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Preface 

It is now well known that Fermat’s last theorem has been proved. For 

more than three and a half centuries, mathematicians — from the 

great names to the clever amateurs — tried to prove Fermat’s famous 

statement. The approach was new and involved very sophisticated 

theories. Finally the long-sought proof was achieved. The arithmetic 

theory of elliptic curves, modular forms, Galois representations, and 

their deformations, developed by many mathematicians, were the 

tools required to complete the difficult proof. 

Linked with this great mathematical feat are the names of TANI- 

YAMA, SHIMURA, FREY, SERRE, RIBET, WILES, TAYLOR. 

Their contributions, as well as hints of the proof, are discussed in 

the Epilogue. This book has not been written with the purpose of 

presenting the proof of Fermat’s theorem. On the contrary, it is writ- 

ten for amateurs, teachers, and mathematicians curious about the 

unfolding of the subject. I employ exclusively elementary methods 

(except in the Epilogue). They have only led to partial solutions 
but their interest goes beyond Fermat’s problem. One cannot stop 

admiring the results obtained with these limited techniques. 

Nevertheless, I warn that as far as I can see — which in fact is 

not much — the methods presented here will not lead to a proof of 

Fermat’s last theorem for all exponents. 



vi Preface 

The presentation is self-contained and details are not spared, so 

the reading should be smooth. 

Most of the considerations involve ordinary rational numbers and 

only occasionally some algebraic (non-rational) numbers. For this 

reason I excluded Kummer’s important contributions, which are 

treated in detail in my book, Classical Theory of Algebraic Num- 

bers and described in my 13 Lectures on Fermat’s Last Theorem 

(new printing, containing an Epilogue about recent results). 

There are already — and there will be more — books, mono- 

graphs, and papers explaining the ideas and steps in the proof of 

Fermat’s theorem. The readers with an extended solid background 

will profit more from reading such writings. Others may prefer to 

stay with me. 

In summary, if you are an amateur or a young beginner, you may 

love what you will read here, as I made a serious effort to provide 

thorough and clear explanations. 

On the other hand, if you are a professional mathematician, you 

may then wonder why I have undertaken this task now that the 

problem has been solved. The tower of Babel did not reach the 

sky, but it was one of the marvels of ancient times. Here too, there 

are some admirable examples of ingenuity, even more remarkable 

considering that the arguments are strictly elementary. It would be 

an unforgivable error to let these gems sink into oblivion. As Jacobi 

said, all for “l’honneur de l’esprit humain.” 

August, 1997 Paulo Ribenboim 



Reader 

You may feel tempted to write your own (simpler) proof of Fermat’s 
last theorem. 

I have strong views about such a project. It should be written in 

the Constitution of States and Nations, in the Chapter of Human 

Rights: 

It is an inalienable right of each individual to produce his or her 

own proof of Fermat’s last theorem. 

However, such a solemn statement about Fermat’s last theorem 

(henceforth referred to as THE theorem) should be tempered by the 
following articles: 

Art. 1. No attempted proof of THE theorem should 

ever duplicate a previous one. 

Art. 2. It is a criminal offense to submit false proofs 

of THE theorem to professors who arduously earn 

their living by teaching how not to conceive false proofs 

of THE theorem. 

Infringement of the latter, leads directly to Hell. Return to Par- 

adise only after the said criminal has understood and is able to re- 

produce Wiles’ proof. (Harsh punishment.) 
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The Problem 

In the margin of his copy of Bachet’s edition of the works of Dio- 

phantus, } Fermat wrote: 

“It is impossible to separate a cube into two cubes, or a biquadrate 

into two biquadrates, or in general any power higher than the second 

into powers of like degree; I have discovered a truly marvelous proof, 

which this margin is too small to contain.” 

In modern language, this means: 

If n is any natural number greater than 2, the equation 

Xan aL Vor — is 

has no solutions in integers, all different from 0 (i.e., it has only the 

trivial solution, where one of the integers is equal to 0). 

The above statement has been called Fermat’s last theorem, or 

conjecture, or problem. 

We begin with the following remarks. 

In order to prove Fermat’s theorem for all exponents greater than 

2, it suffices to prove it for the exponent 4 and every odd prime 

1This copy is now lost, but the remarks appeared in the 1679 edition of 

the works of Fermat, edited in Toulouse by his son Samuel de Fermat. 



