)

| [~

pm.m: Gal(Qp/Qp)—GL2(Omle]/A™)

where pnm and pmm are obtained from o, € H 1(Qp, Vi) and im(a,) €
HY(Qp, Vam) and ¢ 5 a+be — a+ A™ "be. By [Ram, Prop 1.1 and Lemma
2.1] if pp m comes from a finite flat group scheme then so does pm m. Conversely
©m,n is injective and so pn ,, comes from a finite flat group scheme if p, ,, does;
cf. [Rayl]. The definitions of H5(Qx/Q, Var) and H(Qx/Q, V) now extend
to the flat case and we note that (1.7) is also valid in the flat case.

Still in the flat (non-ordinary) case we can again use the determination
of po|s, to see that H'(Qp, V) is divisible. For it is enough to check that
H?%(Qp, V1) = 0 and this follows by duality from the fact that H%(Q,, V¥) =0



464 ANDREW WILES

where V' = Hom(V), p,) and p,, is the group of p*® roots of unity. (Again
this follows from the explicit form of pol D .) Much subtler is the fact that
P

H}(Qp, V) is divisible. This result is essentially due to Ramakrishna. For,
using a local version of Proposition 1.1 below we have that

Homo (pr/ph, K/O) ~ H}(Qp, V)

where R is the universal local flat deformation ring for pg|p, and O-algebras.
(This exists by Theorem 1.1 of [Ram] because pg|p, is absolutely irreducible.)

Since R ~ Rf (8())(9 where Rfl is the corresponding ring for W (k)-algebras
W(k

the main theorem of [Ram, Th. 4.2] shows that R is a power series ring and
the divisibility of H{ (Qp, V) then follows. We refer to [Ram] for more details
about Rf.

Next we need an analogue of (1.5) for V. Again this is a variant of standard
results in deformation theory and is given (at least for D = (ord, X, W (k), ¢)
with some restriction on x1, x2 in i(a)) in [MT, Prop 25].

PROPOSITION 1.2.  Suppose that psy is a deformation of py of type
D = (-,X,0,M) with O an unramified extension of Of . Then as O-modules

Homo (pp/pp,K/O) ~ Hp(Qz/Q,V).

Remark. The isomorphism is functorial in an obvious way if one changes
D to a larger D'.

Proof. We will just describe the Selmer case with M = ¢ as the other
cases use similar arguments. Suppose that « is a cocycle which represents a
cohomology class in H3,(Qx/Q, Van). Let Oy [e] denote the ring Oe]/(A"e, €2).
We can associate to o a representation

pa: Gal(Qx/Q) — GL2(O,fe])

as follows: set po(g9) = a(g)psa(g) where ps A(g), a priori in GL2(0), is viewed
in GL2(Oyrle]) via the natural mapping O — O,le]. Here a basis for (02
is chosen so that the representation py ) on the decomposition group D, C
Gal(Qx/Q) has the upper triangular form of (i)(a), and then a(g) € Vyn is
viewed in GL2(O,[e]) by identifying

Van o~ {( 1 -;ys 1 ists )} = {ker : GLy (O,,[e]) — GL2(0)}.

{1}

Then
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1 1+ye ze
Win = {( 1—ye | [’
. 14 ye TE
Wi = {( z€ l—ys)}’

1 1+ye xe
o {(%))

One checks readily that p, is a continuous homomorphism and that the defor-
mation [p4] is unchanged if we add a coboundary to a.

We need to check that [p,] is a Selmer deformation. Let H =
Gal(Qp/Qp™) and G = Gal(Qp™/ Qp) Consider the exact sequence of O[G]-
modules

and

0 — (Vih/Wi)" = (Van/Wh)? - X >0

where X is a submodule of (Vx»/V;)™. Since the action of D), on Vyn/Vy, is
via a character which is nontrivial mod A (it equals x2 xl'l mod A and x1 # X2),
we see that X9 = 0 and H!(G,X) = 0. Then we have an exact diagram of

O-modules
0

HY(G, (Vi /W0)) ~ HY(G, (Van/ W)

HY(Qp, Van /W)

H! (Qunr, V/\n/Won )g.

By hypothesis the image of « is zero in H( Q™ Vi /W, n)g Hence it
is in the image of H(G, (VA,, /W2)"). Thus we can assume that it is rep-
resented in H! (QP,V)‘n /W%) by a cocycle, which maps G to Vi /W ie.,
f(Dp) C Vi /WP, f(I,) = 0. The difference between f and the image of o is
a coboundary {o — o@— @} for some u € Vyn. By subtracting the coboundary
{o = ou — u} from o globally we get a new a such that a = f as cocycles
mapping G to Vi /Wi. Thus a(D,) C Vi, a(I,) C WS, and it is now easy
to check that [p,] is a Selmer deformation of pq.

Since [pq] is a Selmer deformation there is a unique map of local O-
algebras ¢, : Rp — Oyle] inducing it. (If M # ¢ we must check the
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other conditions also.) Since po = py,x mod € we see that restricting ¢q to pp
gives a homomorphism of O-modules,

Ya:pp — €O/N"
such that o (p%) = 0. Thus we have defined amap p:a — @q,

¢ : Hy(Qs/Q,Van) — Homo(pp/ph, O/\").

It is straightforward to check that this is a map of O-modules. To check the

injectivity of ¢ suppose that 4 (pp) = 0. Then ¢4 factors through Rp/pp ~ O

and being an O-algebra homomorphism this determines 4. Thus [pf 2] = [pa]-

If A=1paA = ps,» then Amode is seen to be central by Schur’s lemma and so

may be taken to be I. A simple calculation now shows that a is a coboundary.
To see that ¢ is surjective choose

¥ € Homp (pp/p%, O/A™).

Then py: Gal(Qz/Q) — GLa(Rp/(p%, ker ¥)) is induced by a representative
of the universal deformation (chosen to equal pf ) when reduced mod pp) and
we define a map ay : Gal(Qg/Q) — Vi» by

1+ pp/(ph, ker ¥)  pp/(ph, ker T)
aw(g) = pu(9)psa(9) ' € : C Vi
pp/(pD, ker ¥)  1+pp/(pp, ker ¥)

where pf(g) is viewed in GLa(Rp/(p%, ker ¥)) via the structural map O —
Rp (Rp being an O-algebra and the structural map being local because of
the existence of a section). The right-hand inclusion comes from

po/(bhker 1) S O/ S (O/A") ¢

1 — E.

- Then ay is readily seen to be a continuous cocycle whose cohomology class
lies in H},(Qx/Q, Van). Finally p(ay) = ¥. Moreover, the constructions are
compatible with change of n, i.e., for Vyn < Vyn41 and A : O/A" = O/A"+. O

We now relate the local cohomology groups we have defined to the theory
of Fontaine and in particular to the groups of Bloch-Kato [BK]. We will dis-
tinguish these by writing H}. for the cohomology groups of Bloch-Kato. None
of the results described in the rest of this section are used in: the rest of the
paper. They serve only to relate the Selmer groups we have defined (and later
compute) to the more standard versions. Using the lattice associated to py,x we
obtain also a lattice T ~ O* with Galois action via Ad ps . Let V=T ®z, Qp
be the associated vector space and identify V with V/T. Let pr: V — V be
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the natural projection and define cohomology modules by

Hp(Qp, V) = ker: H(QpV) — HY(Qp, V & Bury),

HHQpV) = pr(HHQp, V) C HY(Q,, V),

Hp(Qp,Var) = (n) ™ (HE(Qp, V) € HY(Qy, Van),

where j,: Van — V is the natural map and the two groups in the definition
of H}(Qp, V) are defined using continuous cochains. Similar definitions apply
to V* = Homgq,(V,Qp(1)) and indeed to any finite-dimensional continuous
p-adic representation space. The reader is cautioned that the definition of
H3(Qp, Van) is dependent on the lattice T' (or equivalently on V). Under
certain conditions Bloch and Kato show, using the theory of Fontaine and
Lafaille, that this is independent of the lattice (see [BK, Lemmas 4.4 and
4.5]). In any case we will consider in what follows a fixed lattice associated to
P = pf, Ad p, etc. Henceforth we will only use the notation H}(Qp, —) when
the underlying vector space is crystalline.

ProposITION 1.3. (i) If po is flat but not ordinary and pf 18 associated
to a p-divisible group then for all n

H{ (Qp,Van) = Hp(Qp,Van).

= € and pj ) is associated to a p-divisible

(ii) If g, is ordinary, det pf,\
group, then for all n,

Hlli‘(Qp’V)\") c HSIe(QP’V)\")°

Proof. Beginning with (i), we define H}(Q,,V) = {a € HY(Q,,V) :
k(a/A") € H(Qp, V) for all n} where x : H(Q,,V) — HY(Qp, V). Then
we see that in case (i), H}(Qp, V) is divisible. So it is enough to show that

Hp(Qp, V) = HE(Qp, V).
We have to compare two constructions associated to a nonzero element o of

H'(Qp, V). The first is to associate an extension

(1.9) 0-V->ESK o0

of K-vector spaces with commuting continuous Galois action. If we fix an e
with 6(e) = 1 the action on e is defined by e = e + &(o) with & a cocycle
representing . The second construction begins with the image of the subspace
(o) in H*(Qp, V). By the analogue of Proposition 1.2 in the local case, there
is an O-module isomorphism

H'(Qp, V) ~ Homo(pr/pk, K/O)
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where R is the universal deformation ring of py viewed as a representation
of Gal(Q,/Qp) on O-algebras and pg is the ideal of R corresponding to pp
(i.e., its inverse image in R). Since a # 0, associated to {a) is a quotient
pr/(p%, a) of pr/p% which is a free O-module of rank one. We then obtain a
homomorphism

pa: Gal(Qp/Qp) — GLz (B/(ph, )

induced from the universal deformation (we pick a representation in the uni-
versal class). This is associated to an O-module of rank 4 which tensored with
K gives a K-vector space E' ~ (K)* which is an extension

(1.10) 0 ->U—->FE - U -0

where U ~ K? has the Galois representation py ) (viewed locally).

In the first construction a € H}(Qp, V) if and only if the extension (1.9) is
crystalline, as the extension given in (1.9) is a sum of copies of the more usual
extension where Q,, replaces K in (1.9). On the other hand (a) C H}(Qp, V) if
and only if the second construction can be made through Rf, or equivalently if
and only if E’ is the representation associated to a p-divisible group. (A priori,
the representation associated to p, only has the property that on all finite
quotients it comes from a finite flat group scheme. However a theorem of
Raynaud [Rayl] says that then p, comes from a p-divisible group. For more
details on R, the universal flat deformation ring of the local representation
po, see [Ram].) Now the extension E’ comes from a p-divisible group if and
only if it is crystalline; cf. [Fo, §6]. So we have to show that (1.9) is crystalline
if and only if (1.10) is crystalline.

One obtains (1.10) from (1.9) as follows. We view V as Homg (U, U) and
let

X =ker: {Homg (U, U) @U — U}

where the map is the natural one f ® w — f(w). (All tensor products in this
proof will be as K-vector spaces.) Then as K[Dp]-modules

F'~(EoU)/X.

To check this, one calculates explicitly with the definition of the action on E
(given above on e) and on E’ (given in the proof of Proposition 1.1). It follows
from standard properties of crystalline representations that if E is crystalline,
so is F ® U and also E’. Conversely, we can recover E from E’ as follows.
Consider ' @ U ~ (EQU Q U)/(X ® U). Then there is a natural map
¢: EQ®(det) — E’'®U induced by the direct sum decomposition U @ Y ~
(det) ® Sym2U. Here det denotes a 1-dimensional vector space over K with
Galois action via det ps,x. Now we claim that ¢ is injective on V ® (det). For
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if f €V then p(f) = f ® (w1 ® wa — w2 ® wy) where wy, wy are a basis for U
for which wiawe =1 in det ~ K. So if p(f) € X @ U then

fw)@ws — f(we) w1 =0 in U QU.

But this is false unless f(w;) = f(w2) = 0 whence f = 0. So ¢ is injective
on V ® det and if ¢ itself were not injective then E would split contradicting
a # 0. So ¢ is injective and we have exhibited E® (det) as a subrepresentation
- of E' ® U which is crystalline. We deduce that E is crystalline if E’ is. This
completes the proof of (i).

To prove (ii) we check first that Hi,(Qp, Va») = ji'* (H3,(Qp, V) (this
was already used in (1.7)). We next have to show that H}(Qp, V) C HS,(Qp, V)
where the latter is defined by

Hgo(Qp, V) = ker : H'(Qyp,V) — H(QR™,V/V°)

with VO the subspace of V on which I, acts via €. But this follows from the
computations in Corollary 3.8.4 of [BK]. Finally we observe that

pr(H&(Qp V) € HL(Qp V)
although the inclusion may be strict, and
pr (Hp(Qp, V) = HE(Qy, V)
by definition. This completes the proof. O

These groups have the property that for s > r,
(111)  HY(Qp Var) N jra ( HE(Qp, Vo)) = HE(Qp, Vir)

where j., : Vyr — V) is the natural injection. The same holds for V3 and
V3 in place of Vr and V)s where V3, is defined by

V)Tr = Hom(V)\T ) [l:pr)

and similarly for V). Both results are immediate from the definition (and
indeed were part of the motivation for the definition).

We also give a finite level version of a result of Bloch-Kato which is easily
deduced from the vector space version. As before let T C V be a Galois stable
lattice so that T ~ O*. Define

Hp(Qp, T) = i7" (HE(Qp, V)

under the natural inclusion i : T <V, and likewise for the dual lattice T* =
Homgz, (V,(Qp/Zp)(1)) in V*. (Here V* = Hom(V, Q,(1)); throughout this
paper we use M* to denote a dual of M with a Cartier twist.) Also write
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pr, : T — T/A™ for the natural projection map, and for the mapping it
induces on cohomology.

PROPOSITION 1.4. If py is associated to a p-divisible group (the ordi-
nary case is allowed) then

(i) pra (HE(Qp,T)) = HE(Qp, T/A") and similarly for T*,T* /A"

(ii) HE(Qp,Van) is the orthogonal complement of Hi(Qp, Vin) under Tate
local duality between H'(Qp, Van) and H(Qp, V34) and similarly for Wyn
and W5, replacing Vin and Vyi,.

More generally these results hold for any crystalline representation V' in

place of V and N a uniformizer in K' where K' is any finite extension of Qp
: / _ 7
with K’ C EndGal(Qp/Q,,) V.

Proof. We first observe that pr, (Hp(Qp, T)) C HL(Qp, T/A"). Now
from the construction we may identify T'/A"™ with V)». A result of Bloch-
Kato ([BK, Prop. 3.8]) says that Hx(Qp, V) and H}(Qp, V*) are orthogonal
complements under Tate local duality. It follows formally that HL(Qp, Vi)
and pr, (H}(Qp, T)) are orthogonal complements, so to prove the proposition
it is enough to show that

(1.12) # Hp(Qp, Vin) # Hp(Qp, Van) = # H'(Qp, Van).
Now if r = dimg HE(Qp, V) and s = dimg HE(Qp, V*) then
(1.13) r+ s =dimg H(Qp, V) + dimg H(Q,, V*) + dimg V.

From the definition,
(L14)  # Hh(QpVan)=# (O/N") - #ker{H'(Qp, Var) = H'(Qp, V)}.

The second factor is equal to # {V (Q,)/A\" V (Q,)}. When we write V (Qp)%"
for the maximal divisible subgroup of V (Qp) this is the same as

# (V(Q)/V(Q)™)/N" = # (V(Qp)/V(Qp)™)xn
= #V(Qphan/# (V(Qp)™)rn.
Combining this with (1.14) gives
(1.15)  # Hp(Qp, Van) = # (O/A")
# HOQp, Var) / # (O/A I Qe V)
This, together with an analogous formula for # H(Qp, Vi) and (1.13), gives
# Hp(Qp, Van) # Hp(Qp, Vi) = # (O/X™)"# H(Qp, Vin) # H(Qp, Vin)-



MODULAR ELLIPTIC CURVES AND FERMAT’S LAST THEOREM 471

As #H° (Qp, Vin) =# H 2(Qp, Vi) the assertion of (1.12) now follows from
the formula for the Euler characteristic of Vyn. '

The proof for Wys, or indeed more generally for any crystalline represen-
tation, is the same. O

We also give a characterization of the orthogonal complements of
H}.(Qp, Win) and Hg.(Qp, V)‘n), under Tate’s local duality. We write these
duals as H..(Qp, W5.) and H..(Qp, V3n) respectively. Let

ow: H'(Qpy Win) = H'(Qp, Win/(Win)°)

be the natural map where (W$,)¢ is the orthogonal complement of Wi ' in
W3n, and let X, ; be defined as the image under the composite map
Xpi=im: ZX/(ZX)" ® 0//\** = HYQp, ppn ® O/X™)
| — HQp Win/(W5n))

where in the middle term p,» ® O/A™ is to be identified with (Wia)t/ (W)‘n )°.

Similarly if we replace Wi, by Vi we let Y ; be the image of Z;/ (Z")”
(0/A™)2 in H(Qp, Vin/(W3a)?), and we replace ¢y, by the analogous map .

PROPOSITION 1.5.

Hée*(QPaW)f") = 90;1 (Xn),
Hée*(QP’V;") = ‘p;z_l (Yn,i).'

Proof. This can be checked by dualizing the sequence

0 — Hétr(QP’ Win) — Hée(QP, W)
— ker: {H(Qp, Wan/(Wa=)®) = HY(QE™, Wn/(Wan)’},

where HY,(Qp, Wan) = ker : H(Qp, Wan) — H (Qp, Win/(Wxn)°). The
first term is orthogonal to ker : HY(Qp, Wia) — HY(Qp, Win/(W3a)!). By the
naturality of the cup product pairing with respect to quotients and subgroups
the claim then reduces to the well known fact that under the cup product
pairing

Hl (Qpa p’p") X Hl (Qpa Z/pn) - Z/pn
the orthogonal complement of the unramified homomorphisms is the image of

the units ZX/(Z))"" — H'(Qp, pyn). The proof for Vyn is essentially the
same. O
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2. Some computations of cohbmology groups

We now make some comparisons of orders of cohomology groups using
the theorems of Poitou and Tate. We retain the notation and conventions of
Section 1 though it will be convenient to state the first two propositions in a
more general context. Suppose that

L:HLq c H Hl(Qq’X)
geEX

is a subgroup, where X is a finite module for Gal(Qx/Q) of p-power order.
We define L* to be the orthogonal complement of L under the perfect pairing
(local Tate duality)

H HI(QQ’X) X H Hl(Qq’X*) - Qp/Zy
geET geET _
where X* = Hom(X, pp). Let
Ax HY(Qs/Q, X) — [ HY(Qq X)
geL
be the localization map and similarly Ax~ for X*. Then we set

H(Qs/Q,X) =23 (L), Hi.(Qs/Q,X*) = Ax:(L).

The following result was suggested by a result of Greenberg (cf. [Grel]) and
is a simple consequence of the theorems of Poitou and Tate. Recall that p is
always assumed odd and that p € X.

PROPOSITION 1.6.

#H1(Qs/Q,X) / #H1.(Qs/Q,X*) = hoo [ [ kg

geT

_where

{ hg = #HO(Qq,X*)/[HI(Qan):Lq]
hoo = #HO(R’ X*)#HO(Q,X)/#HO(Q,X*)

Proof. Adapting the exact sequence of Poitou and Tate (cf. [Mi2, Th. 4.20])
we get a seven term exact sequence

0 — HYQs/QX) — HAQp/QX) — I[H'(QuwX)/L,

lE'IEHz(Qq,X) «— H*Qs/Q X) «— HL.(Qz/Q,X")"
q

L Bo(Qe/Q, x*)n — 0,
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where M = Hom(M, Q,/Z,). Now using local duality and global Euler char-
acteristics (cf. [Mi2, Cor. 2.3 and Th. 5.1]) we easily obtain the formula in the
proposition. We repeat that in the above proposition X can be arbitrary of
p-power order. O

We wish to apply the proposition to investigate H}D. Let D = (-, %,0, M)
be a standard deformation theory as in Section 1 and define a corresponding
group L, = Lpj by setting

HY(Qg,Van) forg#p and g¢M
Lng= Hbq(Qqa Van) forg#p and ¢geM
HY(Qp, Van) forg=p.

Then HL(Qs/Q, Var) = Hi (Qx/Q,Van) and we also define
Hb-(Qz/Q, Vi) = HE, (Qe/Q.ViR).

We will adopt the convention implicit in the above that if we consider ¥’ D T
then H}(Qyx/Q, Van) places no local restriction on the cohomology classes at
primes ¢ € ¥’ — . Thus in Hp.(Qx/Q, V3») we will require (by duality) that
the cohomology class be locally trivial at ¢ € ¥’ — X.

We need now some estimates for the local cohomology groups. First we
consider an arbitrary finite Gal(Qgx/Q)-module X:

| PROPOSITION 1.7. Ifq ¢ ¥, and X is an arbitrary finite Gal(Qx/Q)-
module of p-power order,

#Hp (Quue/Q.X)/#HL(Qs/Q.X) < #H'(Qq,X")
where L)y = Ly for £ € £ and L) = H'(Qq, X).

* Proof. Consider the short exact sequence of inflation-restriction:

0 — HL(Qs/Q,X) — HL(Qsue/Q, X) — Hom(Gal(Qrue/Qx), X)C2(Q=/Q)

|

Hl(ng, X)Gal(Q;m/Qq) :HI(QEM, X)Gal(Q:’"/Qq)

The proposition follows when we note that

#HY(Qq X*) = #HY(QU, X)CQ™/Qq), O

Now we return to the study of V)» and Wn.

PROPOSITION 1.8. Ifge M (q#p) and X = Vyn then hg = 1.
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Proof. This is a straightforward calculation. For example if g is of type
(A) then we have

Lng = ker{H'(Qq, Van) — H'(Qq, Win/Wh) ® H'(Q™, O/X™)}.
Using the long exact sequence of cohomology associated to
0 > Wh — Win — Wan/Wh — 0

one obtains a formula for the order of L,, in terms of #H i(Qq, Win),
#H'(Qq, Wan/WP,) etc. Using local Euler characteristics these are easily re-
duced to ones involving H%(Qq, W) etc. and the result follows easily. O

The calculation of h, is more delicate. We content ourselves with an
inequality in some cases.

PROPOSITION 1.9. (i) If X = V)» then
hphoo = #(O/X)*" # H%(Qp,Von)/ # H(Q,V3n)
in the unrestricted case.
(ii) If X = Vn then
hphoo < # (O/N)" # HO(Qp, (Vii)*)/#H’(Q W)

in the ordinary case.

(iii) If X = Vyn or Wyn then hphoo < # HO(Qp, (W)*)/ #H(Q, W)
in the Selmer case. ‘

(iv) If X = Vyn or Wyn then hyhoo =1 in the strict case.

(v) If X = Vn then hp hoo =1 in the flat case.

(vi) If X = Vin or Wan then hphoo = 1/#H®(Q, V) if Lnp =
HL(Qp,X) and py, arises from an ordinary p-divisible group.

Proof. Case (i) is trivial. Consider then case (iii) with X = Vy». We have
a long exact sequence of cohomology associated to the exact sequence:

(1.16) 0 > W — Vain = Van/Win — 0.
In particular this gives the map v in the diagram

Hl (Qp’ V/\")

5
u
1— Z=H Q™ /Qp, (Var /W3h)™) = H (Qp, Van /Wn) = HH(Qp™, Van /Wi ) -1

where G = Gal(Q¥™'/Qp), H = Gal(Q,/Qp™) and § is defined to make the

triangle commute. Then writing h;(M) for #H*(Qp, M) we have that #Z =
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ho(Van/WP,) and #imé > (#imu)/(#Z). A simple calculation using the
long exact sequence associated to (1.16) gives

. hi(Van /W )ho(Van)
(1.17) #imu = hgl(an)hz(VA"?Wf\)h) '

Hence
[HY(Qp, Van): L] = #im 8 > #(0/ )™ ho(Vsn) [ho(Wh*).

The inequality in (iii) follows for X = Vj» and the case X = Wjn is similar.
Case (ii) is similar. In case (iv) we just need #imwu which is given by (1.17)
with Wyn replacing Vin. In case (v) we have already observed in Section 1 that
Raynaud’s results imply that # H 0(Q,,, Vy¥.) = 1 in the flat case. Moreover
# H}(Q,, Van) can be computed to be #(O/A)?" from ’

Hfl(QP’ V)\") = I{f1 (QP? V))\" ~ HomO(pR/p%%’ K/O)/\"

where R is the universal local flat deformation ring of py for O-algebras. Using

the relation R ~ Rfl @8()@(9 where Rf is the corresponding ring for W (k)-
w

algebras, and the main theorem of [Ram] (Theorem 4.2) which computes Rf,
we can deduce the result.
We now prove (vi). From the definitions

(#O/A™M) #HO(Qp, Wyn) if psalp, does not split
(#O/X™)" “if pgalp, splits

where r = dimg H};(QP,V). This we can compute using the calculations in
[BK, Cor. 3.8.4]. We find that r = 2 in the non-split case and 7 = 3 in the
split case and (vi) follows easily. a

# H117'(Qp> V/\") = {

3. Some results on subgroups of GLz(k)

We now give two group-theoretic results which will not be used until
Chapter 3. Although these could be phrased in purely group-theoretic terms
it will be more convenient to continue to work in the setting of Section 1, i.e.,
with pg as in (1.1) so that im pg is a subgroup of GL2(k) and det pg is assumed

odd.

LEMMA 1.10. Ifimpg has order divisible by p then:

(i) It contains an element o of order m > 3 with (m,p) =1 and 7o trivial
on any abelian quotient of im pg.

(ii) It contains an element po(o) with any prescribed image in the Sylow
2-subgroup of (im pp)/(im po)’ and with the ratio of the eigenvalues not equal
to w(o). (Here (impo)’ denotes the derived subgroup of (im pp).)
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The same results hold if the image of the projective representation py as-
sociated to po is isomorphic to A4, S or As.

Proof. (i) Let G = impy and let Z denote the center of G. Then we
have a surjection G’ — (G/Z)" where the ' denotes the derived group. By
Dickson’s classification of the subgroups of GLz(k) containing an element of
order p, (G/Z) is isomorphic to PGLy(k') or PSLa(k’) for some finite field &’ of
characteristic p or possibly to As when p = 3, cf. [Di, §260]. In each case we can
find, and then lift to G’, an element of order m with (m, p) = 1 and m > 3,
except possibly in the case p = 3 and PSLy(F3) ~ A4 or PGLy(F3) ~ Sy.
However in these cases (G/Z)' has order divisible by 4 so the 2-Sylow subgroup
of G’ has order greater than 2. Since it has at most one element of exact order
2 (the eigenvalues would both be —1 since it is in the kernel of the determinant
and hence the element would be —I) it must also have an element of order 4.

The argument in the A4, S4 and As cases is similar.

(ii) Since pg is assumed absolutely irreducible, G = im po has no fixed line.
We claim that the same then holds for the derived group G’. For otherwise
since G' 4G we could obtain a second fixed line by taking (gv) where (v) is the
original fixed line and g is a suitable element of G. Thus G’ would be contained
in the group of diagonal matrices for a suitable basis and either it would be
central in which case G would be abelian or its normalizer in GL3(k), and
hence also G, would have order prime to p. Since neither of these possibilities
is allowed, G’ has no fixed line.

By Dickson’s classification of the subgroups of GLg(k) containing an el-
ement of order p the image of impy in PGLy(k) is isomorphic to PGLa (k')
or PSLy(k’) for some finite field &’ of characteristic p or possibly to A5 when
p = 3. The only one of these with a quotient group of order p is PSLz(F3)
when p = 3. It follows that p { [G : G'] except in this one case which we treat
separately. So assuming now that p { [G : G'] we see that G’ contains a non-
trivial unipotent element u. Since G’ has no fixed line there must be another
noncommuting unipotent element v in G’. Pick a basis for po|g/ consisting
of their fixed vectors. Then let 7 be an element of Gal(Qx/Q) for which the
image of po(7) in G/G’ is prescribed and let po(7) = (& 3). Then

s=[ @ b 1 sa 1
“\ecd 1 rB 1
has det(8) = det po(7) and trace§ = sa(raf +c) +br+a+d. Since p > 3
we can choose this trace to avoid any two given values (by varying s) unless
raf +c = 0 for all . But raB + ¢ cannot be zero for all r as otherwise

a =c=0. So we can find a § for which the ratio of the eigenvalues is not
w(7), det(6) being, of course, fixed.
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Now suppose that im py does not have order divisible by p but that the
associated projective representation pg has image isomorphic to Sy or As, so
necessarily p # 3. Pick an element 7 such that the image of po(7) in G/G’ is
any prescribed class. Since this fixes both det po(7) and w(7) we have to show
that we can avoid at most two particular values of the trace for 7. To achieve
this we can adapt our first choice of 7 by multiplying by any element of G’. So
pick 0 € G’ as in (i) which we can assume in these two cases has order 3. Pick
a basis for pg, by extending scalars if necessary, so that o — (* a—l)' Then one
checks easily that if po(7) = (% }) we cannot have the traces of all of 7, o7 and
0?7 lying in a set of the form {Ft} unless a = d = 0. However we can ensure
that po(7) does not satisfy this by first multiplying 7 by a suitable element of
G’ since G’ is not contained in the diagonal matrices (it is not abelian).

In the A4 case, and in the PSLy(F3) ~ A4 case when p = 3, we use a
different argument. In both cases we find that the 2-Sylow subgroup of G/G’
is generated by an element z in the centre of G. Either a power of z is a suitable
candidate for po(c) or else we must multiply the power of z by an element of
G’, the ratio of whose eigenvalues is not equal to 1. Such an element exists
because in G’ the only possible elements without this property are {FI} (such
elements necessarily have determinant 1 and order prime to p) and we know
that #G’ > 2 as was noted in the proof of part (i). O

Remark. By a well-known result on the finite subgroups of PGL; (F,,) this
lemma covers all pp whose images are absolutely irreducible and for which pg
is not dihedral.

Let K; be the splitting field of pg. Then we can view W) and Wy as
Gal(K1(¢p)/Q)-modules. We need to analyze their cohomology. Recall that
we are assuming that po is absolutely irreducible. Let py be the associated
projective representation to PGL2 (k).

The following proposition is based on the computations in [CPS].

ProPOSITION 1.11. Suppose that pgy is absolutely irreducible. Then

H'(K1($)/Q, W3) = 0.

Proof. If the image of pp has order prime to p the lemma is trivial. The
subgroups of GL2(k) containing an element of order p which are not contained
in a Borel subgroup have been classified by Dickson [Di, §260] or [Hu, I1.8.27]
Their images inside PGL2(k") where &’ is the quadratic extension of k are
conjugate to PGLy(F) or PSLy(F) for some subfield F of k', or they are
isomorphic to one of the exceptional groups Ay, Sy, As.

Assume then that the cohomology group H!(K1({y)/Q, W) # 0. Then
by considering the inflation-restriction sequence with respect to the normal
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subgroup Gal(K1((p)/K1) we see that (, € K;. Next, since the representation
is (absolutely) irreducible, the center Z of Gal(K;/Q) is contained in the
diagonal matrices and so acts trivially on W). So by considering the inflation-
restriction sequence with respect to Z we see that Z acts trivially on {, (and
on W3). So Gal(Q({p)/Q) is a quotient of Gal(K;/Q)/Z. This rules out all
cases when p # 3, and when p = 3 we only have to consider the case where the
image of the projective representation is isomorphic as a group to PGLy(F')
for some finite field of characteristic 3. (Note that Sy ~ PGL3(F3).)

Extending scalars commutes with formation of duals and H', so we may
assume without loss of generality FF C k. If p = 3 and #F > 3 then
HY(PSLy(F), Wy) = 0 by results of [CPS]. Then if py is the projective
representation associated to po suppose that g=!impgg = PGL2(F) and let
H = g PSLy(F)g™!. Then W) ~ W} over H and

(1.18) H(H, W,\)%F’ ~ H'(g7'Hyg, g_l(WA(}%ﬁ)F’))=O.

We deduce also that H!(im po, W3) = 0.

Finally we consider the case where F' = F3. I am grateful to Taylor for the
following argument. First we consider the action of PSL2(F3) on W) explicitly
by considering the conjugation action on matrices {A € M2(Fs) : trace A = 0}.
One sees that no such matrix is fixed by all the elements of order 2, whence

HY(PSLy(F3), Wy) ~ HY(Z/3, (Wy)“2*C2) = 0

where C3 x C3 denotes the normal subgroup of order 4 in PSLy(F3) ~ A4. Next
we verify that there is a unique copy of A4 in PGLs (F3) up to conjugation.
For suppose that A, B € GLy(F'3) are such that A2 = B? = I with the images
of A, B representing distinct nontrivial commuting elements of PGLy(F3). We
can choose A = ((1) _(1)) by a suitable choice of basis, i.e., by a suitable conju-
gation. Then B is diagonal or antidiagonal as it commutes with A up to a
scalar, and as B, A are distinct in PGLy(F3) we have B = ( _8_1) for some
a. By conjugating by a diagonal matrix (which does not change A) we can
assume that a = 1. The group generated by {4, B} in PGLy(F3) is its own
centralizer so it has index at most 6 in its normalizer N. Since N/(A, B) ~ S3
there is a unique subgroup of N in which (A, B) has index 3 whence the image
of the embedding of A4 in PGLy(F'3) is indeed unique (up to conjugation). So
arguing as in (1.18) by extending scalars we see that H!(im po, W}) = 0 when
F = F3 also. O

The following lemma was pointed out to me by Taylor. It permits most
dihedral cases to be covered by the methods of Chapter 3 and [TW].

LEMMA 1.12. Suppose that pg is absolutely irreducible and that

(a) po is dihedral (the case where the image is Z/2 x Z/2 is allowed),
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(b) po|, is absolutely irreducible where L = Q (\/ (=1)P-1)/ 2p).

Then for_any positive integer n and any urreducible Galois stable subspace X
of Wy ® k there ezists an element o € Gal(Q/Q) such that

(i) po(o) # 1,
(ii) o fires Q(Gpn),

(iii) o has an eigenvalue 1 on X.

Proof. If pg is dihedral then po ® k = Indg x for some H of index 2 in G,
where G = Gal(K1/Q). (As before, K is the splitting field of po.) Here H
can be taken as the full inverse image of any of the normal subgroups of index
2 defining the dihedral group. Then W) ® k ~ § @ Ind§(x/x’) where 8 is the
quadratic character G — G/H and X’ is the conjugate of x by any element of
G — H. Note that x # x’ since H has nontrivial image in PGLy(k).

To find a o such that §(c) = 1 and conditions (i) and (ii) hold, observe
that M({pn) is abelian where M is the quadratic field associated to §. So
conditions (i) and (ii) can be satisfied if o is non-abelian. If 5 is abelian (i.e.,
the image has the form Z/2 x Z/2), then we use hypothesis (b). If Ind§ (x/x’)
is reducible over k then W) ® k is a sum of three distinct quadratic characters,
none of which is the quadratic character associated to L, and we can repeat
the argument by changing the choice of H for the other two characters. If
X = Ind%(x/x') ® k is absolutely irreducible then pick any o € G — H. This
satisfies (i) and can be made to satisfy (ii) if (b) holds. Finally, sincec € G—H
we see that o has trace zero and 02 = 1 in its action on X. Thus it has an
eigenvalue equal to 1. a

Chapter 2

In this chapter we study the Hecke rings. In the first section we recall
some of the well-known properties of these rings and especially the Goren-
stein property whose proof is rather technical, depending on a characteristic
p version of the g-expansion principle. In the second section we compute the
relations between the Hecke rings as the level is augmented. The purpose is to
find the change in the n-invariant as the level increases.

In the third section we state the conjecture relating the deformation rings
of Chapter 1 and the Hecke rings. Finally we end with the critical step of
showing that if the conjecture is true at a minimal level then it is true at
all levels. By the results of the appendix the conjecture is equivalent to the
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equality of the n-invariant for the Hecke rings and the p/p2-invariant for the
deformation rings. In Chapter 2, Section 2, we compute the change in the
n-invariant and in Chapter 1, Section 1, we estimated the change in the p/p?-
invariant.

1. The Gorenstein property

For any positive integer N let X1(N) = X7 (N) /Q be the modular curve
over Q corresponding to the group I';(N) and let J;(N) be its Jacobian. Let
T1(N) be the ring of endomorphisms of J;(N) which is generated over Z by the
standard Hecke operators {T; = Tj, for | { N, U, = Uy, for ¢ | N, (a) = (a),
for (a,N) = 1}. For precise definitions of these see [MW1, Ch. 2, §5]. In
particular if one identifies the cotangent space of J;(N)(C) with the space of
cusp forms of weight 2 on I'; (V) then the action induced by T (V) is the usual
one on cusp forms. We let A = {(a) : (a, N) = 1}.

The group (Z/NZ)* acts naturally on X;(N) via A and for any sub-
group H C (Z/NZ)* we let Xg(N) = Xu(N),q be the quotient X1 (N)/H.
Thus for H = (Z/NZ)* we have Xy (N) = Xo(N) corresponding to the group
To(N). In Section 2 it will sometimes be convenient to assume that H decom-
poses as a product H = [ H, in (Z/NZ)* ~ [[(Z/q"Z)* where the product
is over the distinct prime powers dividing N. We let Jy(N) denote the Ja-
cobian of Xy (N) and note that the above Hecke operators act naturally on
Ju(N) also. The ring generated by these Hecke operators is denoted T w(N)
and sometimes, if H and N are clear from the context, we abbreviate this
to T.

Let p be a prime > 3. Let m be a maximal ideal of T = Ty (N) with
p € m. Then associated to m there is a continuous odd semisimple Galois
representation pg,,

(2.1) Pm: Gal(Q/Q) — GLz(T/m)
unramified outside Np which satisfies
trace pm(Frobg) = Ty, det pm(Frobgq) = (g)q

for each prime ¢ t Np. Here Frobgq denotes a Frobenius at ¢ in Gal(Q/Q).
The representation pn, is unique up to isomorphism. If p N (resp. p | N) we
say that m is ordinary if T}, ¢ m (resp. Up ¢ m). This implies (cf., for example,
theorem 2 of [Wil]) that for our fixed decomposition group D, at p,

~ X1 *
Dp 0 x2

for a suitable choice of basis, with x2 unramified and x2(Frobp) = T, mod
m (resp. equal to Up). In particular py, is ordinary in the sense of Chapter 1

Pm
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provided x1 # x2. We will say that m is Dp-distinguished if m is ordinary and
x1 # x2- (In practice x; is usually ramified so this imposes no extra condition.)
We caution the reader that if pn is ordinary in the sense of Chapter 1 then we
can only conclude that m is Dp-distinguished if p { N.

Let T,, denote the completion of T at m so that T\, is a direct factor of the
complete semi-local ring Tp = T ® Z,. Let D be the points of the associated
m-divisible group

D= Jg(N) (Qu = Ja(N) (Q)p 8 T

It is known that D = Homg, (D, Qp/Zp) is a rank 2 Ty-module, ie., that
D ® Q ~ (Tw ® Q,)%. Briefly it is enough to show that H'(Xy(N),C) is

free of rank 2 over T ® C and this reduces to showing that S2 (Tu(N), C),
the space of cusp forms of weight 2 on I'yy(IN), is free of rank 1 over T ® C.
One shows then that if {fi,..., fr} is a complete set of normalized newforms
in So(T'g(N), C) of levels mq,...,m, then if we set d; = N/m;, the form
f = 2 fi(d;z) is a basis vector of S2(T'g(N), C) as a T ® C-module.

If m is ordinary then Theorem 2 of [Wil], itself a straightforward gener-
alization of Proposition 2 and (11) of [MW2], shows that (for our fixed de-
composition group Dp) there is a filtration of D by Pontrjagin duals of rank 1
T,-modules (in the sense explained above)

(2.2) 0—-D°—- D - DF - 0

where DV is stable under D, and the induced action on DF is unramified with
Frobp = U, on it if p | N and Frobp equal to the unit root of 22 — Tpz + p(p)
=01in Ty if pt N. We can describe D° and DE as follows. Pick a o €
I, which induces a generator of Gal (Qp(¢{np~)/Qp(¢np))- Let e:Dp — Zj
be the cyclotomic character. Then D° = ker (o — e(0))%, the kernel being
taken inside D and ‘div’ meaning the maximal divisible subgroup. Although
in [Wil] this filtration is given only for a factor Ay of J1(NN) it is easy to
deduce the result for Jgy(N) itself. We note that this filtration is defined
without reference to characteristic p and also that if m is D,-distinguished, D°
(resp. DF) can be described as the maximal submodule on which o — X1(o)
is topologically nilpotent for all o € Gal(ﬁp/ Qp) (resp. quotient on which
o — X2(0) is topologically nilpotent for all o € Gal(ﬁp/ Qp)), where x;(o) is
any lifting of x;(c) to Tp.

The Weil pairing ( , ) on Jg(N)(Q),um satisfies the relation (t.z,y) =
(z,t*y) for any Hecke operator t. It is more convenient to use an adapted
pairing defined as follows. Let w¢, for ¢ a primitive N th root of 1, be the
involution of X1(N),q(c) defined in [MW1, p. 235]. This induces an involution
of Xi(N),qQ(c) also. Then we can define a new pairing [, ] by setting (for a
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fixed choice of ¢)
(23) [IL‘,y] = (.’L‘, wCy>'
Then [t.z,y] = [z,t.y] for all Hecke operators ¢t. In particular we obtain an

induced pairing on Dpu.

The following theorem is the crucial result of this section. It was first
proved by Mazur in the case of prime level [Ma2]. It has since been generalized
in [Til], [Ril] [M Ri], [Gro] and [E1], but the fundamental argument remains
that of [Ma2]. For a summary see [E1, §9]. However some of the cases we need
are not covered in these accounts and we will present these here.

THEOREM 2.1. (i) Ifp t N and py, is irreducible then

Ja(N)(@Q)[m] =~ (T/m)*.
(ii) Ifp t N and py is irreducible and m is Dp-distinguished then -
Ju(Np)[@Q)[m] =~ (T/m)>.

(In case (ii) m is a mazimal ideal of T = Ty (Np).)

COROLLARY 1. In case (i), JH(]V)(\G),“ ~T? and Tay (JH(N) (6)) ~
T?.

In case (ii), J;g(]\gj(\ﬁ)m ~ T2 and Tan (JH(Np) (6)) ~ T2 (where
Tm = TH(Np)m)

COROLLARY 2. In either of cases (i) or (ii) T is a Gorenstein ring.

In each case the first isomorphisms of Corollary 1 follow from the theorem
together with the rank 2 result alluded to previously. Corollary 2 and the
second isomorphisms of corollary 1 then follow on applying duality (2.4). (In
the proof and in all applications we will only use the notion of a Gorenstein
Z,-algebra as defined in the appendix. For finite flat local Z,-algebras the
notions of Gorenstein ring and Gorenstein Z,-algebra are the same.) Here

Taw (Ju(N) (@) = Tap (Ju(N) (@) @ T is the m-adic Tate module of

Ju(N).
We should also point out that although Corollary 1 gives a representation
from the m-adic Tate module

p=pr,: Gal(@/Q) - GLa (Tn)

this can be constructed in a much more elementary way. (See [Ca3] for another
argument.) For, the representation exists with T, ® Q replacing T,, when we
use the fact that Hom(Qp/Z,, D) ® Q was free of rank 2. A standard argument
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using the Eichler-Shimura relations implies that this representation p with
values in GLg(Tn ® Q) has the property that

trace p'(Frob £) = Ty, det p'(Frob £) = £(¢)

for all £ { Np. We can normalize this representatlon by picking a complex
conjugation ¢ and choosing a basis such that p(c) = (0 0) and then by picking
a 7 for which p'(1) = (7 b’) with b, ¢, # 0(m) and by rescaling the basis so
that b, = 1. (Note that the explicit description of the traces shows that if pm
is also normalized so that pm(c) = (0 0) then b,c, mod m = by nCrm Where
pm(T) = (“"“ br, "‘) The existence of a 7 such that b,c; # 0(m) comes from
the irredumblhty of pm.) With this normalization one checks that p’ actually
takes values in the (closed) subring of Ty generated over Z, by the traces.
One can even construct the representation directly from the representations in
Theorem 0.1 using this ring which is reduced. This is the method of Carayol
which requires also the characterization of p by the traces and determinants
(Theorem 1 of [Ca3]). One can also often interpret the Uy operators in terms
of p for ¢ | N using the 7, ~ m(0,) theorem of Langlands (cf. [Cal]) and the
U, operator in case (i) using Theorem 2.1.4 of [Wil].

Proof (of theorem). The important technique for proving such multiplicity-
one results is due to Mazur and is based on the g-expansion principle in char-
acteristic p. Since the kernel of Jg(N)(Q) — J1(IN)(Q) is an abelian group on
which Gal(Q/Q) acts through an abelian extension of Q, the intersection with
kerm is trivial when py, is irreducible. So it is enough to verify the theorem
for J1(N) in part (i) (resp. J1(Np) in part (ii)). The method for part (i) was
developed by Mazur in [Ma2, Ch. II, Prop. 14.2]. It was extended to the case
of To(N) in [Ril, Th. 5.2] which summarizes Mazur’s argument. The case of
I'1(N) is similar (cf. [E1, Th. 9.2]).

Now consider case (ii). Let Ay = {(a) : a = 1(N)} € A. Let us first
assume that A ;) is nontrivial modm, i.e., that 6—1 ¢ m for some 6 € A(y). This
case is essentially covered in [Til] (and also in [Gro]). We briefly review the
argument for use later. Let K = Qp((p), {p being a primitive Pt root of unity,
and let O be the ring of integers of the completion of the maximal unramified
extension of K. Using the fact that A is nontrivial mod m together with
Proposition 4, p. 269 of [MW1] we find that

J(Np)%o (Fp) ~ (Pic® £F° x Pic® £f)m (Fp)

where the notation is taken from [MW1] loc. cit. Here %' and &/ are the
two smooth irreducible components of the special fibre of the canonical model
of X1(Np),o described in [MWl Ch. 2]. (The smoothness in this case was
proved in [DR] ) Also Ji(Np)% /0 denotes the canonical étale quotient of the
m-divisible group over O. This makes sense because J; (Np)m does extend to
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a p-divisible group over O (again by a theorem of Deligne and Rapoport [DR]
and because A ;) is nontrivial mod m). It is ordinary as follows from (2.2) when
we use the main theorem of Tate ([Ta]) since D° and DF clearly correspond
to ordinary p-divisible groups.

Now the g-expansion principle implies that dimi?—p X[m'] <1 where

X = {H'(Z,0) @ HO(ZSH, Q1))

and m’ is defined by embedding T/m — F, and setting m’' = ker: T® Fp, — F,,
under the map ¢t ® a — at mod m. Also T acts on Pic’ Z¥ x Pic® T, the
abelian variety part of the closed fibre of the Neron model of J1(Np),0, and
hence also on its cotangent space X. (For a proof that X[m'] is at most one-
dimensional, which is readily adapted to this case, see Lemma 2.2 below. For
similar versions in slightly simpler contexts see [Wi3, §6] or [Gro, §12].) Then
the Cartier map induces an injection (cf. Prop. 6.5 of [Wi3])

6: {Pic® =¥ x Pic® ¢} p](F)) ® F, — X.
4
The composite & o w, can be checked to be Hecke invariant (cf. Prop. 6.5 of

[Wi3]. In checking the compatibility for U, use the formulas of Theorem 5.3
of [Wi3] but note the correction in [MW1, p. 188].) It follows that

J(NP)mso (Fp)[m] =~ T/m
as a T-module. This shows that if H is the Pontrjagin dual of
H = Ji(Np)m/o(Fp) then H ~ T since H/m ~ T/m. Thus
J1(NP)m/o(Fp) [p] = Hom(Tw/p, Z/pZ).
Now our assumption that m is D,-distinguished enables us to identify
D° = Jl(Np)?n/O(ap) ) DF = Jl(Np)fnf/O(Qp)

For the groups on the right are unramified and those on the left are dual to
groups where inertia acts via a character of finite order (duality with respect

to Hom( ,Qp/Zp(1))). So
D°lp] 5 Tw/p, DF[p] S Hom (Tw/p, Z/pZ) .

as T-modules, the former following from the latter when we use duality under
the pairing [ ,]. In particular as m is D,-distinguished,

(2.4) ‘ Dlp| = Tw/p © Hom (Tw/p, Z/pZ).

We now use an argument of Tilouine [Til]. We pick a complex conjugation
7. This has distinct eigenvalues 1 on p, so we may decompose D[p] into
eigenspaces for 7: '

Dlp] = Dp|" @ Dlp] ™.
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Since T,/p and Hom (T/p, Z/pZ) are both indecomposable Hecke-modules,
by the Krull-Schmidt theorem this decomposition has factors which are iso-
morphic to those in (2.4) up to order. So in the decomposition

D[m] = D[m|t & D[m|~

one of the eigenspaces is isomorphic to T/m and the other to (Tw/p)[m]. But
since pn is irreducible it is easy to see by considering D[m] ® Hom(D[m], det pr)
that 7 has the same number of eigenvalues equal to +1 as equal to —1 in D[m],
whence #(Tw/p) [m] = #(T/m). This shows that D[m]" = D[m]™ ~ T/m as
required.

Now we consider the case where A, is trivial mod m. This case was
treated (but only for the group I'o(Np) and p, ‘new’ at p—the crucial re-
striction being the last one) in [M Ri]. Let X1(N,p),q be the modular curve
corresponding to I'1 (V) N To(p) and let Ji(N,p) be its Jacobian. Then since
the composite of natural maps J1 (N, p) — J1(Np) — J1(N,p) is multiplication
by an integer prime to p and since Ay is trivial mod m we see that

JI(N,p)m(Q) = Jl(Np)m (6)

It will be enough then to use J1 (NN, p), and the corresponding ring T and ideal
m.