2 The Problem 

exponent p. Indeed, if n is composite, n > 2, it has a factor m which 

is 4 or an odd prime p. If the theorem fails for n = ml, where m = 4 

or p, 1 > 1, if x,y,z are non-zero integers such that 2” + y” = 2” 

then (x')™ + (y')™ = (z')™ and the theorem would fail for m. 
Occasionally, we shall also indicate some results and proofs for 

even exponents or prime-power exponents. 

The following general remarks are quite obvious and henceforth 

will be taken for granted. 

If n is odd then X" + Y” = Z” has a non-trivial solution if and 

only if X" + Y¥" + Z”" = 0 has a non-trivial solution. 

If x,y, zZ-are non-zero integers such that 2” + y” = 2”, if d 

OCA (iat yo wander aa) Gs pe" epee eee, ei yy cee 
where the non-zero integers 1,41, 21 are pairwise relatively prime. 

So, if we assume that Fermat’s equation has a non-trivial solution, 

then it has one with pairwise relatively prime integers. 

Moreover, if ©, y, z are non-zero pairwise relatively prime integers 

such that 2" + y" == 2" then 2-4, y,2—_ @,2 9 are also pairwise 

relatively prime. Indeed, if a prime p divides x + y and z — x then 

x =z (mod p), hence x” = z” = x" + y” (mod p) therefore y” = 
(mod p), so p divides y, and since p divides x + y then p divides z, 

which is contrary to the hypothesis. This shows that gcd(x + y, z — 

xz) = 1. In a similar way, we may show that gcd(x + y,z-—y) = 1 
and gced(z — 2,z—y) = 1. 

Following tradition, we say that the first case of Fermat’s theorem 

is true for the odd prime exponent p when: if x,y,z are (non-zero) 
integers, not multiples of p, then 2? + y? £ z?. 

The second case is true for the odd prime exponent p when: if 

L,Y, are non-zero pairwise relatively prime integers, and p divides 

xzyz then 2? + y? # z?. As said above, in this case p divides one and 

only one of the integers z, y, z. 

More generally, for an arbitrary integer n = 2“m, u > 0, m odd, 

we say that the first case of Fermat’s theorem is true for the exponent 

n when: if x,y,z are (non-zero) integers and gcd(m, ryz) = 1 then 
ay Se YE? Se ae 

Similarly, the second case is true for the exponent n when: if z, y, z 

are (non-zero) pairwise relatively prime integers and gcd(m, ryz) # 1 
thener gay eres 

mr 

1) 



I 
Special Cases 

This chapter is devoted to the proof of special cases of Fermat’s 
theorem: exponents 4, 3, 5, and 7. However, we begin by considering 

the exceptional case of exponent 2. 

1.1. The Pythagorean Equation 

We study briefly the Pythagorean equation 

ty XY se 

A triple (x, y, z) of positive integers such that x? + y? = z? is called 
a Pythagorean triple, for example, (3,4,5) since 3? + 4? = 5?. 

If x,y,z are nonzero integers such that x? + y? = z? then ||, 
ly|, |z| also satisfy the same equation. Note that x,y cannot be both 
odd, otherwise z? = 1+1 (mod 4), which is impossible. Moreover, if 

d = gcd(z, y, z) then x/d, y/d, z/d also satisfy the equation. Thus, it 
suffices to determine the primitive solutions (x, y, z) of (1.1), namely 
those such that z > 0, y > 0, z > 0, x is even, and ged(z,y, z) = 1, 

hence y and z are odd. 

It is stated in Dickson’s (1920) History of the Theory of Numbers, 

Vol. II, pp. 165-166, that Pythagoras and Plato gave methods to 



4 I. Special Cases 

find solutions of equation (1.1). In Lemma 1 to Proposition 29 of 

Book X of The Elements, Euclid gave a geometric method to find 

solutions of (1.1). 
Diophantus indicated how to find all solutions, as in the following 

result. 
Leonardo di Pisa (Fibonacci) also gave in 1225 an interesting 

method to find solutions. 

(1A) Ifa,b are integers such that a > b > 0, gcd(a,b) = 1, a,b of 

different parity, then the triple (x,y,z), given by 

T= 20D. 

Te Me, 

Oe De 

is a primitive solution of (1.1). This establishes a one-to-one corre- 
spondence between the set of pairs (a,b) satisfying the above condi- 

tions, and the set of primitive solutions of (1.1). 

PROOF. If a,b are integers satisfying the conditions of the statement, 

let x,y, z be defined as indicated. Then 

7 aE = 4a?b? si (a? a Ona = (a? ee ine ae 2°. 