The curve X;(N,p) has a canonical model X;(N,p) /7. Which over F,
P

consists of two smooth curves % and L intersecting transversally at the
supersingular points (again this is a theorem of Deligne and Rapoport; cf.
[DR, Ch. 6, Th. 6.9], [KM] or [MW1] for more details). We will use the models
described in [MW1, Ch. II] and in particular the cusp oo will lie on X#. Let
Q denote the sheaf of regular differentials on X1(N,p)/r, (cf. [DR, Ch. 1 §2],
[M Ri, §7]). Over F,, since X1 (N, p) /F, has ordinary double point singularities,
the differentials may k be identified Wlth the meromorphic differentials on the
normalization X3 (N D) F, = = Y% U T# which have at most simple poles at the
supersingular points (the intersection points of the two components) and satisfy
res;, +res;, = 0 if 21 and z are the two points above such a supersingular
point. We need the following lemma:

LEMMA 2.2. dim/, H*(X1(N,p)/F,,) [m] = 1.

Proof. First we remark that the action of the Hecke operator U, here is
most conveniently defined using an extension from characteristic zero. This is
explained below. We will first show that dimt/, H %(X1(N,p) JF,s ) [m] <1,
this being the essential step. If we embed T/ m—TF, and then set
m' = ker: T®F, — F, (the map given by t ® a — atmodm) then it is
enough to show that dimFp HO(X1(N,p) /F, Q)[m’] < 1. First we will suppose
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that there is no nonzero holomorphic differential in H°(X;(N,p) JF, Q) [m'],

i.e., no differential form which pulls back to holomorphic differentials on rét
and ¥, Then if w; and ws are two differentials in H°(X1(N,p) 7y [m'],
the g-expansion principle shows that pw; — Aws has zero g-expansion at oo for
some pair (g, A) # (0,0) in F and thus is zero on ¥¥. As pw; — Awz = 0 on
T# it is holomorphic on ¢, By our hypothesis it would then be zero which
shows that w; and ws are linearly dependent.

This use of the g-expansion principle in characteristic p is cruc1al and due
to Mazur [Ma2]. The point is simply that all the coefficients in the g-expansion
are determined by elementary formulae from the coefficient of ¢ provided that
w is an eigenform for all the Hecke operators. The formulae for the action of
these operators in characteristic p follow from the formulae in characteristic
zero. . To see this formally (especially for the U, operator) one checks first
that H°(X1(N,p) /Z,§?), where Q denotes the sheaf of regular differentials on
' X1(N,p)/z,, behaves well under the base changes Z, — F, and Z, — Q,;
cf. [Ma2, §IL.3] or [Wi3, Prop. 6.1]. The action of the Hecke operators on
J1(N, p) induces an action on the connected component of the Neron model of
J1(N,p),q,, so also on its tangent space and cotangent space. By Grothendieck
duality the cotangent space is isomorphic to H°(X1(N,p) /Z,,§2); see (2.5)
below. (For a summary of the duality statements used in this context, see
[Ma2, §11.3]. For explicit duality over fields see [AK, Ch. VIII].) This then
defines an action of the Hecke operators on this group. To check that over 61,,
this gives the standard action one uses the commutativity of the diagram after
Proposition 2.2 in [Mil].

Now assume that there is a nonzero holomorphlc differential in

H(X\(N,p) 5, 9) ]

We claim that the space of holomorphic differentials then has dimension 1 and
that any such differential w # 0 is actually nonzero on ¥#. The dimension
claim follows from the second assertion by using the g-expansion principle. To
prove that w # 0 on X* we use the formula

UP*(xa y) = (F:E, yl)

for (z,y) € (Pic® % x Pic® 2#)(F,), where F denotes the Frobenius endo-
morphism. The value of 3’ will not be needed. This formula is a variant
on the second part of Theorem 5.3 of [Wi3] where the corresponding re-
sult is proved for X;(Np). (A correction to the first part of Theorem 5.3
was noted in [MW1, p. 188].) One checks then that the action of U, on
Xo = HO(Z*, Q1) @ HO(=%, Q') viewed as a subspace of HO(Xl(N,p)/Fp,Q)
is the same as the action on X viewed as the cotangent space of Pic? £# x
Pic® £¢. From this we see that if w = 0 on # then Uyw = 0 on T%. But U,



MODULAR ELLIPTIC CURVES AND FERMAT'S LAST THEOREM 487

acts as a nonzero scalar which gives a contradiction if w # 0. We can thus as-
sume that the space of m’-torsion holomorphic differentials has dimension 1 and
is generated by w. So if wy is now any differential in H%(X1(N,p) /F, Q) [m']
.then wy — Aw has zero g-expansion at oo for some choice of \. Then wo—A w =0
on X* whence wy — Aw is holomorphic and so wy = Aw. We have now shown
in general that dim(H°(X1(N, p) 7D m]) < 1.

The singularities of X1(NV,p),z, at the supersingular points are formally
isomorphic over Z/g;‘” to Z:‘;;’ [[X,Y]] /(XY — p*) with k = 1, 2 or 3 (cf. [DR,
Ch. 6, Th. 6.9]). If we consider a minimal regular resolution M;(N,p),z,
then H'(Mi(N,p)/F,, ) ~ H°(X1(N,p),r,,Q) (see the argument in [Ma2,
Prop. 3.4]), and a similar isomorphism holds for H*(M1(N, p),z,,, ).

As Mi(N,p),z, is regular, a theorem of Raynaud [Ray2| says that the
connected component of the Neron model of Ji(N,p)/q, is Ji(N, p)(/’zp ~

Pic®(M;(N, p) /Z,)- Taking tangent spaces at the origin, we obtain

(2.5) Tan(J1(N, p)9z,) =~ H (M1(N,p)z,, Ory (N p))-

Reducing both sides mod p and applying Grothendieck duality we get an iso-
morphism

(2.6) Tan(J1(N, p)Jp,) = Hom(H*(X1(N,p) /¥, Q), Fp).
(To justify the reduction in detail see the arguments in [Ma2, §II. 3]). Since
Tan(J1(N, p)(}zp) is a faithful T ® Z,-module it follows that
H(X1(N,p)/F,, ) [m]
is nonzero. This completes the proof of the lemma. O
To complete the proof of the theorem we choose an abelian subvariety
A of Ji(N,p) with multiplicative reduction at p. Specifically let A be the

connected part of the kernel of J1(N,p) — Ji(N) x Ji(N) under the natural
map ¢ described in Section 2 (see (2.10)). Then we have an exact sequence

0—-A— Ji(N,p) - B—0

and J1(N,p) has semistable reduction over Q, and B has good reduction.
By Proposition 1.3 of [Ma3] the corresponding sequence of connected group
schemes

0 — Alpl)z, — J1(N,p)[pl)z, — Blpl)z, — 0
/2y » /2Zp

is also exact, and by Corollary 1.1 of the same proposition the corresponding
sequence of tangent spaces of Neron models is exact. Using this we may check
that the natural map

(2.7) Tan(Jl(N,p)[p]t/Fp)% T — Tan(J; (N,p)/Fp) %)) T
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is an isomorphism, where ¢ denotes the maximal multiplicative-type subgroup
scheme (cf. [Ma3, §1]). For it is enough to check such a relation on A and B
separately and on B it is true because the m-divisible group is ordinary. This
follows from (2.2) by the theorem of Tate [Ta] as before.

Now (2.6) together with the lemma shows that

Ta‘n(Jl(N,p))/Zp ,i@ Ty~ Th
P

We claim that (2.7) together with this implies that as Tn-modules

V := Ji(N,p) [P]t@p)m ~ (Tw/p).
To see this it is sufficient to exhibit an isomorphism of Fp-vector spaces

(2.8) Tan(G/ﬁp) ~G(Q,) 1«@ F,

for any multiplicative-type group scheme (finite and flat) Gz, which is killed
by p and moreover to give such an isomorphism that respects the action of
endomorphisms of G/z,. To obtain such an isomorphism observe that we have
isomorphisms

(29)  Homg (kp, G) ® F, =~ Homg (kp G)%Fp

~ Hom (Tan(p,l,,/F ), Tan(G/Fp))
14

where Homa denotes homomorphisms of the group schemes viewed over Qp
P
and similarly for HomF The second isomorphism can be checked by reducing

to the case G = p,. Now picking a primitive pt? root of unity we can iden-
tify the left-hand term in (2.9) with G(Qp) ® F,. Picking an isomorphism of

Tan(u /F, ) with F,, we can identify the last term in (2.9) with Tan(G 5 /F, ).
Thus after these choices are made we have an isomorphism in (2.8) which
respects the action of endomorphisms of G.

On the other hand the action of Gal(Q,/Qp) on V is ramified on every
subquotient, so V C D°[p]. (Note that our assumption that A, is trivial
mod m implies that the action on D[p] is ramified on every subquotient and
on DF[p| is unramified on every subquotient.) By again examining A and B
separately we see that in fact V = D°[p]. For A we note that A[p]/A[p]* is
unramified because it is dual to A[p]t where A is the dual abelian variety. We
can now proceed as we did in the case where A(p) was nontrivial modm. O
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2. Congruences between Hecke rings

Suppose that ¢ is a prime not dividing N. Let I'; (V,q) = T'1(N) N To(q)
and let X;(N,q) = X1(N,q),qQ be the corresponding curve. The two natural
maps X;(N,q) — X1(N) induced by the maps 2 — 2z and z — gz on the
upper half plane permit us to define a map J;(N) x J1(N) — J1(N,q). Using
a theorem of Ihara, Ribet shows that this map is injective (cf. [Ri2, Cor. 4.2]).
Thus we can define ¢ by

(2.10) 0 — J1(N) x Ji(N)—>—Ji (N, q).
Dualizing, we define B by
0 = B—t s J1(N, g)—— J1(N) x Ji(N) — 0.

Let T1(N,q) be the ring of endomorphisms of Ji(N,q) generated by the
standard Hecke operators {T}x for | { Ng, Uy, for | | Ngq, (a) = (a). for
(a, Nq) = 1}. One can check that U, preserves B either by an explicit calcu-
lation or by noting that B is the maximal abelian subvariety of J; (N, q) with
multiplicative reduction at g. We set J = J1(N) x J1(N). .

More generally, one can consider Jy(N) and Jg(N,q) in place of J1(N)
and J1(N, q) (where Jg (N, q) corresponds to X (N, q)/H) and we write Ty (N)
and Ty (N, q) for the associated Hecke rings. In this case the corresponding
map ¢ may have a kernel. However since the kernel of Jy(N) — Ji(N) does
not meet kerm for any maximal ideal m whose associated p,, is irreducible,
the above sequences remain exact if we restrict to m(q’) d1v1s1ble groups, m(@
being the maximal ideal associated to m of the ring Tl g (N ,q) generated by
the standard Hecke operators but omitting U;. With this minor modifica-
tion the proofs of the results below for H # 1 follow from the cases of full
level. We will use the same notation in the general case. Thus ¢ is the map
Jo = Jg(N)? — Jg(N,q) induced by z — 2 and z — ¢z on the two factors,
and B = ker ¢. (B will not be an abelian variety in general.)

The following lemma is a straightforward generalization of a lemma of
Ribet ([Ri2]). Let ng be an integer satisfying n, = q(N ) and ng, = 1(g), and
write (q) = (nq) € Tu(Ng).

LeMMA 2.3 (Ribet). 9(B) N @(J2)n@ = ¢(J2) [UZ = (@)@ for irre-
ducible pp,. . _

Proof. The left-hand side is (im N ker @), so we compute ¢~ (im ¢ N
ker ) = ker(¢ o o).

An explicit calculation shows that

« g+l T,
(pow_[ T; g+1 on Jy
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where Ty =T - (g)~1. The matrix action here is on the left. We also find that
on Jo

(211) Uq0g0=spo|:(q) _1<’Z>]’
whence
Uz -(a)op = <p°l_1<f) _‘(’q>]o<¢o¢>. 0

Now suppose that m is a maximal ideal of Ty(N), p € m and pn is
irreducible. We will now give a slightly stronger result than that given in the
lemma in the special case ¢ = p. (The case ¢ # p we will also strengthen but
we will do this separately.) Assume then that p { N and T, ¢ m. Let a, be
the unit root of 2 — Tpz + p(p) = 0 in Ty (N)m. We first define a maximal
ideal m, of Tg (N, p) with the same associated representation as m. To do this
consider the ring

S1 = Ta(N)[U1)/(Uf - ToU1 + p(p)) € End(Ju(N)?)

where Uj is the endomorphism of Jz(N)? given by the matrix

[Tp —<p>]
p 0 |’

It is thus compatible with the action of U, on Jg (N, p) when compared using
¢. Now m; = (m,U; — @p) is a maximal ideal of S; where a, is any element
of Tg(N) representing the class G, € Ty (N)m/m =~ Ty(N)/m. Moreover
S1,m ~ T (N)m and we let m; be the inverse image of m; in Ty (N,p) under
the natural map Tg(N,p) — Si. One checks that my is D,-distinguished. For
any standard Hecke operator ¢ except Uy, (i.e., t = Tj, Uy for ¢’ # p or (a)) the
image of t is t. The image of U, is U;. :
We need to check that the induced map

a: TH(N7p)mp — Sl,ml =~ TH(N)rn

is surjective. The only problem is to show that T}, is in the image. In the present
context one can prove this using the surjectivity of ¢ in (2.12) and using the
fact that the Tate-modules in the range and domain of ¢ are free of rank 2 by
Corollary 1 to Theorem 2.1. The result then follows from Nakayama’s lemma as
one deduces easily that T g (N )y is a cyclic Tg (N, p)m,-module. This argument
was suggested by Diamond. A second argument using representations can be
found at the end of Proposition 2.15. We will now give a third and more direct
proof due to Ribet (cf. [Ri4, Prop. 2]) but found independently and shown to
us by Diamond.
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For the following lemma we let T, for an integer M, denote the subring of
End (52 (I(N ))) generated by the Hecke operators T, for positive integers n

relatively prime to M. Here Sy (Fl(N )) denotes the vector space of weight 2
cusp forms on I'y(N). Write T for T!. It will be enough to show that T, is
a redundant operator in T, i.e., that TP = T. The result for Tx(N),, then
follows.

LEMMA (Ribet). Suppose that (M,N) = 1. If M is odd then TM = T.
If M is even then TM has finite index in T equal to a power of 2.

As the rings are finitely generated free Z-modules, it suffices to prove that
TM @ F; - T ® F, is surjective unless [ and M are both even. The claim
follows from

1. TM @ F, —» TM/P @ F, is surjective if p | M and p { IN.
2. T'® F; » T®F, is surjective if I { 2N.

Proof of 1. Let A denote the Tate module Ta;(J; (N )) Then R = TM/rg
Z,; acts faithfully on A. Let R' = (R i@ Q) NEndz, A and choose d so that
]

IR’ C IR. Consider the Gal(Q/Q)-module B = Ji(N)[l%] x ppu. By
Cebotarev density, there is a prime ¢ not dividing M NI so that Frobp = Frobg
on B. Using the fact that T, = Frobr + (r)r(Frobr)~! on A for r = p and
r = g, we see that T, = T, on J1(N)[l9]. It follows that T, — T, is in i Endz, A
and therefore in IR’ C IR. a

Proof of 2. Let S be the set of cusp forms in S3(T"; (IV)) whose g-expansions
at 0o have coefficients in Z. Recall that So(I'1(V)) = S®C and that S is stable
under the action of T (cf. [Sh1l, Ch. 3] and [Hi4, §4]). The pairing T® S — Z
defined by T ® f — a1(Tf) is easily checked to induce an isomorphism of
T-modules ‘

S = Homg (T, Z).

The surjectivity of T¢/IT! — T/IT is equivalent to the injectivity of the dual

map
Hom(T, F;) — Hom(T', F}).

Now use the isomorphism S/1S = Hom(T, F;) and note that if f is in the
kernel of § — Hom(T!, F}), then a,(f) = a1(T,f) is divisible by [ for all n
prime to [. But then the mod [ form defined by f is in the kernel of the operator
g%, and is therefore trivial if [ is odd. (See Corollary 5 of the main theorem
of [Ka).) Therefore f is in [S.

Remark. The argument does not prove that TM? = T4 if (d, N) # 1.
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We now return to the assumptions that pn is irreducible, p t N and
T, ¢ m. Next we define a principal ideal (A,) of T (NN)w as follows. Since
TH(N,P)m, and Ty (N)n are both Gorenstein rings (by Corollary 2 of Theo-
rem 2.1) we can define an adjoint & to

a: TH(N, p)mp — Sl,rm =~ TH(N)rn

in the manner described in the appendix and we set A, = (a:0 &)(1). Then
(Ap) is independent of the choice of (Hecke-module) pairings on TH(N,D)m,
and Tg(N)q. It is equal to the ideal generated by any composite map

Ta(N)m - TH(N,p)my = Trr(N)m

provided that 3 is an injective map of Tg (N, p)m,-modules with Z, torsion-free
cokernel. (The module structure on Tg (N )m is defined via a.)

PROPOSITION 2.4. Assume that m is Dp-distinguished and that pn is
irreducible of level N with p t N. Then

() = (T2 = (P)(1 +1)?) = (a7 — (P)).
Proof. Consider the maps on p-adic Tate-modules induced by ¢ and ¢:

Ta, (JH(N)?) 2. Tay, (Ju(N,p)) N (r(V)?).

These maps commute with the standard Hecke operators with the exception
of T, or U, (which are not even defined on all the terms). We define

S2 = Ty(N)[Ua) /(U ~ T, Uz +p(p)) C End (Ju(V)?)

where Us is the endomorphism of Jg(N)? defined by (2 _%’2) It satisfies
oUsz = Upp. Again my = (m, Uz — ap) is a maximal ideal of Sz and we have,
on restricting to the mj, m, and mp-adic Tate-modules:

Tos (T (N)2) 25 Tam, (J5(V.0)) 2 Tom, (I (N)?)
(2.12) T v IR
Taw (Ju(N)) Taw (Ju(N)).

The vertical isomorphisms are defined by ve: z — (—(p)z,apz) and vi: z —
(apz, pr). (Here ap € TH(N)m can be viewed as an element of Tu(N)p =~
[ITH(N), where the product is taken over the maximal ideals containing
p. So v; and ve can be viewed as maps to Ta, (J H(N )2) whose images are
respectively Tam, (JH(N )2) and Tap, (JH(N )2))

Now ( is surjective and ¢ is injective with torsion-free cokernel by the re-
sult of Ribet mentioned before. Also Tan (JH(N )) ~ Ty(N)%2 and
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Tam, (JH(N, p)) ~ Ty(N, p)?“p by Corollary 1 to Theorem 2.1. So as ¢, ¢
are maps of Tg (N, p)m,-modules we can use this diagram to compute Ay as
remarked just prior to the statement of the proposition. (The compatibility
of the U, actions requires that, on identifying the completions S m, and S2 m,
with Tz (N)m, we get Uy = U which is indeed the case.) We find that

viloPopouy (2) = a;l(af,—(p))(z). O

We now apply to J1 (N, ¢%) (but g # p) the same analysis that we have just
applied to Jy (N, p). Here X1(A, B) is the curve corresponding to I'1 (4)NTo(B)
and Ji(A4, B) its Jacobian. First we need the analogue of Thara’s result. It is
convenient to work in a slightly more general setting. Let us denote the maps
X1(Nq¢™1,q") — X1(Ng"!) induced by z — z and z = gz by 71, and ma,
respectively. Similarly we denote the maps X1 (N¢q", ¢! — X;(Ng") induced
by z — z and z — gz by 73, and 74, respectively. Also let 7 : X1(Nq") —
X1(Ng™1,q") denote the natural map induced by z — 2.

In the following lemma if m is a maximal ideal of T1(Ng"~!) or T1(Ng")
we use m(@ to denote the maximal ideal of qu)(N q",¢"t!) compatible with
m, the ring qu) (Nq", ¢"+1) C T1(Ng",g" ') being the subring obtained by
omitting U, from the list of generators.

LEMMA 2.5. Ifq # p is a prime and r > 1 then the sequence of abelian
varieties

)
0— J(NG™Y) —2 s J(Ng) x Ji(Ng") ——— (NG, 1)

where & = ((myr om)*, — (ma,r 0 Tr)*) and & = (7} ,,73,) induces a corre-
sponding sequence of p-divisible groups which becomes ezact when localized at
any m9 for which py, is irreducible.

Proof. Let T''(N q") denote the group {((‘cl db)) eTi(N):a=d=1(q"),
c=0(g"1), b= O(q)}. Let B; and B! be given by
By =Ty(N¢") /T1(Ng")NT(g), ~ B'=T'(N¢)/T1(Ng") NT(g)

and let Ay = Pl(Nq’_rl)/I‘,l (Ng")NT(g). Thus Ay ~ SLy (Z/q) if r = 1 and
is of order a power of ¢ if r > 1.
The exact sequences of inﬂag?n-restriction give:

Hl(rl (Nq), Qp/zp)—‘:'—’Hl(Fl(N qg)n I'(q), Qp/zp)Bla

together with a similar isomorphism with Al replacing A and B! replacing B;.
We also obtain

H Ty (Ng"™Y), Qp/Zp) —— HYT1(Ng") NT(q), Qp/Zp)™.
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The vanishing of H?(SL2(Z/q), Qp/Z,) can be checked by restricting to the
Sylow p-subgroup which is cyclic. Note that im A\;Nim A! € HY(T'1(N ¢")NI'(q),
Q,/Z,)?1 since B; and B! together generate A,. Now consider the sequence
(213) 0 —— HYT1(N¢™1),Qp/2Zy)

res; @—res!

—— H'(T1(Nq"),Qp/Zp) ® H'(T'(NG"), Qp/Zyp)
A1@A! '
———  H'(T(Nq')NT(e), Qp/Zy).
We claim it is exact. To check this, suppose that Aj(x) = —A}(y). Then

M(z) € HY(T1(Ng") NT(q),Qp/Zp)?9. So Ai(z) is the restriction of an
€ H! (I‘l(Nq"l),Qp/Zp) whence = — res;(z') € kerA\; = 0. It follows
also that y = —res! (/).

Now conjugation by the matrix (g (1)) induces isomorphisms

I'(N¢") ~T1(Ng"), T1(Ng")NT(q) ~T1(Ngq", g"t1).

So our sequence (2.13) yields the exact sequence of the lemma, except that we
have to change from group cohomology to the cohomology of the associated
complete curves. If the groups are torsion-free then the difference between
these cohomologies is Eisenstein (more precisely T; — 1 —1 for [ = 1 mod N gt
is nilpotent) so will vanish when we localize at the preimage of m(%) in the
abstract Hecke ring generated as a polynomial ring by all the standard Hecke
operators excluding T,. If M < 3 then the group I';(M) has torsion. For
M = 1,2,3 we can restrict to I'(3), I'(4), I'(3), respectively, where the co-
homology is Eisenstein as the corresponding curves have genus zero and the
groups are torsion-free. Thus one only needs to check the action of the Hecke
operators on the kernels of the restriction maps in these three exceptional cases.
This can be done explicitly and again they are Eisenstein. This completes the
proof of the lemma. O

Let us denote the maps X;(N,q) — X1(N) induced by z — 2z and z — ¢z
by 71 and 7, respectively. Similarly we denote the maps X; (N, ¢?) — X1(N,q)
induced by z — 2z and z — gz by w3 and 74 respectively.

From the lemma (with » = 1) and Ihara’s result (2.10) we deduce that
there is a sequence

4
(2.14) 0 — Ji(N) x Ji(N) x J1(N) ——— J1(N,¢?)
where £ = (w1 0 m3)* X (w2 0 73)* X (72 0 m4)* and that the induced map of p-
divisible groups becomes injective after localization at m(?)’s which correspond
to irreducible p,’s. By duality we obtain a sequence

LN, @) —— (VP = 0

which is ‘surjective’ on Tate modules in the same sense. More generally we
can prove analogous results for Jg(N) and Jg(N, ¢?) although there may be
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a kernel of order divisible by p in Jg(N) — Ji(IN). However this kernel will
not meet the m(@-divisible group for any maximal ideal m(?) whose associated
pm is irreducible and hence, as in the earlier cases, will not affect the results if
after passing to p-divisible groups we localize at such an m(@). We use the same
notation in the general case when H # 1 so ¢ is the map Jg(N)2 — Jg(N, ¢?).

We suppose now that m is a maximal ideal of Tx(NN) (as always with p €
m) associated to an irreducible representation and that ¢ is a prime, ¢ { Np.
We now define a maximal ideal m, of Tg(N, ¢%) with the same associated
representation as m. To do this consider the ring

Sy = Tg(N)[U1]/U1(U? — T, U; + q(g)) C End (JH(N)3)

where the action of U; on Jg(N)? is given by the matrix

T, —(q) 0
q 0 O
0 qg O

Then U; satisfies the compatibility
EolU;=U o€

One checks this using the actions on cotangent spaces. For we may identify
the cotangent spaces with spaces of cusp forms and with this identification any
Hecke operator t, induces the usual action on cusp forms. There is a maximal
ideal m; = (U1, m) in Sy and S1 m; =~ TH(N)m. We let my denote the reciprocal
image of m; in Tg(N, ¢%) under the natural map Tg(N,¢?) — 5.

Next we define a principal ideal (Af;) of Ty(N)m using the fact that
Twu(N, ¢°)m, and Tg(N)n are both Gorenstein rings (cf. Corollary 2 to The-
orem 2.1). Thus we set (A}) = (&' o) where

o TH(N, ¢®)mg — St,m =~ TH(N)m

is the natural map and @ is the adjoint with respect to selected Hecke-module
pairings on Tg(N, ¢*)m, and Tg(N)n. Note that o is surjective. To show
that the T, operator is in the image one can use the existence of the associated
2-dimensional representation (cf. §1) in which T, = trace(Frobg) and apply
the Cebotarev density theorem.

PROPOSITION 2.6. Suppose that m is a mazimal ideal of Tg(N) associ-
ated to an irreducible pn. Suppose also that g + Np. Then

(AY) = (¢ = 1) (TF ~ (@1 +9)?).

Proof. We prove this in the same manner as we proved Proposition 2.4.
Consider the maps on p-adic Tate-modules induced by £ and &:

(2.15) Ta, (Ju(N)?) £ T, (Ju(N, %)) &, Tap (Ju(N)?) .
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These maps commute with the standard Hecke operators with the exception
of T, and U, (which are not even defined on all the terms). We define

Sz = Tx(N)[Ua] /Ua(UF — Ty Uz + 4(@)) < End (Ju(N)?)

where U is the endomorphism of Jg ()3 given by the matrix

00 0
qg 0 —(g)
0 ¢q Tq

Then U, € = £ U; as one can verify by checking the equality (E o&)Ux = Un (§A o)

" because E o £ is an isogeny. The formula for E o £ is given below. Again
mp = (m, Us) is a maximal ideal of Sy and S, m; ~ TxH(N)m. On restricting
(2.15) to the mg, my and m;-adic Tate modules we get

oy (Jir(N)?) —— Tam, (JH(N, ¢2)) —— Tam (Jr(N)?)

(2.16) T - L w
Tanm(Ju(N)) Tam(J(N)).

The vertical isomorphisms are induced by uz: z — ((q)z,—T42,9z) and
ui: 2 — (0,0, z). Now a calculation shows that on Jg(N)3

q(g+1) T,-q T?—{g)(1+q)
fof= T -q alg+1) T, q
T2 — (9 '(1+4q) Tj-q q(g+1)

where T} = () ' T,.
We compute then that

(it o € 0 € ou) = —(g7)(a-1) (77 - (@1 +0)?).

Now using the surjectivity of E and that ’§ has torsion-free cokernel in (2.16)
(by Lemma 2.5) and that Tan, (JH(N)) and Tan, (JH(N, q2)) are each free of

rank 2 over the respective Hecke rings (Corollary 1 of Theorem 2.1), we deduce
the result as in Proposition 2.4. d

There is one further (and completely elementary) generalization of this
result. We let m: Xg(Ng,q?) — Xg(N,q?) be the map given by z — 2.
Then 7* : Jg(N,q?) — Jg(Ng,q?) has kernel a cyclic group and as before
this will vanish when we localize at m(® if m is associated to an irreducible
representation. (As before the superscript ¢ denotes the omission of Uy from
the list of generators of T (Ng, ¢?) and m(@ denotes the maximal ideal of

T(}g)(N q,¢%) compatible with m.)
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We thus have a sequence (not necessarily exﬁct)
0 - Ju(N) —— Ju(Ng,¢®) — Z — 0

where £ = 7m* o £ which induces a corresponding sequence of p-divisible groups
which becomes exact when localized at an m(9 corresponding to an irreducible
pm- Here Z is the quotient abelian variety Jg(Ngq, ¢?) / im k. As before there
is a natural surjective homomorphism

a: TH(NQa q2)mq B Sl,m1 =~ TH(N)m

where m, is the inverse image of m; in Tg(Ng, ¢%). (We note that one can
replace Ty (Ng,q?) by Tg(Ng?) in the definition of o and Proposition 2.7
below would still hold unchanged.) Since both rings are agam Gorenstein we
can define an adjoint @ and a principal ideal

(Ag) = (a © a) .

PROPOSITION 2.7.  Suppose that m is a mazimal ideal of T = Ty(N)
associated to an irreducible representation. Suppose that ¢ + Np. Then

(Bg) = (@ = 1(T7 — (9) (1 + 9)?)).
The proof is a trivial generalization of that of Proposition 2.6.

Remark 2.8. We have included the operator Uy in the definition of T,
Ty(Ng, 2),% as in the application of the g-expansion principle it is 1mportant
to have all the Hecke operators. However U, = 0 in Th,,. To see this we recall
that the absolute values of the eigenvalues c(q, f) of Uq on newforms of level
Ng with ¢ { N are known (cf. [Li]). They satisfy c(q, f)2 = (g) in Oy (the
ring of integers generated by the Fourier coefficients of f) if f is on I'1(N,q),
and |c(g, f)| = ¢*/? if f is on I';(Ngq) but not on I'1(N,q). Also when f is
a newform of level dividing N the roots of z2 — c(g, f)z + ¢xf(g) = 0 have
absolute value ql/ 2 where c(q, f) is the eigenvalue of T, and x7(q) of (). Since
for f on T'1(Ng,q?), U,f is a form on T';(Nq) we see that :

U (U — (@) T Wy—c(@, ) T (U2 -ela./)Us+ala)) =0
feS fES2
in Ty(Ng, q2) ® C where S is the set of newforms on I'; (Ng) which are not
on I'1 (N, q) and 3 is the set of newforms of level dividing N. In particular as
Uy is in mg it must be zero in T,

A slightly different situation arises if m is a maximal ideal of T = Tg(N, q)
(¢ # p) which is not associated to any maximal ideal of level N (in the sense of
having the same associated pn). In this case we may use the map &3 = (7}, 73)
to give

& 13
(2.17) Ju(N,q) x Ju(N,q) —— Ju(N,q%) ——— Ju(N,q) x Ja(N, q).
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Then 53 o &3 is given by the matrix
g U;

3083 =
Ug ¢

on Ji (N, q)?, where U} = Uy(q)~" and UZ = (g) on the m-divisible group. The
second of these formulae is standard as mentloned above; cf. for example [Li,
Th. 3], since py, is not associated to any maximal ideal of level N. For the first
consider any newform f of level divisible by ¢ and observe that the Petersson
inner product <(U;Uq —1)f(rz), f(mz)> is zero for any r,m | (Ngq/level f)
by [Li, Th. 3]. This shows that U;U,f(rz), a priori a linear combination of
f(m;z), is equal to f(rz). So U;U; = 1 on the space of forms on T'y(N,q)
which are new at g, i.e. the space spanned by forms {f(sz)} where f runs
through newforms with g | level f. In particular U; preserves the m-divisible
group and satisfies the same relation on it, again because py, is not associated
to any maximal ideal of level N.

Remark 2.9. Assume that p, is of type (A) at ¢ in the terminology of
Chapter 1, §1 (which ensures that p, does not occur at level N). In this
case T, = Tx(N, q)n is already generated by the standard Hecke operators
with the omission of Uy. To see this, consider the GL2 (Ty) representation of
Gal(Q/Q) associated to the m-adic Tate module of Ji (N, g) (cf. the discussion
following Corollary 2 of Theorem 2.1). Then this representation is already
defined over the Z,-subalgebra T of T\, generated by the traces of Frobenius
elements, i.e. by the T for £  Ngp. In particular {g) € T%. Furthermore, as
T is local and complete, and as U2 = (g), it is enough to solve X? = (q)
in the residue field of T#. But we can even do this in ko (the minimal field
of definition of p,) by letting X be the eigenvalue of Frobg on the unique
unramified rank-one free quotient of k2 and invoking the m; ~ m(oy) theorem
of Langlands (cf. [Cal]). (It is to ensure that the unramified quotient is free
of rank one that we assume py, to be of type (A).)

We assume now that py, is of type (A) at ¢. Define S this time by setting
S = Tu(N, q)[Ua] /Ur(U1 - Uy) € End (Ju(V, 0)%)

where U is given by the matrix

(2.18) | U1=lg gq]

on Jg(N, q)2. The map 53 is not necessarily surjective and to remedy this we

introduce m@ = m N TS (N, q) where T (N, q) is the subring of Tg(N,q)
generated by the standard Hecke operators but omitting U;. We also write m(@
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for the corresponding maximal ideal of ng)(N ¢,q%). Then on m(@-divisible
groups, 53 and Eg o 7, are surjective and we get a natural restriction map of
localizations Ty (Ng, q2)(m(q)) = S (m@)- (Note that the image of U, under
this map is U; and not U,.) The ideal m; = (m,U;) is maximal in S; and so also
in ) (m(e)) and we let my denote the inverse image of m; under this restriction
map. The inverse image of my in Ty(Ng, ¢?) is also a maximal ideal which we
again write mg. Since the completions Ty (Ng, q2)mq and S1,m =~ Ta(N, @)n
are both Gorenstein rings (by Corollary 2 of Theorem 2.1) we can define a
principal ideal (Ag) of Ty (N, q¢)m by
(Ag) =(a ca)

where a: Ty(Ng, qz)mq—»,S'l,ml ~ TH(N, q)m is the restriction map induced
by the restriction map on m(?-localizations described above.

PROPOSITION 2.10.  Suppose that m is a mazimal ideal of Tr(N,q)
associated to an irreducible m of type (A). Then

(Ag) = (g —1)%(g+1).

Proof. The method is a straightforward adaptation of that used for Propo-
sitions 2.4 and 2.6. We let S; = Tu(N, q)[Us] /U2(Uz — Uy) be the ring of

endomorphisms of Jg (N, ¢)? where Uy is given by the matrix

U ¢q
0 0|

This satisfies the compatibility {3Us = Uy &3. We define my = (m,Us) in Sy
and observe that Sz, ma ~ Ty (N, q)m.
Then we have maps

* 13 é O Tx
Tau, (JH(N, 9)2) " 5" Tom, (Ju(Ng, ¢?) 5" Tam(Ju(V, 9)?)

TV v [RE
Tam(Ju(N, 0)) Taw (Ju(N, 0))-
The maps v; and vg are given by va: z — (—gz, aqz) and v1: z — (2, 0)

where Uy = a4 in TH(N @)m. One checks then that v; o (€30m,) o (1* 0 £3) 0wy
is equal to —(g — 1) (¢> — 1) or —3(g— 1)(¢% — 1).
The surjectivity of £307, on the completions is equivalent to the statement

that
Ju(Ng, ¢%)[plm; — Ju (N, ¢)*[Plm;

is surjective. We can replace this condition by a similar one with m(@ substi-
tuted for my and for my, i.e., the surjectivity of

Ja(Ng,@*)[plm@ — TN, ) [Pl -
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By our hypothesis that p, be of type (A) at g it is even sufficient to show that
the cokernel of Jg(Ng, ¢?)[p] ® Fp — Ju(N,q)?[p] ® Fp has no subquotient as
a Galois-module which is irreducible, two-dimensional and ramified at q. This
statement, or rather its dual, follows from Lemma 2.5. The injectivity of 7* 03
on the completions and the fact that it has torsion-free cokernel also follows
from Lemma 2.5 and our hypothesis that pn, be of type (A) at gq. O

The case that corresponds to type (B) is similar. We assume in the anal-
ysis of type (B) (and also of type (C) below) that H decomposes as [ H; as
described at the beginning of Section 1. We assume that m is a maximal ideal
of Ty (Nq") where H contains the Sylow p-subgroup Sy, of (Z/q"Z)* and that

~ Xq
I, 1

for a suitable choice of basis with x4 # 1 and cond x, = ¢". Here ¢ { Np and
we assume also that py, is irreducible. We use the sequence

(m')*o&2 éaor,

JH(NG") x Ju(Nq") —— Jm(N¢",¢""") —— Ju(Nq") x Ju(Nq")

(2.19) o

defined analogously to (2.17) where &2 was as defined in Lemma 2.5 and where
H' is defined as follows. Using the notation H = [] H; as at the beginning of
Section 1 set H] = H, for | # q and H}; x S, = H,. Then define H' = [] H; and
let ' : Xg/(Nq™, ¢"T1) — Xu(Ng", ¢"1) be the natural map z — z. Using
Lemma 2.5 we check that &3 is injective on the m(@-divisible group. Again we
set S1 = Tu(Nq") [Ul]/Ul (U1 —Uy) C End(JH(NqT)2) where U is given by
the matrix in (2.18). We define m; = (m, U1) and let my be the inverse image
of m; in Tgr(Ng", ¢"*1). The natural map (in which Uy — Uy)

a: Tg/(Ng", ¢ mg — S1,m = TH(NG )m
is surjective by the following remark.

Remark 2.11. When we assume that p, is of type (B) then the U, operator
is redundant in T\, = Ty(Nq")m. To see this, first assume that T, is reduced
and consider the GLg(Ty,) representation of Gal(Q/Q) associated to the m-
adic Tate module. Pick a g, € I, the inertia group in Dy in Gal(Q/Q), such
that x4(0q) # 1. Then because the eigenvalues of o, are distinct mod m we can
diagonalize the representation with respect to o4. If Frob q is a Frobenius in Dy,
then in the GLo(Ty;) representation the image of Frob ¢ normalizes I; and we
can recover Uy as the entry of the matrix giving the value of Frob g on the unit
eigenvector for 4. This is by the my >~ 7(0,) theorem of Langlands as before
(cf. [Cal]) applied to each of the representations obtained from maps Ty, —
Oy . Since the representation is defined over the Zy-algebra T generated by
the traces, the same reasoning applied to T% shows that U, € T%.
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If Ty, is not reduced the above argument shows only that there is an
operator v; € T such that (U; — vg) is nilpotent. Now Tg(Ng") can be
viewed as a ring of endomorphisms of Sa(I'y(Ng")), the space of cusp forms
of weight 2 on I'y(Ng"). There is a restriction map Ty (Ng") — Ty(Ng")"V
where Tg(Ng")™V is the image of Ty (Ng") in the ring of endomorphisms of
So(TH(NqT))/S2(Tu(Ng"))d, the old part being defined as the sum of two
copies of So(T'r(Ng"!)) mapped via 2 — z and z — gz. One sees that on
m-completions Ty, ~ (T (Ng")™")n since the conductor of py, is divisible by
¢". It follows that U, € T, satisfies an equation of the form P(U;) = 0 where
P(z) is a polynomial with coefficients in W (k,,) and with distinct roots. By
extending scalars to O (the integers of a local field containing W (k,,)) we can

assume that the roots liein T~ T, ® O.
W (km)

Since (Uy — vq) is nilpotent it follows that P(vy)" = 0 for some r. Then
since vy € T which is reduced, P(vg) = 0. Now consider the map T — IIT},)
where the product is taken over the localizations of T' at the minimal primes
p of T. The map is injective since the associated primes of the kernel are all
maximal, whence the kernel is of finite cardinality and hence zero. Now in
each T(,), Uy = o; and vy = o for roots oy, a; of P(z) = 0 because the roots
are distinct. Since U; — vq € p for each p it follows that o; = o for each p
whence U; = v in each T{;). Hence Uy = vg in T also and this finally shows
that Uy € T in general.

We can therefore define a principal ideal

(Ag) = (a o @)
using, as previously, that the rings T/ (Nq", ¢"*)m, and T (Ng")m are Goren-
stein. We compute (4A,) in a similar manner to the type (A) case, but using
this time that U; U, = ¢ on the space of forms on I'y(NNg") which are new at
g, i.e., the space spanned by forms {f(sz)} where f runs through newforms
with ¢" | level f. To see this let f be any newform of level divisible by ¢" and
observe that the Petersson inner product <(U;Uq —q)f(rz), f (mz)> = 0 for
any m | (Nq"/level f) by [Li, Th. 3(ii)]. This shows that (U;U, — q)f(rz),
a priori a linear combination of {f(m;z)}, is zero. We obtain the following
result.

PROPOSITION 2.12.  Suppose that m is a mazimal ideal of T (Ng")
associated to an irreducible py, of type (B) at g, i.e., satisfying (2.19) including
the hypothesis that H contains Sp. (Again g + Np.) Then

(A9 = ((a-1)?).

Finally we have the case where p, is of type (C) at g. We assume then
that m is a maximal ideal of Ty (Ng") where H contains the Sylow p-subgroup
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Sp of (Z/q"Z)* and that
(2.20) HY(Qq, Wx) =0

where W), is defined as in (1.6) but with py, replacing po, i.e., Wy = ad® pm.
This time we let m; be the inverse image of m in Tg/(Ng") under the
natural restriction map Tg/(Nqg") — Ty(Ng") with H’' defined as in the
case of type B. We set
(8g) = (aod)

where o Tg/(Nq")m,»TH(NG")m is the induced map on the completions,
which as before are Gorenstein rings. The proof of the following proposition
is analogous (but simpler) to the proof of Proposition 2.10. (Notice that the
proposition does not require the condition that p,, satisfy (2.20) but this is the
case in which we will use it.)

PROPOSITION 2.13.  Suppose that m is a mazimal ideal of T (Nq™) asso-
ciated to an irreducible pn with H containing the Sylow p-subgroup of (Z/q"Z)*.
Then

(Ag) = (g-1).

Finally, in this section we state Proposition 2.4 in the case ¢ # p as this
will be used in Chapter 3. Let ¢ be a prime, ¢ t Np and let S; denote the ring

(2.21) Tu(N)[U1)/{UF — T,U1 + ()a} € End(Ju(N)?)
where ¢: Jg(N,q) — Jug(N)? is the map defined after (2.10) and U; is the
matrix

T, {9

g 0 |

Thus, ¢Uy = U1p. Also (g) is defined as (ng) where ng = q(N), nq = 1(q).
Let m; be a maximal ideal of S; containing the image of m, where m is a
maximal ideal of Ty (N) with associated irreducible p,. We will also assume
that pm(Frobg) has distinct eigenvalues. (We will only need this case and
it simplifies the exposition.) Let m, denote the corresponding maximal ide-
als of Ty(N, q) and Ty(Ng) under the natural restriction maps Ty (Ng) —
Tu(N,q) — Si1. The corresponding maps on completions are :

(2:22) TH(NQm, > Ta(N,)m,
% Sim 2 Tr(N)m ® Wk
2 Sim 2 Ta(V)a @ W)
where k% is the extension of k., generated by the eigenvalues of {pn(Frobg)}.

Thus kt is either equal to ky or its quadratic extension. The maps 8, « are
surjective, the latter because Ty is a trace in the 2-dimensional representation
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to GLo(TH(N)m) given after Theorem 2.1 and hence is ‘redundant’ by the
Cebotarev density theorem. The completions are Gorenstein by Corollary 2 to
Theorem 2.1 and so we define invariant ideals of Si n,

(2.23) (A)=(a0d), (A)=(aoP)o(acp).
Let a4 be the image of U; in Ty (N)m W((X})g ) W (k™) under the last isomorphism
in (2.22). The proof of Proposition 2.4 yields

PROPOSITION 2.4'. Suppose that py is irreducible where m is a mazimal
ideal of Tg(N) and that pn(Frobgq) has distinct eigenvalues. Then

(Aa) = (a2-1(9)),
Aa) = (e2-(g)(g-1).

Remark. Note that if we suppose also that ¢ = 1(p) then (A) is the unit
ideal and ¢« is an isomorphism in (2.22).

3. The main conjectures

As we suggested in Chapter 1, in order to study the deformation theory
of po in detail we need to assume that it is modular. That this should always
be so for det pg odd was conjectured by Serre. Serre also made a conjecture
(the ‘e’-conjecture) making precise where one could find a lifting of pg once
one assumed it to be modular (cf. [Se]). This has now been proved by the
combined efforts of a number of authors including Ribet, Mazur, Carayol,
Edixhoven and others. The most difficult step was to show that if py was
unramified at a prime [ then one could find a lifting in which ! did not divide
the level. This was proved (in slightly less generality) by Ribet. For a precise
statement and complete references we refer to Diamond’s paper [Dia] which
removed the last restrictions referred to in Ribet’s survey article [Ri3]. The
following is a minor adaptation of the epsilon conjecture to our situation which
can be found in [Dia, Th. 6.4]. (We wish to use weight 2 only.) Let N(pg) be
the prime to p part of the conductor of py as defined for example in [Se].

THEOREM 2.14.  Suppose that po is modular and satisfies (1.1) (so in
particular is irreducible) and is of type D = (-,3,0,M) with - = Se, str or fl.
Suppose that at_least one of the following conditions holds (i) p > 3 or (ii) po
is not induced from a character of Q(v/—3). Then there exists a newform f
of weight 2 and a prime X of Of such that py is of type D' = (-,X,0', M)
for some O, and such that (pfx mod \) ~ po over Fp,. Moreover we can
assume that f has character x s of order prime to p and has level N (po)p"(m)
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where §(po) = 0 if po|p, is associated to a finite flat group scheme over Z,
and det pO’I = w, and 6(po) = 1 otherwise. Furthermore in the Selmer case
p

we can assume that ay(f) = x2(Frobp) mod A in the notation of (1.2) where
ap(f) is the eigenvalue of Up. ~

For the rest of this chapter we will assume that pg is modular and that
if p = 3 then pg is not induced from a character of Q(+/—3). Here and in the
rest of the paper we use the term ‘induced’ to signify that the representation
is induced after an extension of scalars to the algebraic closure.

For each D = {-,%,0, M} we will now define a Hecke ring Tp except
where - is unrestricted. Suppose first that we are in the flat, Selmer or strict
cases. Recall that when referring to the flat case we assume that pp is not
ordinary and that det po| L =@ Suppose that ¥ = {¢;} and that N(pg) =

g with s; > 0. If Uy ~ k? is the representation space of pg we set n, =
dimy (Uy)fe where I, is the inertia group at g. Define My and M by

(2.24) Mo=N(o) I & II1&  M=Myp®
ng; =1 ng, =2
;¢ MU{p}

where 7(pg) = 1 if pp is ordinary and 7(pg) = O otherwise. Let H be the
subgroup of (Z/MZ)* generated by the Sylow p-subgroup of (Z/q;Z)* for each
¢i € M as well as by all of (Z/¢;Z)* for each ¢; € M of type (A). Let T’y (M)
denote the ring generated by the standard Hecke operators {7} for | { Mp, (a)
for (a, Mp) = 1}. Let m’ denote the maximal ideal of T’; (M) associated to the
f and ) given in the theorem and let k. be the residue field T (M)/m’. Note
that m’ does not depend on the particular choice of pair (f, A) in theorem 2.14.
Then kv ~ ko where kg is the smallest possible field of definition for py because
k. is generated by the traces. Henceforth we will identify ko with k./. There
is one exceptional case where py is ordinary and po|p, is isomorphic to a sum
of two distinct unramified characters (x; and x2 in the notation of Chapter 1,
§1). If pg is not exceptional we define

(2.25(2)) Tp = Ty (M) 0.

&
W (ko)
If po is exceptional we let T% (M) denote the ring generated by the operators
{T) for I { Mp, (a) for (a, Mp) =1, Up}. We choose m” to be a maximal
ideal of TY% (M) lying above m’ for which there is an embedding kn» < k (over
ko = kuv) satisfying Up, — x2(Frobp). (Note that x2 is specified by D.) Then
in the exceptional case k, is either kg or its quadratic extension and we define
(2.25(b)) Tp = Th(M)w  ® O.

k)

The omission of the Hecke operators Uy for g | My ensures that Tp is reduced.
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We need to relate Tp to a Hecke ring with no missing operators in order
to apply the results of Section 1.

PROPOSITION 2.15. In the nonexceptional case there is a mazimal ideal
m for Ty(M) with m N Ty (M) = m' and ko = kn, and such that the natural
map Ty(M)w — Ty(M)y is an isomorphism, thus giving

TDZ’ TH(M),-“ ® O.
W (ko)

In the exceptional case the same statements hold with m” replacing m', T/ (M)
replacing T’y (M) and ke replacing ko.

Proof. For simplicity we describe the nonexceptional case indicating where
appropriate the slight modifications needed in the exceptional case. To con-
struct m we take the eigenform fy obtained from the newform f of Theorem 2.14
by removing the Euler factors at all primes ¢ € £ — {M Up}. If pg is ordinary
and f has level prime to p we also remove the Euler factor (1 — 8, -p~°) where
Bp is the non-unit eigenvalue in Oy . (By ‘removing Euler factors’ we mean
take the eigenform whose L-series is that of f with these Euler factors re-
moved.) Then fo is an eigenform of weight 2 on 'y (M) (this is ensured by the
choice of f) with Oy ) coefficients. We have a corresponding homomorphism
Tyt Ty(M) — Oy, and we let m = 71‘;01(/\).

Since the Hecke operators we have used to generate T’y (M) are prime to
the level there is an inclusion with finite index

Ty (M) <—>H Oy

where g runs over representatives of the Galois conjugacy classes of newforms
associated to I' (M) and where we note that by multiplicity one O, can also be
described as the ring of integers generated by the eigenvalues of the operators
in T (M) acting on g. If we consider Tg (M) in place of Ty (M) we get a
similar map but we have to replace the ring Oy by the ring

Sg = OQ[XQI’ see anm Xp]/{Yza Zp}:=1
where {p, q1,...,¢,} are the distinct primes dividing Mp. Here
. =
Xa (XQi — Qg (9)) if ¢; | level(g),

where the Euler factor of g at ¢; (i.e.,, of its associated L-series) is
(1—ag(9)a; °) (1—Bq,(g)g; ) in the first case and (1—aq,(g)g; °) in the second
case, and g;'|| (M / level(g)). (We allow ag,(g) to be zero here.) Similarly Z, is
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defined by
X2 —ap(9)Xp+pxe(p) ifp| M, p 1t level(g)
Zp=1q Xp—ap(g) ifpt M
Xp — ap(9) if p | level(g),

where the Euler factor of g at p is (1 — ap(9)p~% + Xg(p) p'2°) in the first
two cases and (1 — ap(g9)p~°) in the third case. We then have a commutative

diagram
w(M) I1, O

(2.27)
TH(M) C——) l;[sg = l;-[Og[XQI’ e ’XQM XP]/{},@? ZP}Z=1

“where the lower map is given on {U,, U, or T} by Uy, — X, Up or
T, — X, (according as p | M or p + M). To verify the existence of such
a homomorphism one considers the action of T (M) on the space of forms of
weight 2 invariant under I'y (M) and uses that 3°7_; gj(m;z) is a free gener-
ator as a Ty (M) ® C-module where {g;} runs over the set of newforms and
m; = M/ level(g;). ‘

Now we tensor all the rings in (2.27) with Z,. Then completing the top
row of (2.27) with respect to m’ and the bottom row with respect to m we get
a commutative diagram

/ ~
aM)w —— (10), =TI O

w—p

-]

Ta(M)m C— (I} So) = TI(Sp)m.
Here p runs through the primes above p in each Oy for which m’ — 4 under
Ty (M) — Og. Now (Sg)m is given by
(229) (S®Zp)n = (O ®Zp) [Xqis- Xgrs Xpl /(¥ Zp}ict)

= (H Og,ﬂ [th’ v ’XQr’ XP]/{YH .ZP}£=1)

plp

()

where Ay, denotes the product of the factors of the complete semi-local ring
Og,ulXgrse vy Xgrr Xp) / {Yi, Zp};—; in which X, is topologically nilpotent for

1
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g ¢ M and in which X, is a unit if we are in the ordinary case (i.e., when
p| M). This is because Uy, € m if ¢; ¢ M and U, is a unit at m in the ordinary
case.

Now if m" — u then in (Ag,,)m We claim that Y; is given up to a unit by
Xg, — b; for some b; € Oy, with b; = 0.if ¢; ¢ M. Similarly Zp is given up to.a
unit by X, — ap(g) where ap(g) is the unit root of 22 — ap(g)z + px,(p) = 0 in
Ogpuifp ’( level g and p | M and by X, — a,(g) if p | level g or p + M. This
will show that (Ag ,)m =~ Oy, when m — p and (Ag,)m = 0 otherwise.

For ¢; € M and for p, the claim is straightforward. For ¢; ¢ M, it amounts
to the following. Let U, , denote the 2-dimensional K, ,-vector space with
Galois action via pg ,, and let ng, (g, 1) = dim(Uy,,)7%. We wish to check that
Y; = unit. Xy, in (Agu)m and from the definition of ¥; in (2.26) this reduces
to checking that r; = ng, (g, u) by the 74 ~ 7(0,) theorem (cf. [Cal]). We use
here that oy, (9), By (g9) and ag,(g) are p-adic units when they are nonzero since
they are eigenvalues of Frob ¢;. Now by definition the power of ¢; dividing M
is the same as that dividing N(po)g; % (cf. (2.21)). By an observation of Livné
(cf. [Liv], [Ca2, §1]),

(2.30) ordg, (level g) = ord,, ( N(po)g™ ™ (g,m)

As by definition ¢;*||(M/ level g) we deduce that r; = ng, (g, 1) as required.
We have now shown that each Ay, ~ O, , (when m’ — p) and it follows
from (2.28) and (2.29) that we have homomorphisms
’ TIH(M)m’ C— TH(M)m C—’ H Oy,u

g

w —p

where the inclusions are of finite index. Moreover we have seen that U,, = 0
in Tg(M)y for ¢; ¢ M. We now consider the primes ¢; € M. We have
to show that the operators U, for ¢ € M are redundant in the sense that
they lie in T4 (M), i.e., in the Z,-subalgebra of Ty (M), generated by the
{Ti: 1+ Mp, (a): a € (Z/MZ)*}. For q € M of type (A), U; € T} (M)
as explained in Remark 2.9 and for ¢ € M of type (B), U, € Thy(M)y as
explained in Remark 2.11. For ¢ € M of type (C) but not of type (A), U, =0
by the my ~ m(0y) theorem (cf. [Cal]). For in this case n, = 0 whence also
nq(g, ) = 0 for each pair (g, ) with m’ — p. If pg is strict or Selmer at p then
Up can be recovered from the two-dimensional representation p (described after
the corollaries to Theorem 2.1) as the eigenvalue of Frobp on the (free, of rank
one) unramified quotient (cf. Theorem 2.1.4 of [Wil]). As this representation
is defined over the Z,-subalgebra generated by the traces, it follows that Up
is contained in this subring. In the exceptional case Up is in T (M)q by
definition.

Finally we have to show that T}, is also redundant in the sense explained
above when p + M. A proof of this has already been given in Section 2 (Ribet’s
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lemma). Here we give an alternative argument using the Galois representa-
tions. We know that T, € m and it will be enough to show that T, € (m2, p).
Writing k., for the residue field Ty (M )m/m we reduce to the following situa-
tion. If T, ¢ (m?, p) then there is a quotient

T (M)m/ (07, p)>ku[e] = To(M)n/a

where knle] is the ring of dual numbers (so €2 = 0) with the property that
T, — Ae with X # 0 and such that the image of T (M) lies in k. Let G,
denote the four-dimensional kn-vector space associated to the representation

pe: Gal(Q/Q) — GLz (kmle])
induced from the representation in Theorem 2.1. It has the form
G/Q o~ GO/Q ©® GO/Q

where Gy is the corresponding space associated to pg by our hypothesis that
the traces lie in k. The semisimplicity of G,q here is obtained from the main
theorem of [BLR]. Now G,q, extends to a finite flat group scheme Gz,
Explicitly it is a quotient of the group scheme Jg(M)n[p]/z,. Since extensions
to Z, are unique (cf. [Rayl]) we know

Gz, =~ GO/Z,, &) GO/Z,, .

Now by the Eichler-Shimura relation we know that in Jy (M),
V4

T, = F + (p)FT.

Since T, € m it follows that F'+ (p)FT = 0on Gy /F and hence the same holds
on G,p,. But Tp is an endomorphism of Gz, W’ilich is zero on the special
fibre, so by [Rayl, Cor. 3.3.6], T, = 0 on G ,z,_. It follows that T, = 0 in km|e]
which contradicts our earlier hypothesis. So T, € (m?,p) as required. This
completes the proof of the proposition. O

From the proof of the proposition it is also clear that m is the unique max-
imal ideal of Tg (M) extending m’ and satisfying the conditions that Ug € m
for g € £ — {MUp} and U, ¢ m if po is ordinary. For the rest of this chapter
we will always make this choice of m (given pg).

Next we define Tp in the case when D = (ord,X,O,M). If n is any
ordinary maximal ideal (i.e. Uy ¢ n) of T (Np) with N prime to p then Hida
has constructed a 2-dimensional Noetherian local Hecke ring

To =€ Tag(Np™®), := }in e Tg(NDp")a,

which is a A = Zp[T]-algebra satisfying Teo/T =~ Ty (Np)a. Here n, is the
inverse image of n under the natural restriction map. Also T = }iLn(l +Np)—1
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and e = l_iglU;,'!. For an irreducible py of type D we have defined Tpr in
T
(2.25(a)), where D’ = (Se, X, O, M), by
T’D’ ~ TH(Mop)m &® O,
W (k)

m

the isomorphism coming from Proposition 2.15. We will define Tp by

(2.31) T'D=6TH(M0p°°)m ® O.
W (km)

In particular we see that
(2.32) TD/T jad TD/,

i.e., where D’ is the same as D but with ‘Selmer’ replacing ‘ord’. Moreover if
q is a height one prime ideal of Tp containing ((1 +T)P" —(1+N p)”"(k_z))
for any integers n > 0, k > 2, then Tp/q is associated to an eigenform in a
natural way (generalizing the case n = 0, k = 2). For more details about these
rings as well as about A-adic modular forms see for example [Wil] or [Hil].

For each n > 1 let T, = Ty(Mop™)m,. Then by the argument given
after the statement of Theorem 2.1 we can construct a Galois representation Pn
unramified outside Mp with values in GL2(T},) satisfying trace p, (Frobl) = T},
det pn(Frobl) = I(l) for (I, Mp) = 1. These representations can be patched
together to give a continuous representation

(2.33) p=limpn: Gal(Qz/Q) — GL2(Tp)

where ¥ is the set of primes dividing Mp. To see this we need to check the
commutativity of the maps

Ry T,

N

Tn—l

where the horizontal maps are induced by p, and p,—_; and the vertical map is
- the natural one. Now the commutativity is valid on elements of Ry, which are
traces or determinants in the universal representation, since trace (Frob!l) — T;
under both horizontal maps and similarly for determinants. Here Ry is the
universal deformation ring described in Chapter 1 with respect to py viewed
with residue field k£ = k. It suffices then to show that Ry is generated (topo-
logically) by traces and this reduces to checking that there are no nonconstant
deformations of pg to k[e] with traces lying in k (cf. [Mal, §1.8]). For then if R
denotes the closed W (k)-subalgebra of Ry generated by the traces we see that
R — (Rs/m?) is surjective, m being the maximal ideal of Ry, from which
we easily conclude that R¥ = Ry. To see that the condition holds, assume
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that a basis is chosen so that po(c) = ((1) _(1)) for a chosen complex conjugation
c and po(0) = (% %) with b, = 1 and ¢, # O for some o. (This is possible

because py is irreccaludcaible.) Then any deformation [p] to k[e] can be represented
by a representation p such that p(c) and p(c) have the same properties. It
follows easily that if the traces of p lie in k then p takes values in k whence
it is equal to pg. (Alternatively one sees that the universal representation can
be defined over RY by diagonalizing complex conjugation as before. Since the
two maps R¥ — T,_; induced by the triangle are the same, so the associ-
ated representations are equivalent, and the universal property then implies
the commutativity of the triangle.)

The representations (2.33) were first exhibited by Hida and were the orig-
inal inspiration for Mazur’s deformation theory.

For each D = {-, 3,0, M} where - is not unrestricted there is then a
canonical surjective map

¢p:Rp —Tp

which induces the representations described after the corollaries to Theorem 2.1
and in (2.33). It is enough to check this when O = W (ko) (or W (k) in the
exceptional case). Then one just has to check that for every pair (g, #) which
appears in (2.28) the resulting representation is of type D. For then we claim
that the image of the canonical map Rp — ’i‘; =110, , is Tp where here ~
denotes the normalization. (In the case where - is ord this needs to be checked
instead for T, W((g;c )(’) for each n.) For this we just need to see that Rp is
0

generated by traces. (In the exceptional case we have to show also that U, is
in the image. This holds because it can be identified, using Theorem 2.1.4 of
[Wil], with the image of u € Rp where u is the eigenvalue of Frobp on the
unique rank one unramified quotient of RZ, with eigenvalue = x2(Frob p) which
is specified in the definition of D.) But we saw above that this was true for
Ry. The same then holds for Rp as Ry — Rp is surjective because the map
on reduced cotangent spaces is surjective (cf. (1.5)). To check the condition
on the pairs (g, u) observe first that for ¢ € M we have imposed the following
_conditions on the level and character of such g’s by our choice of M and H:

q of type (A): gl level g, det pg,u‘I =1,
q
g of type (B): cond x4|| level g, det pg’”lz = Xq»
q

q of type (C): det pg,ﬂ‘Iq is the Teichmiiller lifting of det po I

In the first two cases the desired form of pg,u’D then follows from the
m, ~ 7m(o,) theorem of Langlands (cf. [Cal]). The qthird case is already of
q q
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type (C). For ¢ = p one can use Theorem 2.1.4 of [Wil] in the ordinary case,
the flat case being well-known.

The following conjecture generalizes a fundamental conjecture of Mazur
and Tilouine for D = (ord, £, W (ko), ¢); cf. [MT].

CONJECTURE 2.16. ¢p is an isomorphism.

Equivalently this conjecture says that the representation described after
the corollaries to Theorem 2.1 (or in (2.33) in the ordinary case) is the universal
one for a suitable choice of H, N and m. We remind the reader that throughout
this section we are assuming that if p = 3 then po is not induced from a

character of Q(v/—=3).

Remark. The case of most interest to us is when p = 3 and py is a rep-
resentation with values in GL2(F3). In this case it is a theorem of Tunnell,
extending results of Langlands, that pg is always modular. For GLy(F3) is a
- double cover of Sy and can be embedded in GLy(Z[v/—2]) whence in GLy(C);
cf. [Se] and [Tu]. The conjecture will be proved with a mild restriction on pg
at the end of Chapter 3.

Remark. Our original restriction to the types (A), (B), (C) for pg was
motivated by the wish that the deformation type (a) be of minimal conduc-
tor among its twists, (b) retain property (a) under unramified base changes.
Without this kind of stability it can happen that after a base change of Q to an
extension unramified at ¥, pg ® 1 has smaller ‘conductor for some character

1. The typical example of this is where po’ = Ind "(x) with ¢ = —1(p) and

X is a ramified character over K, the unramlﬁed quadratic extension of Q.
What makes this difficult for us is that there are then nontrivial ramified local
deformations (Indg*x¢ for £ a ramified character of order p of K) which we
cannot detect by a change of level.

For the purposes of Chapter 3 it is convenient to digress now in order to
introduce a slight variant of the deformation rings we have been considering
so far. Suppose that D = (-,%,0, M) is a standard deformation problem
(associated to pg) with - = Se, str or fl and suppose that H, My, M and m
are defined as in (2.24) and Proposition 2.15. We choose a finite set of primes
Q ={aq,...,q} with ¢; { Mp. Furthermore we assume that each ¢; = 1(p)
and that the eigenvalues {a;, 8} of po(Frobg;) are distinct for each ¢; € Q.
This last condition ensures that pyp does not occur as the residual representation
of the A-adic representation associated to any newform on I'y(M,q;..... ar)
where any ¢; divides the level of the form. This can be seen directly by looking
at (Frobg;) in such a representation or by using Proposition 2.4’ at the end of
Section 2. It will be convenient to assume that the residue field of O contains
a;, B; for each g;.
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Pick «; for each i. We let Dg be the deformation problem associated to
representations p of Gal(Qsug/Q) which are of type D and which in addition
satisfy the property that at each ¢; € @

Xl’i
(2.34) p|Dq.~( ! X)

with x24, unramified and x24,(Frobg;) = o; mod m for a suitable choice of
basis. One checks as in Chapter 1 that associated to Dg there is a universal
deformation ring Rg. (These new conditions are really variants on type (B).)

We will only need a corresponding Hecke ring in a very special case and it
is convenient in this case to define it using all the Hecke operators. Let us now
set N = N(pg)p®0) where 6(po) is as defined in Theorem 2.14. Let mo denote
a maximal ideal of Ty(N) given by Theorem 2.14 with the property that
Pmp = po over F,, relative to a suitable embedding of km, — k over ko. (In the
exceptional case we also impose the same condition on mg about the reduction
of Uy, as in the definition of Tp in the exceptional case before (2.25)(b).) Thus
Pmo = pfx mod A over the residue field of Oy ) for some choice of f and A
with f of level N. By dropping one of the Euler factors at each ¢; as in the
proof of Proposition 2.15, we obtain a form and hence a maximal ideal mg of
Ty(Ngq .. .qr) with the property that Pmg = Po OVer Fp relative to a suitable
embedding kn, — k over kn,. The field kn, is the extension of ko (or kn in
the exceptional case) generated by the a;, 8;. We set
(2 35) TQ TH(Nq1 ...qr)mQ W(?mo)o

It is easy to see directly (or by the arguments of Proposition 2.15) that
Tg is reduced and that there is an inclusion with finite index

(2.36) ) Tq — Tg =[] Ogu

where the product is taken over representatives of the Galois conjugacy classes
of eigenforms g of level Ng;...q with mg — p. Now define Dg using the
choices o; for which Uy, — o; under the chosen embedding kn, — k. Then
- each of the 2-dimensional representations associated to each factor Oy , is of
type Dg. We can check this for each ¢ € Q using either the m; ~ m(og)
theorem (cf. [Cal]) as in the case of type (B) or using the Eichler-Shimura
relation if ¢ does not divide the level of the newform associated to g. So we get
a homomorphism of O-algebras Rg — T‘Q and hence also an O-algebra map

(2.37) pq:Rg — Tq

as Rg is generated by traces. This is not an isomorphism in general as we
have used N in place of M. However it is surjective by the arguments of
Proposition 2.15. Indeed, for g | N(po)p, we check that Uy is in the image of
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g using the arguments in the second half of the proof of Proposition 2.15.
For ¢ € Q we use the fact that Uy is the image of the value of x24(Frobg)
in the universal representation; cf. (2.34). For ¢ | M, but not of the previous
types, Ty is a trace in pp, and we can apply the Cebotarev density theorem
to show that it is in the image of ¢gq.

Finally, if there is a section m: Tg — O, then set pg = ker 7 and let p, de-
note the 2-dimensional representation to GL2(O) obtained from pr, mod pq.
Let V = Adp, %)K /O where K is the field of fractions of O. We pick a basis

for p, satisfying (2.34) and then let

(2:38) v = {( 0 8 )}

a b
QAdp,,%)K/O = {(c d).a,b,c,de(’)}%)K/O

and let Vig,y = V/ V(@) Then as in Proposition 1.2 we have an isomorphism

(2.39) Homo (pro /Prq, K/O) = Hp,(Qsua/Q,V)

where pr, = ker(m 0 g) and the second term is defined by

(240)  Hp,(Qsue/Q,V) = ker: Hp(Qzue/Q, V) — [T HH QG Vigy)-

=1

We return now to our discussion of Conjecture 2.16. We will call a de-
formation theory D minimal if ¥ = M U {p} and - is Selmer, strict or flat.
This notion will be critical in Chapter 3. (A slightly stronger notion of mini-
mality is described in Chapter 3 where the Selmer condition is replaced, when
possible, by the condition that the representations arise from finite flat group
schemes—see the remark after the proof of Theorem 3.1.) Unfortunately even
up to twist, not every pp has an associated minimal D even when py is flat or
ordinary at p as explained in the remarks after Conjecture 2.16. However this
could be achieved if one replaced Q by a suitable finite extension depending
on po.

Suppose now that f is a (normalized) newform, ) is a prime of Oy above p
and py ) a deformation of pg of type D where D = (-, 3, Oy 5, M) with - = Se,
str or fl. (Strictly speaking we may be changing pp as we wish to choose its
field of definition to be k = Of x/A.) Suppose further that level(f) | M where
M is defined by (2.24). |

Now let us set O = Oy, for the rest of this section. There is a homomor-
phism ‘

‘(2.41) m=mpys:Tp— O
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whose kernel is the prime ideal p s associated to f and A. Similarly there is

a homomorphism
Rp — O

whose kernel is the prime ideal pg ; associated to f and A and which factors
through 7¢. Pick perfect pairings of O-modules, the second one Tp-bilinear,

(2.42) Ox0-0, (,): TpxTp—O.

In each case we use the term perfect pairing to signify that the pairs of induced
maps O — Homp (O, O) and Tp — Homp (Tp, O) are isomorphisms. In
addition the second one is required to be Tp-linear. The existence of the second
pairing is equivalent to the Gorenstein property, Corollary 2 of Theorem 2.1,
as we explain below. Explicitly if h is a generator of the free Tp-module
Home(Tp, O) we set (t1, t2) = h(tita).

A priori Ty (M), (occurring in the description of Tp in Proposition 2.15)
is only Gorenstein as a Zp-algebra but it follows immediately that it is also a
Gorenstein W (ky,)-algebra. (The notion of Gorenstein O-algebra is explained
in the appendix.) Indeed the map

Homyy (k) (T(M)m, W (kw)) — Homg, (Ta(M)m, Zy)

given by ¢ — trace oy is easily seen to be an isomorphism, as the reduction
mod p is injective and the ranks are equal. Thus Tp is a Gorenstein O-algebra.

Now let # : O — Tp be the adjoint of 7 with respect to these pairings.
Then define a principal ideal (n) of Tp by

(n) = (mp,5) = (R(1)).

This is well-defined independently of the pairings and moreover one sees that

Tp/n is torsion-free (see the appendix). From its description (n) is invariant

under extensions of O to O’ in an obvious way. Since Tp is reduced 7 (n) # 0.
One can also verify that

(243) m(n) = (n,m)

~up to a unit in O. ’

We will say that D; D D if we obtain D; by relaxing certain of the
hypotheses on D, i.e., if D = (-, X, O, M) and D; = (-, X1,01, M;) we allow
that £; D X, any O1, M D M; (but of the same type) and if - is Se or str
in D it can be Se, str, ord or unrestricted in D, if - is fl in D; it can be fl
or unrestricted in D;. We use the term restricted to signify that - is Se, str,
fl or ord. The following theorem reduces conjecture 2.16 to a ‘class number’
criterion. For an interpretation of the right-hand side of the inequality in
the theorem as the order of a cohomology group, see Proposition 1.2. For an
interpretation of the left-hand side in terms of the value of an inner product,
see Proposition 4.4.
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THEOREM 2.17.  Assume, as above, that ps ) is a deformation of py of
type D = (-, 5,0 = Of x, M) with - = Se, str or fl. Suppose that
#O/m(np,f) > #pr5/0% ;-
Then
(i) ¢p,:Rp, ~ Tp, is an isomorphism for all (restricted) D; D D.

ii) Tp, is a complete intersection (over Oy if - is Se, str or fl) for all re-
1
stricted D; D D.

Proof. Let us write T for Tp, p for pr,s, PR for pr s and 7 for np 5.
Then we always have

(2.44) #0fn < #pr/vh.

(Here and in what follows we sometimes write 7 for m(n) if the context makes
this reasonable.) This is proved as follows. T /7 acts faithfully on pp. Hence
the Fitting ideal of pp as a T/n-module is zero. The same is then true of
pr/p% as an O/n = (T/n)/pp-module. So the Fitting ideal of pp /p% as an
O-module is contained in (1) and the conclusion is then easy. So together with
the hypothesis of the theorem we get inequalities (and hence equalities)

#O/n(n) > #pr/vk > #pT/P > #O/7(n).
~ By Proposition 2 of the appendix T is a complete intersection over @. Part (ii)
of the theorem then follows for D. Part (i) follows for D from Proposition 1 of

the appendix.
We now prove inductively that we can deduce the same inequality

(2'45) # (91/77D1,f 2> #pRhf/p%h of
for D1 D D and R; = Rp,. The above argument will then prove the theorem
for D;. We explain this first in the case D; = D, where D, differs from D only
in replacing ¥ by XU {q}. Let us write T, for Tp,, PRq for pr s With R = Rp,
and 7q for np, r. We recall that U, = 0 in T,.

We choose isomorphisms

(2.46) T ~ Homp(T,0), T, ~ Homop(T,,O)

coming from the fact that each of the rings is a Gorenstein O-algebra. If
ag: Tg — T is the natural map we may consider the element Ay = ag0é4 € T
where the adjoint is with respect to the above isomorphisms. Then it is clear
that

(2.47) (aq(ma)) = (mAr,)

as principal ideals of T. In particular m(n,) = m(n4,) in O.
Now it follows from Proposition 2.7 that the principal ideal (4,) is given by

(2.48) (Bg) = (4 - 1T - (@1 +9)D).
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In the statement of Proposition 2.7 we used Z,-pairings
T ~ Homgz, (T, Zy), T, ~ Homgz (T, Zp)

to define (A,;) = (0qoég). However, using the description of the pairings
as W(ky)-algebras derived from these Z,-pairings in the paragraph following
(2.42) we see that the ideal (4A;) is unchanged when we use W (k.)-algebra
pairings, and hence also when we extend scalars to O as in (2.42).

On the other hand

4ora/Vhg < #or/vh-#{0/(a— 172 (T2 - (@(1+90)°)}

by Propositions 1.2 and 1.7. Combining this with (2.47) and (2.48) gives (2.45).

If M # ¢ we use a similar argument to pass from D to Dg where this time
D, signifies that D is unchanged except for dropping q from M. In each of
types (A), (B), and (C) one checks from Propositions 1.2 and 1.8 that

#PRq/Phy < #or/v:  #H(Qq, V).

This is in agreement with Propositions 2.10, 2.12 and 2.13 which give the
corresponding change in 7 by the method described above.

To change from an O-algebra to an O;-algebra is straightforward (the
complete intersection property can be checked using [Kul, Cor. 2.8 on p. 209]),
and to change from Se to ord we use (1.4) and (2.32). The change from str
to ord reduces to this since by Proposition 1.1 strict deformations and Selmer
deformations are the same. Note that for the ord case if R is a local Noetherian
ring and f € R is not a unit and not a zero divisor, then R is a complete
intersection if and only if R/f is (cf. [BH, Th. 2.3.4]). This completes the
proof of the theorem. : O

Remark 2.18. If we suppose in the Selmer case that f has level N with
p + N we can also consider the ring Tr(Mo)m, (with Mo as in (2.24) and mo
defined in the same way as for Ty (M)). This time set

Ty = TH(MO)mo W(% )Oa T= TH(M)m W‘S,; 0.

™0 (m)

Define 7,7, po and p with respect to these rings, and let (Ap) = apo by where
ap : T — Tp and the adjoint is taken with respect to O-pairings on T and Tp.
We then have by Proposition 2.4

(249) ()= (0-8) = (n- (T2~ w1 +p)?)) = (n- (@} - (p)))
as principal ideals of T', where ay, is the unit root of z? — Tz + p(p) = 0.

Remark. For some earlier work on how deformation rings change with X
see [Bo].
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Chapter 3

In this chapter we prove the main results about Conjecture 2.16. We
begin by showing that the bound for the Selmer group to which it was reduced
in Theorem 2.17 can be checked if one knows that the minimal Hecke ring
is a complete intersection. Combining this with the main result of [TW] we
complete the proof of Conjecture 2.16 under a hypothesis that ensures that a
minimal Hecke ring exists.

Estimates for the Selmer group

Let po: Gal(Qs/Q) — GLz(k) be an odd irreducible representation which
we will assume is modular. Let D be a deformation theory of type (-, X, O, M)
such that pg is type D, where - is Selmer, strict or flat. We remind the
reader that k is assumed to be the residue field of @. Then as explained in
Theorem 2.14, we can pick a modular lifting psx of po of type D (altering
k if necessary and replacing O by a ring containing Oy ) provided that po
is not induced from a character of Q (y/=3) if p = 3. For the rest of this
chapter, we will make the assumption that pg is not of this exceptional type.
Theorem 2.14 also specifies a certain minimum level and character for f and
in particular ensures that we can pick f to have level prime to p when po|p,
is associated to a finite flat group scheme over Z, and det po|;, = w.

In Chapter 2, Section 3, we defined a ring Tp associated to D. Here we
make a slight modification of this ring. In the case where - is Selmer and
po|p, is associated to a finite flat group scheme and det po|z, = w we set

/
(3.1) Tp, = Ty (Mo)w, W o

with My as in (2.24), H defined following (2.24) (it is actually a subgroup
of (Z/MyZ)*) and m{, the maximal ideal of T'; (M) associated to po. The
same proof as in Proposition 2.15 ensures that there is a maximal ideal mg of
T (Mop) with mg N T (Mp) = mj and such that the natural map

3.2 Tp, =Ty (My)y ®& O — T(M, ® O

(3.2) Do = T (Mo)wy W H(Mo)mo o

is an isomorphism. The maximal ideal my which we choose is characterized by
the properties that pm, = pp and U, € mp for ¢ € ¥ — M U {p}. (The value of
Tp or of U, for ¢ € M is determined by the other operators; see the proof of
Proposition 2.15.) We now define Tp, in general by the following:
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Tp, is given by (3.1) if - is Se and po|p, is associated
to a finite flat group scheme over Z, and
det polr, = w;

(3.3)

Tp, =Tp if - isstr or fl, or po| D, is not associated
to a finite flat group scheme over Z,, or
det polz, # w.

We choose a pair (f,A) of minimum level and character as given by Theo-
rem 2.14 and this gives a homomorphism of O-algebras

7w :Tp, - 0D Osa.

We set p ¢ = ker 7 and similarly we let p R,f denote the inverse image of pT f
in Rp. We define a principal ideal (nr, 7) of Tp, by taking an adjoint # of Tf
with respect to pairings as in (2.42) and write

s = (F(1)).

Note that pr,;/p% ; is finite and s () # 0 because Tp, is reduced. We
also write n ¢ for 77 (ny f) if the context makes this usage reasonable. We let
Vi =Adp, % K /O where p, is the extension of scalars of p . to O.

THEOREM 3.1. Assume that D is minimal, i.e., ¥ = MU {p}, and that

po is absolutely irreducible when restricted to Q (—1)';_11) . Then

() # Hb(Qo/QV)) < #(om/%0,)? - co/#(O/nr,)

where ¢, = #(O/U2 — (p)) < 0o when py is Selmer and pol D, 1s associated to
a finite flat group scheme over Z, and det po| I, = w, and ¢, = 1 otherwise;

(ii) if Tp, is a complete intersection over O then (i) is an equality, Rp ~
Tp and Tp is a complete intersection.

In general, for any (not necessarily minimal) D of Selmer, strict or flat
type, and any py » of type D, #H}J(QE/Q,Vf) < o0 if po s as above.

Remarks. The finiteness was proved by Flach in [Fl] under some restric-
tions on f, p and D by a different method. In particular, he did not consider
the strict case. The bound we obtain in (i) is in fact the actual order of
H}(Qs/Q, V) as follows from the main result of [TW] which proves the hy-
pothesis of part (ii). Then applying Theorem 2.17 we obtain the order of this
group for more general D’s associated to pp under the condition that a minimal
D exists associated to pg. This is stated in Theorem 3.3.
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The case where the projective representation associated to pg is dihedral
does not always have the property that a twist of it has an associated minimal
D. In the case where the associated quadratic field is imaginary we will give a
different argument in Chapter 4.

Proof. We will assume throughout the proof that D is minimal, indicating
only at the end the slight changes needed for the final assertion of the theorem.
Let Q be a finite set of primes disjoint from X satisfying ¢ = 1(p) and po(Frob q)
having distinct eigenvalues for each ¢ € Q. For the minimal deformation
problem D = (-, X, 0, M), let Dg be the deformation problem described before
(2.34); i.e., it is the refinement of (-, X U @, O, M) obtained by imposing the
additional restriction (2.34) at each ¢ € Q. (We will assume for the proof that
O is chosen so O/\ = k contains the eigenvalues of po(Frob g) for each ¢ € Q.)
We set

. _ T = Tp,, R=Rp
and recall the definition of Tg and Rg from Chapter 2, §3 (cf. (2.35)). We
write V' for V; and recall the definition of V{4 following (2.38). Also remember
that mQ is a maximal ideal of Ty (Ng;...¢,) as in (2.35) for which pmg = o
over F, (recall that this uses the same choice of embedding km, — k as in
the definition of Tg). We use mg also to denote the maximal ideal of Tgq if
the context makes this reasonable.

Consider the exact and commutative diagram

6 unr
0 — Hp(Qs/QV) — Hp,(Quue/QV) =3, H HY(Qu™, v(@)Gal(Q™/Qy)
9€Q

0 — (Pr/PL)* — (Prq /szQ )* I tQ

1 1
0 —  (GriR)  —  Br k) <> Ko—o0

where Kg is by definition the cokernel in the horizontal sequence and * denotes
Homp( , K/O) for K the field of fractions of O. The key result is:

LEMMA 3.2. The map g is injective for any finite set of primes Q
satisfying
q=1(p),T? # (g) (1 + g)*modm for allg € Q.

Prbof. Note that the hypotheses of the lemma ensure that po(Frob ¢) has
distinct eigenvalues for each ¢ € Q. First, consider the ideal ag of Rg defined



520 . ANDREW WILES
by

a; b;

(3.4) aQ={ai —1,b;,¢5,d; — 1 ( o dz )=p'DQ(0'i) with o; € Iqi,qi € Q}

Then the universal property of Rg shows that Rg/ag ~ R. This permits us
to identify (pr/p%)* as

(pr/PR)* = {f € (PRo/PRy)" ¢ f(ag) = 0}.

If we prove the same relation for the Hecke rings, i.e., with T and T replacing
R and Rg then we will have the injectivity of 1. We will write ag for the
image of ag in T¢ under the map ¢q of (2.37).

It will be enough to check that for any g € @', Q' a subset of Q, T /aq ~
Tg _{qy Where a, is defined as in (3.4) but with Q replaced by g. Let
N' = N(po)pa(PO) Tgeq—1g) & where 6(po) is as defined in Theorem 2.14.
Then take an element o € I; C Gal(Qq/Q) which restricts to a generator
of Gal(Q(¢n7q)/Q(¢n")). Then det(c) = (t;) € T¢q in the representation to
GL2(T¢) defined after Theorem 2.1. (Thus t, = 1(N') and ¢, is a primitive
root mod q.) It is easily checked that

(3.5) Ta(N', @)mgr (Q) = JH(N')mg, (Q) [{tg) — 1]

Here H is still a subgroup of (Z/MyZ)*. (We use here that po is not reducible
for the injectivity and also that po is not induced from a character of Q(v/—3)
for the surjectivity when p = 3. The latter is to avoid the ramification points of
the covering Xg(N'q) — Xg(N',q) of order 3 which can give rise to invariant
divisors of Xz (N'q) which are not the images of divisors on Xg(N’,q).)

Now by Corollary 1 to Theorem 2.1 the Pontrjagin duals of the modules
in (3.5) are free of rank two. It follows that

(3.6) (Ta(N'@mg,)?/ ({te) = 1) = (Ta(N', @)mg:)*-

~ The hypotheses of the lemma imply the condition that po(Frob q) has distinct
eigenvalues. So applying Proposition 2.4’ (at the end of §2) and the remark
following it (or using the fact remarked in Chapter 2, §3 that this condition
implies that pg does not occur as the residual representation associated to any
form which has the special representation at q) we see that after tensoring over
W (K, ) with O, the right-hand side of (3.6) can be replaced by T2Q,_ (g} thus
giving
T /g = Ty (g

since (tq) —1 € @;. Repeated inductively this gives the desired relation
Tg/ag ~ T, and completes the proof of the lemma. O



MODULAR ELLIPTIC CURVES AND FERMAT’S LAST THEOREM 521

Suppose now that @ is a finite set of primes chosen as in the lemma. Recall
that from the theory of congruences (Prop. 2.4" at the end of §2)

77TQ,f/77T,f = H (q - 1)7
9€@Q

the factors (ag — {(q)) being units by our hypotheses on ¢ € Q. (We only need
that the right-hand side divides the left which is somewhat easier.) Also, from
the theory of Fitting ideals (see the proof of (2.44))

#r/v%) > #(O/nt,)

#(pro/Py) 2= #(O/nrg,)-
We deduce that _
#Ko > # (O/H (q—l)) -
q€Q
where t = #(pr/p%)/#(O/nT,;). Since the range of 1 has order given by

#{O/H(q—n},

q€Q
we compute that the index of the image of 1g is <t as 1g is injective.
Keeping our assumption on Q from Lemma, 3.2, consider the kernel of A\M
applied to the diagram at the beginning of the proof of the theorem. Then
with M chosen large enough so that AM annihilates pp /p2T (which is finite
because T is reduced) we get:

0 — HA(Qz/Q,VIAM]) — H, (Qrue/Q VINMY %9 [ #'(Qy, v@pM)S=Q:™/Q
q€Q

) T ¥q T tQ

0 — (pr/P%)* — (Pry /P M — KoW\M] — (pr/p%)*.

See (1.7) for the justification that AM can be taken inside the parentheses in
the first two terms. Let Xq = ¥q((pr, /P2TQ)* [AM]). Then we can estimate
the order of 6g(Xq) using the fact that the image of 1 has index at most ¢.
We get

a7 #aQ(XQ>z(H #omM,q—l)) (W) - (/#r/5h)).

q€Q
Now we choose @ to be a set of primes with the property that
(3.8) @ Hp-(Qs/Q,Viu) — [[ H(Qq, Vinr)

q9€Q
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is injective. We also keep the condition that g is injective by only allowing
Q to contain primes of the form given in the lemma. In addition, we require
these ¢’s to satisfy ¢ = 1(pM).

To see that this can be done, suppose that z € kereg and Az = 0 but
x # 0. We have a commutative diagram

H(Qs/Q Vi) % [ B Qg Vi)
2 0

H'(Qs/QVy) 2 [[H'Q.W)
q€Q
the right-hand isomorphisms coming from our particular choices of ¢’s and the
left-hand isomorphism from our hypothesis on pg. The same diagram will hold
if we replace @ by Qo = QU{qgo} and we now need to show that we can choose
qo so that &g, () # 0.
The restriction map

HY(Qs/Q, V}) — Hom(Gal(Q/Ko((p)), Vi) CelK0()/Q)

has kernel H'(Ko({p)/Q, k(1)) by Proposition 1.11 where here Ky is the split-
ting field of po. Now if z € H(Ko({)/Q, k(1)) and = # 0 then p = 3 and
factors through an abelian extension L of Q((3) of exponent 3 which is non-
abelian over Q. In this exceptional case, L must ramify at some prime q of
Q(¢3), and if q lies over the rational prime q # 3 then the composite map

H'(Ko(¢3)/Q, k(1)) — HY(Qy™, k(1)) — HN(Q™, (0/XM)(1))

is nonzero on z. But then z is not of type D* which gives a contradiction. This
only leaves the possibility that L = Q((3, 3v/3) but again this means that z is
not of type D* as locally at the prime above 3, L is not generated by the cube
root of a unit over Q3({3). This argument holds whether or not D is minimal.

So z, which we view in ker &g, gives a nontrivial Galois-equivariant ho-
momorphism f; € Hom(Gal(Q/Ko(p)), Vs¥) which factors through an abelian
extension M of Ko((p) of exponent p. Specifically we choose M, to be the
minimal such extension. Assume first that the projective representation gg
associated to po is not dihedral so that Sym? pg is absolutely irreducible. Pick
a o € Gal(M;((m)/Q) satisfying

(3.9) (i)  po(o) has order m > 3 with (m,p) =1,
(i) o fixes Q(det po) (Gw),
() folo™) #0.

To show that this is possible, observe first that the first two conditions can
be achieved by Lemma 1.10(i) and the subsequent remark. Let o1 be an el-
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ement satisfying (i) and (ii) and let 51 denote its image in Gal(Ko((p)/Q)-
Then (51) acts on G = Gal(M,/Ko({p)) and under this action G decom-
poses as G ~ G1 @ G where o acts trivially on G; and without fixed points
on Gj. If X is any irreducible Galois stable k-subspace of f«(G) ®F, k then
ker(o1 — 1)|x # 0 since Sym? py is assumed absolutely irreducible. So also
ker(o1 — 1)|f,(¢) # 0 and thus we can find 7 € G; such that fo(r) # 0.
Viewing 7 as an element of G we then take

71 =17 x 1€ Gal(My(Gnm)/Ko(Gp)) ~ G x Gal(Ko (¢ )/ Ko(Gp))

(This decomposition holds because M, is minimal and because Sym? py and
Vp are distinct from the trivial representation.) Now 7, commutes with o; and
either fz ((101)™) # 0 or fz(o*) # 0. Since po(T101) = po(o1) this gives
(3.9) with at least one of 0 = 1101 or 0 = 0. We may then choose qg so that
Frob go = o and we will then have &g, () # 0. Note that conditions (i) and (ii)
imply that go = 1(p) and also that pg(c) has distinct eigenvalues, thus giving
both the hypotheses of Lemma 3.2.
If on the other hand f is dihedral then we pick o’s satisfying

(1) Po (U) 5& 1,
(11) o fixes Q(CpM)7
(ili) fz(o™) #0,

with m the order of po(0) (and p { m since gy is dihedral). The first two condi-

tions can be achieved using Lemma 1.12 and, in addition, we can assume that

o takes the eigenvalue 1 on any given irreducible Galois stable subspace X _
of W\ ® k. Arguing as above, we find a 7 € G; such that fz(T) # 0 and

we proceed as before. Again, conditions (i) and (ii) imply the hypotheses of

Lemma 3.2. So by successively adjoining ¢’s we can assume that Q is chosen

so that g is injective.

We have thus shown that we can choose @ = {q,.. .,gr} to be a finite
set of primes ¢; = 1(p™) satisfying the hypotheses of Lemma 3.2 as well as the
injectivity of £q in (3.8). By Proposition 1.6, the injectivity of £Q 1mphe§ that

(3.10) #Hp(Qrua/Q ViMM) = hoo - [] kg

qEXUQ

Here we are using the convention explamed after Proposition 1.6 to define HD
Now, as D was chosen to be minimal, hy = 1 for ¢ € 3" — —{p} by Proposi-
tion 1.8. Also, hq = #(O/A\M)? for ¢ € Q. If - is str or fl then hq p =1
by Proposition 1.9 (iv) and (v). If - is Se, hoohp < cp by Proposition 1.9 (iii).
(To compute this we can assume that I, acts on W)? via w, as otherwise we
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get hoohp < 1. Then with this hypothesis, (W0,)* is easily verified to be un-
ramified with Fri)bp acting as Ug (p)~! by the description of px|p, in [Wil,
Th. 2.1.4].) On the other hand, we have constructed classes which are ramified
at primes in @ in (3.7). These are of type Dg. We also have classes in

Hom(Gal(Qsug/Q), 0/2M) = HY(Qsug/Q, 0/XM) — HY(Qsuo/Q, Vam)

coming from the cyclotomic extension Q({y, ... (). These are of type D and
disjoint from the classes obtained from (3.7). Combining these with (3.10)
gives

# Hp(Qs/Q, VyIAM]) <t - # (pr/p7) -

. as required. This proves part (i) of Theorem 3.1.

Now if we assume that T is a complete intersection we have that ¢ = 1
by Proposition 2 of the appendix. In the strict or flat cases (and indeed in
all cases where ¢, = 1) this implies that Rp ~ Tp by Proposition 1 of the
appendix together with Proposition 1.2. In the Selmer case we get

(3.11)  #(pr/p) - o =#(O/nr,p)ep = # (Clnry,) < # (PTp/Pr,)

where the central equality is by Remark 2.18 aud the right-hand inequality
is from the theory of Fitting ideals. Now applying part (i) we see that the
inequality in (3.11) is an equality. By Proposition 2 of the appendix, Tp is
also a complete intersection.

The final assertion of the theorem is proved in exactly the same way on
noting that we only used the minimality to ensure that the hy’s were 1. In
general, they are bounded independent of M and easily computed. (The only
point to note is that if ps ) is of multiplicative type at ¢ then ps x|p, does not
split.) O

Remark. The ring Tp, defined in (3.1) and used in this chapter should
be the deformation ring associated to the following deformation problem Dy.
One alters D only by replacing the Selmer condition by the condition that the
deformations be flat in the sense of Chapter 1, i.e., that each deformation p
of pp to GLa(A) has the property that for any quotient A/a of finite order,
p|p, mod a is the Galois representation associated to the Qp-‘points of a finite
flat group scheme over Z,. (Of course, pg is ordinary here in contrast to our
usual assumption for flat deformations.)

From Theorem 3.1 we deduce our main results about representations by
using the main result of [TW], which proves the hypothesis of Theorem 3.1
(ii), and then applying Theorem 2.17. More precisely, the main result of [TW]
shows that T is a complete intersection and hence that ¢ = 1 as explained
above. The hypothesis of Theorem 2.17 is then given by Theorem 3.1(i),
together with the equality ¢ = 1 (and the central equality of (3.11) in the
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Selmer case) and Proposition 1.2. Strictly speaking, Theorem 1 of [TW] refers
to a slightly smaller class of D’s than those covered by Theorem 3.1 but up to
a twist every such D is covered. It is straightforward to see that it is enough
to check Theorem 3.3 for pg up to a suitable twist.

THEOREM 3.3. Assume that po is modular and absolutely irreducible
when restricted to Q ( (—1)£§_1p>. Assume also that po is of type (A), (B)

or (C) at each ¢ # p in . Then the map op: Rp — Tp of Conjecture 2.16
is an isomorphism for all D associated to py, i.e., where D = (-,X,0,M) with
- = Se,str,fl or ord. In particular if - = Se, str or fl and f is any newform
for which pyg x is a deformation of po of type D then

# Hp(Qz/Q,Vy) = #(0O/np,5) < 00
where np 5 is the invariant defined in Chapter 2 prior to (2.43).

The condition at ¢ # p in ¥ ensures that there is a minimal D associated
to po. The computation of the Selmer group follows from Theorem 2.17 and
Proposition 1.2. Theorem 0.2 of the introduction follows from Theorem 3.3,
after it is checked that a twist of a pg as in Theorem 0.2 satisfies the hypotheses
of Theorem 3.3. A

Chapter 4

In this chapter we give a different (and slightly more general) derivation
of the bound for the Selmer group in the CM case. In the first section we
estimate the Selmer group using the main theorem of [Ru 4] which is based on
Kolyvagin’s method. In the second section we use a calculation of Hida to relate
the n-invariant to special values of an L-function. Some of these computations
are valid in the non-CM case also. They are needed if one wishes to give the
order of the Selmer group in terms of the special value of an L-function.

1. The ordinary CM case

In this section we estimate the order of the Selmer group in the ordinary
CM case. In Section 1 we use the proof of the main conjecture by Rubin to
bound the Selmer group in terms of an L-function. The methods are standard
(cf. [de Sh]) and some special cases have been described elsewhere (cf. [Guo]).
In Section 2 we use a calculation of Hida to relate this to the n-invariant.

We assume that

(4.1) | p:I;ld,? k: Gal(Q/Q) — GLy(0)
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is the p-adic representation associated to a character x : Gal(L/L) — O of
an imaginary quadratic field L. We assume that p is unramified in L and that &
factors through an extension of L whose Galois group has the form A ~ Z,&T
where T is a finite group of order prime to p. The ring O is assumed to be the
ring of integers of a local field with maximal ideal A and we also assume that
p is a Selmer deformation of py = pmod A which is supposed irreducible with
det po|;, = w.-In particular it follows that p splits in L, p = pp say, and that
precisely one of k, k* is ramified at p (k* being the character 7 — k(oTo™!)
for any o representing the nontrivial coset in Gal(Q/Q) / Gal(Q/L)). We can
suppose without loss of generality that « is ramified at p.

We consider the representation module V ~ (K/O)* (where K is the field
of fractions of O) and the representation is via Ad p. In this case V splits as

VYo (K/O)(¢v)e K/O

where 1 is the quadratic character of Gal(Q/Q) associated to L. We let X
denote a finite set of primes including all those which ramify in p (and in
particular p). Our aim is to compute H.(Qx/Q, V). The decomposition of
V gives a corresponding decomposition of H'(Qx/Q, V) and we can use it to
define H (Qx/Q,Y). Since W° C Y (see Chapter 1 for the definition of W?)
we can define HL (Qx/Q,Y) by

HL(Qs/Q,Y) = ker(H'(Qu/Q,Y) — H' QY™ Y/W?)}.

Let Y* be the arithmetic dual of Y, i.e., Hom(Y, ppe) ® Qp/Z,. Write
v for ke/k* and let L(v) be the splitting field of ». Then we claim that
Gal(L(v)/L) ~ Z, ® T' with T’ a finite group of order prime to p. For this
it is enough to show that x = kk*/e factors through a group of order prime
to p since v = k%x~!. Suppose that x has order m = mop” with (mg,p) = 1.
Then x™° extends to a character of Q which is then unramified at p since the
same is true of x. Also it factors through an abelian extension of L with Galois
group isomorphic to Z2 since x factors through such an extension with Galois
group isomorphic to Zg @ Ty with T7 of order prime to p (the composite of the
splitting fields of k and x*). It follows that x™° is also unramified outside p,
whence it is trivial. This proves the claim.

Over L there is an isomorphism of Galois modules

Y* ~ (K/O)(v) ® (K/O)(v™1e?).
In analogy to the above we define Hi (Qx/Q,Y™*) by
H5,(Qx/Q,Y*) = ker{H'(Qs/Q,Y™) — H'(Qp™, (W°)*)}.

Analogous definitions apply if Y* is replaced by Yy.. Also we say informally
that a cohomology class is Selmer at p if it vanishes in H*(QE™, (W°)*) (resp.
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HY(Qp™, (Wih)*)). Let My be the maximal abelian p-extension of L(v) un-

ramified outside p. The following proposition generalizes [CS, Prop. 5.9].
PROPOSITION 4.1. There is an isomorphisrﬁ
Hine(Qz/Q, Y*) = Hom (Gal(Moo/L(v)), (K/O)(v)) /D)

where H} . denotes the subgroup of classes which are Selmer at p and unram-
ified everywhere else.

Proof. The sequence is obtained from the inflation-restriction sequence as
follows. First we can replace H'(Qs/Q, Y*) by

{H' @s/L, (K/O)w) @ H' (Qu/L, (K/O)w'e)}"

where A = Gal(L/Q). The unramified condition then translates into the
requirement that the cohomology class should lie in

{Hlne in 5-0(Qs/L, (K/O)) ® Hiy 1n 5y (Qe/L, (K/O)w ') }".

Since A interchanges the two groups inside the parentheses it is enough to
compute the first of them, i.e.,

(4'2) H&nr in Z—p (QE/L’ K/O(V)) .
The inflation-restriction sequence applied to this gives an exact sequence
(4.3) 0 —  Hyy s (LOV)/L, (K/O)v))

- H&nr in X—p (Qz/L, (K/O)(V))
—  Hom (Gal(Mw/L(v)), (K/O)(v))eEMI/L),

The first term is zero as one easily checks using the divisibility of (K/O)(v).
Next note that H? (L(v)/L, (K/O)(v)) is trivial. If v # 1()) this is straight-
forward (cf. Lemma 2.2 of [Rul]). If v = 1()) then Gal (L(v)/L) ~ Z, and so
it is trivial in this case also. It follows that any class in the final term of (4.3)
lifts to a class ¢ in H* (Qz/L, (K/O)(v)). Let Lo be the splitting field of Y.
Then My Lo/Lg is unramified outside p and Lo/L has degree prime to p. It
follows that c is unramified outside p. O

Now write H}.(Qx/Q, Y;) (where Y;} = Y3 and similarly for Y,) for
the subgroup of HL, . (Qx/Q, ;) given by ,
Hx(Qz/Q, Y;) = {a € Hi(Qs/Q, Y;) : 0p=0in H'(Qy, Y/(¥2)")}

where (V) is the first step in the filtration under Dj, thus equal to (¥,/Y;%)*
or equivalently to (Y*)%. where (Y*)? is the divisible submodule of Y* on
which the action of I, is via €2. (If p # 3 one can characterize (Y;*)? as the
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maximal submodule on which I, acts via €2.) A similar definition applies with
Y,, replacing Y,*. It follows from an examination of the action of I on Y) that

(44) Hsltr(QE/Q? Yn) = H&nr(QE/Q’ Yn)

In the case of Y* we will use the inequality

(4.5) # Hy(Qe/Q, Y*) < # Hane(Qs/Q, V7).
We also need the fact that for n sufficiently large the map

(4.6) Hi:(Qe/QY;) - Hy(Qs/Q,Y™)
is injective. Omne can check this by replacing these groups by the subgroups
of HY(L,(K/O)(v)an) and HY(L,(K/O)(v)) which are unramified outside p
“and trivial at p*, in a manner similar to the beginning of the proof of Proposi-
tion 4.1. The above map is then injective whenever the connecting homomor-
phism
H°(Lye, (K/O)(v)) = H'(Lp+, (K/O)()xn)

is injective, which holds for sufficiently large n.
Now, by Proposition 1.6,

# Hl(Qs/Q, Ya) _ #H(Q, Y,)
# Hy, (Qs/Q, Yy) #H(Q,Y})

Also, H°(Q,Y,) = 0 and a simple calculation shows that
ilc)'.f #(0/1—-v(q)) ifv=1modA
1

otherwise

(4.7) # H(Qp, (Y2)*)
# H(Q, Y) = {

where q runs through a set of primes of Oy, prime to pcond(v) of density one.
This can be checked since Y* = Ind? (v) %) K/O. So, setting

@ = {pRHO O

we get

(4.9)

# HL(Qn/Q, ¥) < 3T 4y # Hom (Gal (Meo/L(v)) , (K/O)(v)) =)D

geT )
where £, = # H°(Qq, Y*) for ¢ # p, £, = Jim # H°(Qp, (Y)*). This follows
from Proposition 4.1, (4.4)—-(4.7) and the elementary estimate

(4.10) #(H(Qs/Q,Y)/Hi(Qs/Q YY) < [ 4o

qeZ—{p}

which follows from the fact that #H'(Qur,Y)Cel(Q™/Qd) = ¢,.
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Our objective is to compute Hée(Qg /Q, V) and the main problem is to es-
timate H,(Qx/Q,Y). By (4.5) this in turn reduces to the problem of estimat-
ing
# Hom(Gal(Meo/L(v)), (K/O)(v))GUE®)/D))  This order can be computed

- using the ‘main conjecture’ established by Rubin using ideas of Kolyvagin. (cf.
[Ru2] and especially [Ru4]. In the former reference Rubin assumes that the
class number of L is prime to p.) We could now derive the result directly from
this by referring to [de Sh, Ch. 3], but we will recall some of the steps here.

Let w; denote the number of roots of unity ¢ of L such that ¢ = 1modf
(f an integral ideal of OL). We choose an § prime to p such that wy = 1.
Then there is a grossencharacter ¢ of L satisfying ¢((a)) = a for @ = 1 mod
(cf. [de Sh, IL.1.4]). According to Weil, after fixing an embedding Q — Q, we
can associate a p-adic character ¢, to ¢ (cf. [de Sh, IL.1.1 (5)]). We choose
an embedding corresponding to a prime above p and then we find POp =KX
for some x of finite order and conductor prime to p. Indeed ¢p and kK are
both unramified at p* and satisfy op|;, = k|1, = ¢ where € is the cyclotomic
character and I, is an inertia group at p. Without altering f we can even choose
 so that the order of x is prime to p. This is by our hypothesis that « factored
through an extension of the form Z, @& T with T of order prime to p. To see
this pick an abelian splitting field of ¢, and x whose Galois group has the form
G @ G’ with G a pro-p-group and G’ of order prime to p. Then we see that
¢|c has conductor dividing fp>. Also the only primes which ramify in a Z,-
extension lie above p so our hypothesis on k ensures that x|g has conductor
dividing fp*°. The same is then true of the p-part of x which therefore has
conductor dividing f. We can therefore adjust ¢ so that x has order prime
to p as claimed. We will not however choose ¢ so that x is 1 as this would
require fp> to be divisible by cond x. However we will make the assumption,
by altering f if necessary, but still keeping f prime to p, that both v and ©p
have conductor dividing fp*°. Thus we replace fp> by l.c.m.{f,cond v}.

The grossencharacter ¢ (or more precisely ¢ o N F/1) is associated to a
(unique) elliptic curve E defined over F' = L(f), the ray class field of conductor
f, with complex multiplication by Or and isomorphic over C to C/O (cf.
[de Sh, II. Lemma 1.4]). We may even fix a Weierstrass model of E over Op
which has good reduction at all primes above p. For each prime P of F' above
p we have a formal group E’m, and this is a relative Lubin-Tate group with
respect to Fip over L, (cf. [de Sh, Ch. II, §1.10]). We let A = A, be the
logarithm of this formal group.

Let U be the product of the principal local units at the primes above p
of L(fp™); i.e.,

U = H Uso,p where Uso,p = im Uy, g5,
Plp
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each Up g being the principal local units in L(fp™)p. (Note that the primes
of L(f) above p are totally ramified in L(fp*°) so we still call them {P}.) We
wish to define certain homomorphisms 6 on U,. These were first introduced
in [CW] in the case where the local field Fig is Q,. '

Assume for the moment that Fig is Qp. In this case Esp is isomorphic to
the Lubin-Tate group associated to wx + =P where m = ¢(p). Then letting wy,
be nontrivial roots of [7™](z) = 0 chosen so that [7](wn) = wn—-1, it was shown
in [CW] that to each element u = limup, € Uso,p there corresponded a unique
power series fu(T) € Z,[T]* such that fy(wn) = un for n > 1. The definition
of 8k, (k > 1) in this case was then

k
b = (5775 77) o8 fe (D)

T=0

It is easy to see that &, ¢ gives a homomorphism: Uy — Uso,g — O, satisfying
6k.p(e%) = 0(0)*6k 5(e) where 8 : Gal (F-/F) — O/ is the character giving
the action on E[p*].

The construction of the power series in [CW] does not extend to the case
where the formal group has height > 1 or to the case where it is defined over
an extension of Qp. A more natural approach was developed by Coleman [Co]
which works in general. (See also [Iwl].) The corresponding generalizations of
) were given in somewhat greater generality in [Ru3] and then in full generality
by de Shalit [de Sh|]. We now summarize these results, thus returning to the
general case where Fi is not assumed to be Q.

To an element u = limu, € Us we can associate a power series fu,p(T) €
Og[[T])* where Og is the ring of integers of Fi; see [de Sh, Ch. II §4.5]. (More
precisely fyu(T) is the $-component of the power series described there.) For
B we will choose the prime above p corresponding to our chosen embedding
Q — Q,. This power series satisfies un,p = (fu,p)(wn) for all n > 0, n = 0(d)
where d = [Fy: L,] and {wy} is chosen as before as an inverse system of 7"
division points of Eq;. We define a homomorphism 8; : Us, — Og by

' k
(A1) Ge(w) i = Suplu) = (A—Al—(ﬂ 3%,-) log fusp(T)
, Ev T=0
Then
(4.12) 8 (u™) = 0(7)* 6y (u) for T € Gal(F/F)

where 6 again denotes the action on E[p>®]. Now 6 = ¢, on Gal(F/F). We
actually want a homomorphism on Uy with a transformation property corre-
sponding to v on all of Gal(L/L). Observe that v = 2 on Gal(F/F). Let S
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be a set of coset representatives for Gal(L/L)/ Gal (L/F) and define

(4.13) Bo(u) = Y _ v (0)b2(u”) € Ogl).
o€S
.Each term is independent of the choice of coset representative by (4.8) and it
is easily checked that
D3 (u?) = v(0o)P2(u).

It takes integral values in Og[v]. Let Uso(v) denote the product of the groups
of local principal units at the primes above p of the field L(v) (by which we
mean projective limits of local principal units as before). Then ® factors
through Uy (v) and thus defines a continuous homomorphism

| ®2: U (v) — Cp.
Let C be the group of projective limits of elliptic units in L(v) as defined

in [Rud4]. Then we have a crucial theorem of Rubin (cf. [Ru4], [Ru2]), proved
using ideas of Kolyvagin:

THEOREM 4.2. There is an equality of characteristic ideals as A =
Z,[[Gal(L(v)/L)]]-modules:

chary (Gal (My/L(v))) = charp(Uso (V) /Coo)-

Let yp = v mod . For any Z,[Gal(L(vp)/L)]-module X we write X (o)
for the maximal quotient of X 28) O on which the action of Gal(L(vp)/L) is via

P
the Teichmiiller lift of . Since Gal(L(v)/L) decomposes into a direct product
of a pro-p group and a group of order prime to p,

Gal(L(v)/L) ~ Gal(L(v)/L(w)) x Gal(L(v)/L),

we can also consider any Z,[[Gal(L(v)/L)]]-module also as a Z,[Gal(L(vp)/L)]-
module. In particular X *°) is a module over Z,[Gal(L(v)/L)]*) ~ O. Also
A ~ O[[T]].

Now according to results of Iwasawa ([Iw2, §12], [Ru2, Theorem 5.1]),
Uso(v)) is a free A®0)-module of rank one. We extend ®; O-linearly to
Uso(v) ®z, O and it then factors through Uso(v)). Suppose that u is a

generator of Uy, (v)(*) and 3 an element of C). Then f(y—1)u = B for some
f(T) € O[[T]] and v a topological generator of Gal (L(v)/L(v)). Computing

®45 on both u and [ gives
(4.14) f(v(7) = 1) = 22(B)/ ®2(u).

Next we let e(a) be the projective limit of elliptic units in ](._i_Lan);n for

a some ideal prime to 6fp described in [de Sh, Ch. 1II, §4.9]. Then by the
proposition of Chapter II, §2.7 of [de Sh] this is a 12" power in LiLnL;;,n. We
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let 81 = B(a)}/'2 be the projection of e(a)/!2 to U, and take 8 = Norm 3
where the norm is from L to L(v). A generalization of the calculation in
[CW] which may be found in [de Sh, Ch. II, §4.10] shows that

(4.15) ®5(8) = (root of unity) 272 (Na — v(a)) Ls(2, 7) € Oglv]

where (2 is a basis for the O1-module of periods of our chosen Weierstrass model
of E/p. (Recall that this was chosen to have good reduction at primes above p.
The periods are those of the standard Neron differential.) Also v here should
be interpreted as the grossencharacter whose associated p-adic character, via
the chosen embedding Q — Q,,, is v, and 7 is the complex conjugate of v.

The only restrictions we have placed on f are that (i) f is prime to p;
(ii) ws = 1; and (iii) cond v | fp°°. Now let fop™ be the conductor of v with fo
prime to p. We show now that we can choose f such that L(2,7)/L,(2,7) is
a p-adic unit unless vy = 1 in which case we can choose it to be ¢ as defined
in (4.4). We can clearly choose L;(2,7)/L;,(2,7) to be a unit if vy # 1, as
7(q)v(q) = Normg? for any ideal q prime to fop. Note that if v = 1 then also
p = 3. Also if vy = 1 then we see that

i%f# {O/{Lfoq(2’7)/Lfo (2”7)}} =t

2 1

since Ve =v~". :
We can compute ®2(u) by choosing a special local unit and showing that
®2(u) is a p-adic unit, but it is sufficient for us to know that it is integral. Then
since Gal (Moo/L(v)) has no finite A-submodule (by a result of Greenberg; see
[Gre2, end of §4]) we deduce from Theorem 4.2, (4.14) and (4.15) that
# Hom(Gal (Moo /L(v)) , (K/©) (1)) SHEI/E)

< #O/02L (2, D) ifyg#1

= | (#O/Q72L(2,D)) -t if yg = 1.
Combining this with (4.9) gives:

# HL(Qs/Q, Y) < # (0/972L,(2,9))  [] 4

geS

where £, = # H(Qq, Y*) (for g #p), £, =# H°(Q,, (Y0)*).
Since V~Y @& (K/O)(¢)) ® K/O we need also a formula for

# ker{ I (@Qz/Q. (K/0)(#) ® K/0) — H}(Q)™, (K/0)(¢) ® K/0)}.

This is easily computed to be

(4.16) #O/m)- ] &

geX—{p}
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where £, = #H%(Qq, (K/O)(%) ® K/O)*) and hy, is the class number of Oy
Combining these gives:

ProrosiTION 4.3.

#Hs3o(Qe/Q,V) < #(0/Q7%Lyo(2,7)) - #(O/h1) - T] 4

geY

where £, = #HO(Qan*) (for g # D), b= #HO(Qp’(YO)*)'

2. Calculation of 7

We need to calculate explicitly the invariants np ; introduced in Chapter 2,
§3 in a special case. Let pg be an irreducible representation as in (1.1). Suppose
that f is a newform of weight 2 and level V, A a prime of Of above pand py )y a
deformation of pg. Let m be the kernel of the homomorphism T, (N ) — Of/A
arising from f. We write T for T1(N)n W((SL ) O, where O = Oy and k,, is

the residue field of m. Assume that p { N. We assume here that k is the
residue field of O and that it is chosen to contain k. Then by Corollary 1 of
Theorem 2.1, T1(N),, is Gorenstein and it follows that T is also a Gorenstein
O-algebra (see the discussion following (2.42)). So we can use perfect pairings
(the second one T-bilinear)

Ox0 — 0O, (,) :TxT - O

to define an invariant § of 7. If 7 : T — (O is the natural map, we set
(n) = (#(1)) where # is the adjoint of m with respect to the pairings. It is
well-defined as an ideal of T, depending only on 7. Furthermore, as we noted
in Chapter 2, §3, 7(n) = (1, n) up to a unit in O and as noted in the appendix
n = Annp = T'[p] where p = kerm. We now give an explicit formula for 7
developed by Hida (cf. [Hi2] for a survey of his earlier results) by interpreting
(,) in terms of the cup product pairing on the cohomology of X;(N), and
then in terms of the Petersson inner product of f with itself. The following
account (which does not require the CM hypothesis) is adapted from [Hi2] and
we refer there for more details.
Let

(4.17) (. ): H (X1(N),05) x H' (X1(N), O5) — O

be the cup product pairing with Oy as coefficients. (We sometimes drop the
C from X;(N),c or Ji(N),c if the context makes it clear that we are re-
ferring to the complex manifolds.) In particular (t.z,y) = (z,t*y) for all
z,y and for each standard Hecke correspondence ¢t. We use the action of ¢ on
H'(X1(N),Oy) given by & + t*z and simply write tz for t*z. This is the same
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as the action induced by t. € T1(N) on H(J1(N),0f) =~ H}(X1(N),Oy).
Let ps be the minimal prime of T1(N) ® Oy associated to f (i.e., the kernel of
T1(N)® O — Oy given by t; ® 3 — [ci(f) where tf = c;(f)f), and let

Ly = H\(Xu(N), O) [ps-

If f = Xan,q"™ let fP = ¥a,q". Then f? is again a newform and we define
L¢» by replacing f by f* in the definition of L;. (Note here that Oy = Oy
as these rings are the integers of fields which are either totally real or CM by
a result of Shimura. Actually this is not essential as we could replace Oy by
any ring of integers containing it.) Then the pairing (, ) induces another by
restriction

(4.18) ' (,): Ly xLgp — Og.

Replacing Oy (and the O¢-modules) by the localization of Oy at p (if necessary)
we can assume that Ly and Ly, are free of rank 2 and direct summands as
Of-modules of the respective cohomology groups. Let 61,62 be a basis of Ly.
Then also 61,8, is a basis of L i = L_f Here complex conjugation acts on
HY(X1(N), Of) via its action on Oy. We can then verify that

(6, 3) := det(6;, 5])

is an element of Oy (or its localization at p) whose image in Oy, is given by
7(n?) (unit). To see this, consider a modified pairing ( , ) defined by

(4.19) o (zy) = (T wey)

where wy is defined as in (2.4). Then (tz,y) = (z,ty) for all z, y and Hecke
operators ¢t. Furthermore

det(é;, 6_7') = det(6;, ’wcéj) = cdet(&i,3j)

for some p-adic unit ¢ (in Oy). This is because w¢(Lyso) = Ly and we(Ly) =
L¢o. (One can check this, for example, using the explicit bases described
below.) Moreover, by Theorem 2.1,

HY(X1(N), Z) ®1,v) Ti(N)m =~ Ti(N)3,
HY(X1(N), Of) ®1,(myg0, T = T2

Thus (4.18) can be viewed (after tensoring with Oy and modifying it as in
(4.19)) as a perfect pairing of T-modules and so this serves to compute 7(n?)
as explained earlier (the square coming from the fact that we have a rank 2
module). '

To give a more useful expression for (8, 8) we observe that f and f# can be
viewed as elements of H! (X1(N), C) ~ Hjg(X1(N),C) via f — f(2)dz, fP —
fPdz. Then {f, 7} form a basis for Ly ®¢, C. Similarly {f, f*} form a basis
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for Lp ®o, C. Define the vectors wy = (f, f7), wz = (f, f*) and write
w1 = C6 and wy = Cé with C € My(C). Then writing f; = f, fo = fP we set

(w, @) = det((f;, 7)) = (8,8) det(CC).

Now (w, @) is given explicitly in terms of the (non-normalized) Petersson inner
product (,):
(w, @) = —4(f, f)?

where (f, f) = fﬁ/I‘l(N) ffdzdy.

To compute det(C) we consider integrals over classes in Hy (X1(NV), Of).
By Poincaré duality there exist classes ci,co in Hy(X1(N), Of) such that
det( fcj ;) is a unit in Oy. Hence detC generates the same Of-module as

is generated by {det ( fc,- f,-)} for all such choices of classes (c;, c2) and with

{f1, fo} = {f, f°}. Letting us be a generator of the Of-module {det ( fcj f,-)}
we have the following formula of Hida:

PROPOSITION 4.4. 7(n%) = (f, f)2/us @ x (unit in Oy,)).

Now we restrict to the case where pg = Ind? ko for some imaginary
quadratic field L which is unramified at p and some k*-valued character kg
of Gal(L/L). We assume that pg is irreducible, i.e., that ko # Ko, where
koo(6) = ko(0™160) for any o representing the nontrivial coset of
Gal(L/Q)/Gal(L/L). In addition we wish to assume that pp is ordinary and
det po|z, = w. In particular p splits in L. These conditions imply that, if p is a
prime of L above p, ko(a) = o~ modp on U, after possible replacement of g
by ko,0. Here the U, are the units of L, and since kg is a character, the restric-
tion of ko to an inertia group I, induces a homomorphism on U,. We assume
now that p is fixed and ko chosen to satisfy this congruence. Our choice of
ko will imply that the grossencharacter introduced below has conductor prime
to p.

We choose a (primitive) grossencharacter ¢ on L together with an em-
bedding Q < Q,, corresponding to the prime p above p such that the induced
p-adic character ¢, has the properties:

(i) wpmodP = ko (P = maximal ideal of Q,)).

(ii) ¢p factors through an abelian extension isomorphic to Z, @ T with T of
finite order prime to p.

(i) ¢((e)) = a for a = 1(f) for some integral ideal f prime to p.

To obtain ¢ it is necessary first to define ¢,. Let M, denote the maximal
abelian extension of L which is unramified outside p. Let 6: Gal(M /L) —
Q, X be any character which factors through a Z,-extension and induces the
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homomorphism o — a™! on U, — Gal(Ms/L) where U, = {u € Uy:u =
1(p)}. Then set ¢, = kof, and pick a grossencharacter ¢ such that (©)p = ¥p.
Note that our choice of ¢ here is not necessarily intended to be the same as
the choice of grossencharacter in Section 1.

Now let f,, be the conductor of ¢ and let F be the ray class field of con-
ductor f¢f¢,. Then over F there is an elliptic curve, unique up to isomorphism,
with complex multiplication by Of, and period lattice free, of rank one over Oy,
and with associated grossencharacter po Ng /- The curve E/ . is the extension
of scalars of a unique elliptic curve E,p+ where F't is the real subfield of F' of
index 2. (See [Shl, (5.4.3)].) Over F'* this elliptic curve has only the p-power
isogenies of the form +p™ for m € Z. To see this observe that F is unramified
at p and pg is ordinary so that the only isogenies of degree p over F' are the
ones that correspond to division by ker p and ker p’ where pp’ = (p) in L. Over
F* these two subgroups are interchanged by complex conjugation, which gives
the assertion. We let E/ Ot (n) denote a Weierstrass model over Op+ ,(p)» the
localization of Op+ at p, Wlth good reduction at the primes above p. Let wg
be a Neron differential of E/OF . Let Q be a basis for the @7-module of

periods of wg. Then © = v - Q for some p-adic unit in F*. v

According to a theorem of Hecke, ¢ is associated to a cusp form fo in such
a way that the L-series L(s, @) and L(s, f,) are equal (cf. [Sh4, Lemma 3]).
Moreover since ¢ was assumed primitive, f = f, is a newform. Thus the
integer N = cond f = |Ay/q| Normy, /q(cond ¢) is prime to p and there is a
homomorphism _

'lﬂf : Tl(N)—»Rf C Of - 04;,

satisfying ¥¢(T1) = p(c)+¢(c) if | = ccin L, (I + N) and ¢¢(T}) = 0 if [ is inert
inL (I + N). Also ¢¢(I{l)) = ¢((1))%¥ (1) where 4 is the quadratic character
associated to L. Using the embedding of Q in Qp chosen above we get a
prime A of Of above p, a maximal ideal m of T1(N) and a homomorphism
T1(N)m — Op) such that the associated representation pf reduces to
pomod .

Let po = kertp;: T1(N) — Oy and let

Ay = J1(N)/poJ1(N)
be the abelian variety associated to f by Shimura. Over F* there is an isogeny

Agjpr ~ (B p+ )
where d = [Oy: Z] (see [Sh4, Th. 1]). To see this one checks that the p-adic Ga-
lois representatlons associated to the Tate modules on each side are equivalent
to (IndE" ¢p) ®z, Kjp where Kf, = O ® Qp and where ¢,: Gal(F/F) — Z;
is the p-adic character associated to ¢ and restricted to F. (One compares '
trace(Frob £) in the two representations for £ { Np and ¢ split completely in
F*; cf. the discussion after Theorem 2.1 for the representation on A )
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Now pick a nonconstant map
T Xl(N)/F+ — E/p+

which factors through A¢/p+. Let M be the composite of F* and the nor-
mal closure of Ky viewed in C. Let wg be a Neron differential of E/o_, '
Extending scalars to M we can write

mwg = Z aoWfo, as €M
o€Hom(Ky,C)

where wys = 2 an( f")q"iq for each o. By suitably choosing m we can assume

that aig # 0. Then there exist \; € Oy and t; € T1(NN) such that
}: Aitim*wg = clwy for some c1 € M.

We consider the map

(4.20) 7't H(X1(N),c, Z) ® O, p) — H1(E/C, Z) ® O ()

given by n' = Y Ai(wot;). Even if 7’ is not surjective we claim that the image
of n’ always has the form H1(E/C, Z) ® a0y, (p) for some a € Opup. This is
because tensored with Z, 7’ can be viewed as a Gal(Q/F™)-equivariant map
of p-adic Tate-modules, and the only p-power isogenies on E,p+ have the form
+p™ for some m € Z. It follows that we can factor 7’ as (1 ® a) o  for some

other surjective « '

a: Hi(X1(N),c,Z) ® On — HY(E,c, Z) ® Ou,

now allowing a to be in Oy (). Now define a* on Q}s /C by o* = Y a I \t;on*
where w*:Q}E /c Q}h( N)/C is the map induced by 7 and t; has the usual
action on Qil(N)/C' Then o*(wg) = cwy for some ¢ € M and

(4.21) / o*(wg) = / wE

7 a(y)

for any class v € H1(X1(N),c,Om). We note that o (on homology as in
(4.20)) also comes from a map of abelian varieties a:Ji (N)/p+ ®z Om —
E/r+ @z O although we have not used this to define o*
We claim now that ¢ € Oy, (p) We can compute a* (wE) by considering
M wp®1l) =Y tm* ®a"1) on QE/F+ ® O and then mapping the image in
QJl(N)/F+ ® Opr to QJl(N)/F"' ®o,, Om = QJl(N)/M Now let us write Oy for
Op+,p)- Then there are isomorphisms

31 82
QJl(N)/o ®02 — Hom(OM’QJl(N)/o ) — 9‘171(1\’)/01 ®5
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where 6 is the different of M/Q. The first isomorphism can be described as
follows. Let e(y): J1(N) — J1(N) ® Op for v € Op be the map z — z ® 7.
Then t1(w)(y) = e(y)*w. Similar identifications occur for E in place of J1(N).
So to check that o*(wg ® 1) € Q) )0, ® Oy it is enough to observe that by
its construction o comes from a homomorphism J1(N),0, ®0uM — E/o, QR0M.
It follows that we can compare the periods of f and of wg.

For f¢ we use the fact that [ ffdz = [.. fdz where c is the Oy -linear
map on homology coming from complex conjugation on the curve. We deduce:

PROPOSITION 4.5. uy = 72302.(1/(p-adic integer)).

We now give an expression for (f,, f,) in terms of the L-function of ¢.
This was first observed by Shimura [Sh2] although the precise form we want
was given by Hida. '

PROPOSITION 4.6.

o b = gas N4 TT (1= 1) @6 En(L0)
@ qN q
a¢Sy

where X is the character of f, and X its restriction to L;

1 is the quadratic character associated to L;

Ln( ) denotes that the Euler factors for primes dividing N have been
removed,

S, is the set of primes q | N such that ¢ = qq’ with q  condp and q,q
primes of L, not necessarily distinct.

Proof. One begins with a formula of Petersson that for an eigenform of
weight 2 on I';1 () says

(5= Um 2T @) () TBLa@): Ty(N) - (1)) Resema D(s, £, )

where D(s, f, f) = Z lan|?n=2 if f = Z ang™ (cf. [Hi3, (5.13)]). One checks

that, removing the Euler factors at prlmes dividing N,

DN(S7 fa fp) = LN(Sa ' )2) LN(S -1, ’l)b)CQ,N(S - 1)/CQ,N(2S - 2)

by using Lemma 1 of [Sh3]. For each Euler factor of f at a ¢ | N of the form
(1—agq™*) we get also an Euler factor in D(s, f, ) of the form (1—aq@qq™°).
When f = f, this can only happen for a split prime q where q’ divides the
conductor of ¢ but q does not, or for a ramified prime q which does not divide
the conductor of (. In this case we get a term (1 — ¢*~*) since |¢ ()| = ¢.
Putting together the propositions of this section we now have a formula for
7(n) as defined at the beginning of this section. Actually it is more convenient
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to give a formula for 7(n), an invariant defined in the same way but with
Ti(M)m; ® O replacing Ti(N)m ® O where M = pMy with p { My
W (kwm,) W(km)

m1

and M/N is of the form

IIe II &

€S, gt N
=2 q|Mop

Here m; is defined by the requirements that pm, = po, Us € mif ¢ | M (g # p)
and there is an embedding (which we fix) kn, — k over ko taking U, — a,
where aj, is the unit eigenvalue of Frobp in psx. So if f' is the eigenform
obtained from f by ‘removing the Euler factors’ at ¢ | (M/N) (¢ # p) and
removing the non-unit Euler factor at p we have ny = #(1) where 7 : T} =
T1(M)m, w ((% ) O — O corresponds to f’ and the adjoint is taken with respect
to perfect pairlings of T and O with themselves as O-modules, the first one
assumed T3j-bilinear.

Property (ii) of ¢, ensures that M is as in (2.24) with D = (Se, %, 0, ¢)
where ¥ is the set of primes dividing M. (Note that S, is precisely the set of
primes g for which ny =1 in the notation of Chapter 2, §3.) As in Chapter 2,

83 there is a canonical map

4.22 Rp — Tp ~ T1(M),, o
(4.22) p — Tp = T )1W(%m1)

which is surjective by the arguments in the proof of Proposition 2.15. Here
we are considering a slightly more general situation than that in Chapter 2,
§3 as we are allowing pg to be induced from a character of Q(v/=3). In this
special case we define Tp to be T1(M ), w ((%) O. The existence of the map

in (4.22) is proved as in Chapter 2, §3. For thelsurjectivity, note that for each
q | M (with g # p) Uy is zero in Tp as U; € m; for each such ¢ so that we
can apply Remark 2.8. To see that Uy is in the image of Rp we use that it
is the eigenvalue of Frobp on the unique unramified quotient which is free of
rank one in the representation p described after the corollaries to Theorem 2.1
(cf. Theorem 2.1.4 of [Wil]). To verify this one checks that Tp is reduced
or alternatively one can apply the method of Remark 2.11. We deduce that
Up € T%, the W (km, )-subalgebra of T1(M)n, generated by the traces, and it
follows then that it is in the image of Rp. We also need to give a definition of
Tp where D = (ord, X, 0, ¢) and pp is induced from a character of Q(v/=3).
For this we use (2.31).
Now we take

M=Nqu.
q€S,



540 ANDREW WILES

The arguments in the proof of Theorem 2.17 show that
m(na) is divisible by \w(n)(af, —(p)) - H (g—1)
g€S,

where a,, is the unit eigenvalue of Frobp in py . The factor at p is given by
remark 2.18 and at ¢ it comes from the argument of Proposition 2.12 but with
H = H' = 1. Combining this with Propositions 4.4, 4.5, and 4.6, we have that

(4.23) m(nur) is divisible by Q~2Ln (2, ¢*X) fﬁg—’l’—) (02— () T[@-1).
q|N

We deduce:
THEOREM 4.7. #(O/n(nm)) = # H.(Qs/Q, V).

Proof. As explained in Chapter 2, §3 it is sufficient to prove the inequality
#(O/m(nm)) > #HE.(Qs/Q, V) as the opposite one is immediate. For this it
suffices to compare (4.23) with Proposition 4.3. Since

Ln(2,7) = Ly (2,v) = Ly(2, ¢*%)

(note that the right-hand term is real by Proposition 4.6) it suffices to pair up
the Euler factors at ¢ for ¢ | N in (4.23) and in the expression for the upper

bound of # HE.(Qx/Q, V). O

We now deduce the main theorem in the CM case using the method of
Theorem 2.17.

THEOREM 4.8. Suppose that py as in (1.1) is an irreducible represen-

tation of odd determinant such that po = Indl(;Q Ko for a character ko of an
imaginary quadratic extension L of Q which is unramified at p. Assume also
that:

(i) det po

= W;
I, ’

(ii) po is ordinary.
Then for every D = (-,X,0,¢) such that pg is of type D with - = Se or ord,
Rp~Tp '
" and Tp is a complete intersection.
COROLLARY. For any pg as in the theorem suppose that
p: Gal(Q/Q) — GLy(0)
is a continuous representation with values in the ring of integers of a local

field, unramified outside a finite set of primes, satisfying p ~ po when viewed
as representations to GLa(Fp). Suppose further that:
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is ordinary;
D P

@ p

(ii) detp

L= xe*~1 with x of finite order, k > 2.
P

Then p is associated to a modular form of weight k.

Chapter 5

In this chapter we prove the main results about elliptic curves and espe-
cially show how to remove the hypothesis that the representation associated
to the 3-division points should be irreducible.

Application to elliptic curves

The key result used is the following theorem of Langlands and Tunnell,
~ extending earlier results of Hecke in the case where the projective image is
dihedral.

THEOREM 5.1 (Langlands—Tunnell).  Suppose that p: Gal(Q/Q) —
GLy(C) is a continuous irreducible representation whose image is finite and
solvable. Suppose further that detp is odd. Then there exists a weight one
newform f such that L(s,f) = L(s,p) up to finitely many Euler factors.

Langlands actually proved in [La] a much more general result without
restriction on the determinant or the number field (which in our case is Q).
However in the crucial case where the image in PGL2(C) is Sy, the result was
only obtained with an additional hypothesis. This was subsequently removed
by Tunnell in [Tul.

Suppose then that

po: Gal(Q/Q) — GL2(F3)

is an irreducible representation of odd determinant. We now show, using
the theorem, that this representation is modular in the sense that over F3,
po = pg,u mod p for some pair (g, u) with g some newform of weight 2 (cf. [Se,
§5.3]). There exists a representation

i : GLy(F3) — GLs (Z [V=2]) C GL2(C).

By composing i with an automorphism of GL(F3) if necessary we can assume
that ¢ induces the identity on reduction mod (1 + \/—2). So if we consider
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i0po : Gal(Q/Q) — GLy(C) we obtain an irreducible representation which is
easily seen to be odd and whose image is solvable. Applying the theorem we
find a newform f of weight one associated to this representation. Its eigenvalues
liein Z [\/—_2 . Now pick a modular form E of weight one such that E = 1(3).
For example, we can take E = 6 E;, where E; , is the Eisenstein series with
Mellin transform given by ¢(s) {(s, x) for x the quadratic character associated
to Q(v—3). Then fE = fmod3 and using the Deligne-Serre lemma ([DS,
Lemma 6.11]) we can find an eigenform ¢’ of weight 2 with the same eigenvalues
as f modulo a prime y’ above (1 ++/—2). There is a newform g of weight 2
which has the same eigenvalues as ¢’ for almost all 7}’s, and we replace (g’, u')
by (g, ) for some prime p above (1 + +/—2). Then the pair (g, 1) satisfies our
requirements. for a suitable choice of p (compatible with p').

We can apply this to an elliptic curve E defined over Q by considering
E[3]. We now show how in studying elliptic curves our restriction to irreducible
representations in the deformation theory can be circumvented.

THEOREM 5.2. All semistable elliptic curves over Q are modular.

Proof. Suppose that E is a semistable elliptic curve over Q. Assume
first that the representation pg3 on E[3] is irreducible. Then if pg = pgrg3
restricted to Gal(Q/Q (v/—3)) were not absolutely irreducible, the image of the
restriction would be abelian of order prime to 3. As the semistable hypothesis
implies that all the inertia groups outside 3 in the splitting field of pp have
- order dividing 3 this means that the splitting field of pg is unramified outside
3. However, Q(+/—3) has no nontrivial abelian extensions unramified outside 3
and of order prime to 3. So py itself would factor through an abelian extension
of Q and this is a contradiction as py is assumed odd and irreducible. So
po restricted to Gal(Q/Q(v/=3)) is absolutely irreducible and pg3 is then
modular by Theorem 0.2 (proved at the end of Chapter 3). By Serre’s isogeny
theorem, E is also modular (in the sense of being a factor of the Jacobian of a
modular curve).

So assume now that pg 3 is reducible. Then we claim that the represen-
tation pp 5 on the 5-division points is irreducible. This is because Xo(15) (Q)
has only four rational points besides the cusps and these correspond to non-
semistable curves which in any case are modular; cf. [BiKu, pp. 79-80]. If we
knew that pg 5 was modular we could now prove the theorem in the same way
we did knowing that pg,3 was modular once we observe that pg 5 restricted to
Gal(Q/Q(+V/5)) is absolutely irreducible. This irreducibility follows a similar
argument to the one for pg 3 since the only nontrivial abelian extension of
Q (v/5) unramified outside 5 and of order prime to 5 is Q((s) which is abelian
over Q. Alternatively, it is enough to check that there are no elliptic curves
FE for which pg s is an induced representation over Q(v/5) and E is semistable
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at 5. This can be checked in the supersingular case using the description of
PE5|Ds (in particular it is induced from a character of the unramified quadratic
extension of Qs whose restriction to inertia is the fundamental character of
level 2) and in the ordinary case it is straightforward.

Consider the twisted form X (p),q of X(5),q defined as follows. Let
X (5),q be the (geometrically disconnected) curve whose non-cuspidal points
classify elliptic curves with full level 5 structure and let the twisted curve be
defined by the cohomology class (even homomorphism) in

H'(Gal(L/Q), Aut X(5)1)

given by pgs: Gal(L/Q) — GL2(Z/5Z) C Aut X(5),; where L denotes the
splitting field of pr5. Then E defines a rational point on X (p),q and hence
also of an irreducible component of it which we denote C. This curve C is
smooth as X (p) Q=X (5)q is smooth. It has genus zero since the same is
true of the irreducible components of X (5) q

A rational point on C (necessarily non-cuspldal) corresponds to an elliptic
curve E’ over Q with an isomorphism E’[5] ~ E[5] as Galois modules (cf. [DR,
VI, Prop. 3.2]). We claim that we can choose such a point with the two
properties that (i) the Galois representation pgr 3 is irreducible and (ii) £’ (or
a quadratic twist) has semistable reduction at 5. The curve E’ (or a quadratic
twist) will then satisfy all the properties needed to apply Theorem 0.2. (For the
primes q # 5 we just use the fact that £’ is semistable at ¢ <= #pg/ 5(Ig) | 5.)
So E’ will be modular and hence so too will pg 5.

To pick a rational point on C satisfying (i) and (ii) we use the Hilbert irre-
ducibility theorem. For, to ensure condition (i) holds, we only have to eliminate
the possibility that the image of pg 3 is reducible. But this corresponds to E’
being the image of a rational point on an irreducible covering of C' of degree
4. Let Q(t) be the function field of C. We have therefore an irreducible poly-
nomial f(z,t) € Q(t)[z] of degree > 1 and we need to ensure that for many
values to in Q, f(z,tp) has no rational solution. Hilbert’s theorem ensures
that there exists a t; such that f(z,t;) is irreducible. Then we pick a prime
p1 # 5 such that f(z,t;) has no root mod p;. (This is easily achieved using the
Cebotarev density theorem; cf. [CF, ex. 6.2, p. 362].) So finally we pick any
to € Q which is p;-adically close to ¢; and also 5-adically close to the original
value of ¢ giving E. This last condition ensures that E’ (corresponding to to)
or a quadratic twist has semistable reduction at 5. To see this, observe that
since jg # 0, 1728, we can find a family E(j): y? = 23 — g2(j)x — g3(j) with
rational functions g2(7), gs(j) which are finite at jg and with the j-invariant of
E(jo) equal to jo whenever the g;(jo) are finite. Then E is given by a quadratic
twist of E(jg) and so after a change of functions of the form g2(j) — u?ga(j),
g3(j) — u3g3(j) with u € QX we can assume that E(jg) = E and that the
equation E(jg) is minimal at 5. Then for j' € Q close enough 5-adically to jg
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the equation E(j') is still minimal and semistable at 5, since a criterion for this,
for an integral model, is that either ords(A(E(5'))) = 0 or ords(ca(E(5"))) = 0.
So up to a quadratic twist F’ is also semistable. ]

This kind of argument can be applied more generally.

THEOREM 5.3. Su;bpose that E is an elliptic curve defined over Q with
the following properties:

(i) E has good or multiplicative reduction at 3, 5,
(ii) For p = 3,5 and for any prime ¢ = —1 mod p either pgp|p, is reducible
over Fp, or pg pl1, is irreducible over Fp.

Then E is modular.

Proof. The main point to be checked is that one can carry over condi-
tion (ii) to the new curve E’. For this we use that for any odd prime p # g,

PEp|D, is absolutely irreducible and PE,pl1, is absolutely reducible
and 3 { #pgp(1y)
)

E acquires good reduction over an abelian 2-power extension of
Q™" but not over an abelian extension of Qq.

Suppose then that ¢ = —1(3) and that E’ does not satisfy condition (ii) at
q (for p = 3). Then we claim that also 3  #pg 3(I4). For otherwise pgr 3(1,)
has its normalizer in GL2(F3) contained in a Borel, whence pgr 3(Dq) would
be reducible which contradicts our hypothesis. So using the above equivalence
we deduce, by passing via pg' 5 =~ pE s, that E also does not satisfy hypothesis
(i) at p = 3. -

We also need to ensure that g 3 is absolutely irreducible over Q(v/=3).
This we can do by observing that the property that the image of pg 3 lies in the
Sylow 2-subgroup of GLa(F3) implies that E’ is the image of a rational point
on a certain irreducible covering of C of nontrivial degree. We can then argue
in the same way we did in the previous theorem to eliminate the possibility
that pgr 3 was reducible, this time using two separate coverings to ensure that
the image of pg 3 is neither reducible nor contained in a Sylow 2-subgroup.

Finally one also has to show that if both pg 5 is reducible and pg 3 is
induced from a character of Q (v/—3) then E is modular. (The case where
both were reducible has already been considered.) Taylor has pointed out
that curves satisfying both these conditions are classified by the non-cuspidal
rational points on a modular curve isomorphic to X(45)/Wy, and this is an
elliptic curve isogenous to Xo(15) with rank zero over Q. The non-cuspidal
rational points correspond to modular elliptic curves of conductor 338. (|
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Appendix

Gorenstein rings and local complete intersections
buse
PROPOSITION 1.  Suppose that O is a complete discrete valuation ring
and that p: S — T is a surjective local O-algebra homomorphism between com-
plete local Noetherian O-algebras. Suppose further that pr is a prime ideal of
T such that T/pr — O and let ps = o~ (pr). Assume that

(i) T ~ Olxy, ...,z ]/(f1,. .. ,fr—u) where T is the size of a minimal set of
O-generators of pr/p=,

(ii) @ induces an isomorphism pg/p% — pr/p% and that these are finitely
‘generated O-modules whose free part has rank u.

Then ¢ is an isomorphism.

Proof. First we consider the case where u = 0. We may assume that the
generators Ty, . . ., T, lie in pr by subtracting their residues in T'//p7 — O. By
(ii) we may also write

S~ Oﬂwl,---awr]]/(gl""7gs)

with s > r (by allowing repetitions if necessary) and ps generated by the
images of {z1,...,z,}. Let p = (z1,...,%,) in Ofzy,...,x,]. Writing f; =
Ya;;z; mod p? with a;; € O, we see that the Fitting ideal as an O-module of
pr/p2 is given by

Fo(pr/v}) = det(ai;) € O
and that this is nonzero by the hypothesis that v = 0. Similarly, if each
gi = b,z mod p?, then

Fo(pg/pg) = {det(b;;):i eI, #I=r, I C{1,.. ;,s}}.

By (ii) again we see that det(a;;) = det(b;;) as ideals of O for some choice I

of I. After renumbering we may assume that Iy = {1,...,r}. Then each g;
(i =1,...,r) can be written g; = Xr;;f; for some rij € Ofz,...,z,] and we
have

det(b;;) = det(ry;) - det(a;;) mod p.

Hence det(r;;) is a unit, whence (r;;) is an invertible matrix. Thus the f;’s can
be expressed in terms of the g;’s and so S ~ T.

We can extend this to the case u # 0 by picking 1, ...,Z,_, so that they
generate (pr/p2)%"™. Then we can write each f; = L aijz; mod p? and
likewise for the g;’s. The argument is now just as before but applied to the
Fitting ideals of (pr/pZ)ters. a
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For the next proposition we continue to assume that O is a complete
discrete valuation ring. Let T" be a local O-algebra which as a module is finite
and free over O. In addition, we assume the existence of an isomorphism of
T-modules T — Homp (T, ©). We call a local O-algebra which is finite and
free and satisfies this extra condition a Gorenstein O-algebra (cf. §5 of [Til)).
Now suppose that p is a prime ideal of T such that T'/p ~ 0.

Let 8:T — T'/p ~ O be the natural map and define a principal ideal of T
by

(nr) = (6(1))

where B: O — T is the adjoint of 3 with respect to perfect O-pairings on O
and T, and where the pairing of T' with itself is T-bilinear. (By a perfect
pairing on a free O-module M of finite rank we mean a pairing M x M — O
such that both the induced maps M — Home (M, ©O) are isomorphisms. When
M =T we are thus requiring that this be an isomorphism of T-modules also.)
The ideal (nr) is independent of the pairings. Also T/nr is torsion-free as an
O-module, as can be seen by applying Hom ( ,O) to the sequence

0—-p—-oT—->0—0,

to obtain a homomorphism T'/nr — Hom(p, O). This also shows that (nr) =
Annp.
If we let I(M) denote the length of an O-module M, then

i(p/p?) 2 U(O/77)

(where we write 77 for B(nr)) because p is a faithful T/nr-module. (For a
brief account of the relevant properties of Fitting ideals see the appendix to
[MW1].) Indeed, writing Fr(M) for the Fitting ideal of M as an R-module,
we have

Fr/nr(p) = 0= Fr(p) C (n1) = Fr/y(p/p?) C (77)

and we then use the fact that the length of an O-module M is equal to the
length of O/Fo(M) as O is a discrete valuation ring. In particular when p/p?
is a torsion O-module then 7 # 0.

We need a criterion for a Gorenstein O-algebra to be a complete inter-
section. We will say that a local O-algebra S which is finite and free over
O is a complete intersection over O if there is an O-algebra isomorphism
S ~ Olxi,...,z]/(f1,..., fr) for some r. Such a ring is necessarily a Goren-
stein O-algebra and {fi,..., f-} is necessarily a regular sequence. That (i) =
(i) in the following proposition is due to Tate (see A.3, conclusion 4, in the
appendix in [M Ro].)

PROPOSITION 2. Assume that O is a complete discrete valuation ring
and that T is a local Gorenstein O-algebra which is finite and free over © and
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that pr is a prime ideal of T such that T/pr ~ O and pr/p% is a torsion
O-module. Then the following two conditions are equivalent:

(i) T is a complete intersection over O.

(ii) U(pr/p2) = 1(O/7TF) as O-modules.

Proof. To prove that (ii) = (i), pick a complete intersection S over O (so
assumed finite and flat over O) such that a: S—T and such that pg/p% ~ pr/p?
where ps = o~ !(pr). The existence of such an S seems to be well known
(cf. [Ti2, §6]) but here is an argument suggested by N. Katz and H. Lenstra

(independently).
Write T = Olzy,...,2r])/(f1,...,fs) with pr the image in T of p =
(®1,...,zr). Since T is local and finite and free over O, it follows that also

T ~ O[z1,...,z.]/(f1,..., fs). We can pick g1,...,gr such that g; = Za; f;
with a;; € O and such that :

(fla'“afsapz) = (91,--~ang2)-

We then modify g1, ..., g, by the addition of elements {o;} of (fi,..., fs)? and
set (91 = g1+ 01,...,9. = gr+ ). Since T is finite over O, there exists an N
such that for each i, z¥ can be written in T as a polynomial hi(z1,...,z,) of
total degree less than N. We can assume also that N is chosen greater than
the total degree of g; for each i. Set o; = (zN — hi(z1,...,2,))2. Then set
S =0[z1,...,2,]/(g}---,9.). Then S is finite over O by construction and also
dim(S) < 1 since dim(S/A) = 0 where () is the maximal ideal of O. It follows
that {g7,...,9;} is a regular sequence and hence that depth(S) = dim(S) = 1.
In particular the maximal O-torsion submodule of S is zero since it is also a
finite length S-submodule of S.

Now O/(7is) ~ O/(nr), since I(O/(7is)) = I(ps/pg) by (i) = (ii) and
1(O/(nr)) = l(pr/p%) by hypothesis. Pick isomorphisms

T ~ Homo(T,0), S ~Home(S,O)

as T-modules and S-modules, respectively. The existence of the latter for
complete intersections over O is well known; cf. conclusion 1 of Theorem A.3
of [M Ro]. Then we have a sequence of maps, in which & and 3 denote the
adjoints with respect to these isomorphisms:

ob,p e, g a7 b8 o

One checks that & is a map of S-modules (T being given an S-action via )
and in particular that a o & is rglﬁplication by an element t of T. Now
(B0p) = (7r) in O and (Boa)o(Boa) = (7s) in O. As (7js) = (7r) in O, we
have that ¢ is a unit mod pr and hence that a o & is an isomorphism. It follows
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that S ~ T, as otherwise S ~ kera @ im & is a nontrivial decomposition as
S-modules, which contradicts S being local. O

Remark. Lenstra has made an important improvement to this proposi-
tion by showing that replacing 7jr by B(annp) gives a criterion valid for all
local O-algebras which are finite and free over O, thus without the Gorenstein

hypothesis.

PRINCETON UNIVERSITY, PRINCETON, NJ
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