Clearly x > 0, y > 0, z > 0, & is even, and gcd(z, y, z) = 1 because 
if d divides x, y, and z then d divides 2a? and 2b?, sod = 1 ord=2 
(since gcd(a, b) = 1); but d # 2 because y is odd (a,b do not have 
the same parity). 

Different pairs (a,b) give different triples (2, y, z). 
Conversely, let (x, y, z) be a primitive solution of (1.1), so z?+y? = 

z*. From gcd(z, y, z) = 1 we have gcd(z, z) = 1. Since z is even then 

z is odd hence ged(z — z,z +x) = 1. Since y? = (z — z)(z+2), it 
follows from their decomposition into prime numbers that z—z, z+z 

are squares of integers, say z +2 =t?, z—x =u’, and t,u must be 

positive odd integers, with t > u > 0. Let a,b be integers such that 

2a=t+u, 2b=t—u, hencet=a+b,u=a—bwitha>b>0. So 

tet (Ob) (a 0)e =a oO eet eee 
2+ (a — b)?)/2 =a? + 8. 

We note that gcd(a,b) = 1 because ged(z — 2, z+) = 1 and finally 
a+b6=t is odd soa,b are not both odd. 0 
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For example, the smallest primitive solutions for (1.1), ordered 
according to increasing values of z, are the following: 

(4, 3,5), (oom fal gy e246 7, 25) 
(20, 21,29), (12,35,37), (40,9,41), (28, 45, 53), 
(60, 11,61), (56,33,65), (16,63,65), (48,55, 73). 

_In view of (1A), to find the primitive solutions of (1.1) amounts 
to determining which odd positive integers are sums of two squares, 
and in each case, to write all such representations. Fermat proved: 
n > 0 is a sum of two squares of integers if and only if every prime 

factor p of n, such that p = 3 (mod 4), appears to an even power 

in the decomposition of n into prime factors (see the proof below). 
For every integer n which is the sum of two squares of integers, let 

r(n) be the number of ordered pairs (a,b) such that a? + b? = n, a,b 
integers not necessarily positive. For example, r(1) = 4, r(5) = 8. It 

was proved by Jacobi, and independently by Gauss, that 

r(n) = 4(di(n) — ds(n)), 
where d,(n) (respectively, d3(n)) is the number of divisors of n which 
are congruent to 1 modulo 4 (respectively, congruent to 3 modulo 4) 

(see Hardy and Wright (1938, p. 241)). 
With this information, it is possible to determine explicitly the 

primitive Pythagorean triples (x, y, z). Now we paraphrase Fermat’s 

proof which is of historical importance. We begin with a very easy 

identity: 

(lez) (a? + b?)(c? +d?) ac + bd)? + (ad — bc)? = ( 
= (ac — bd)? + (ad + bc)?. 

Now we show 

(1B) A prime number p is a sum of two squares if and only if 

p =2 orp=1 (mod 4). 

Proor. If p 4 2 and p = a? + Bb’, then a,b cannot both be even 

— otherwise 4 divides p. If a,b are both odd, then p=1+1= 2 

(mod 4), since every odd square is congruent to 1 modulo 4. Thus 

p = 2. If, say, a is odd and 6 is even, thenp=1+0=1 (mod 4). 

Conversely, 2 = 1? + 1’, so let p = 1 (mod 4). From the the- 

ory of quadratic residues, —1 is a square modulo p, so there exists 

t,1< 2x < p—1, such that 2? +1 = 0 (mod p), thus coo 
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mp, with 1 < m < p—1. Hence the set {m | 1 < m < p— 

1, such that mp = x? + y? for some integers x, y} is not empty. Let 
mo be the smallest integer in this set, so 1 < mp < p—1. We show 

that mp = 1, hence p is a sum of two squares. Assume, on the 

contrary, that 1 < mo. We write 

{ L=cm+21, 

Ye dmo + Yi, 

with —mo/2 < 21, y1 < mo/2, and integers c,d. We observe that x; 

or y; is not 0. Otherwise m? divides x? + y? = mop, hence mo divides 
p, thus mp = p, which is absurd. We have 0 < x27 + y? < ms/4+ 
m2/4 = m2/2 < m2 and 2? + y? = 2? + y? = 0 (mod mp). Hence, 
a? + y? = mom! with 1 < m’ < mo. But mop = 2? + y?, mom’ = 

x, +y7, hence mom'p = (x? +y") (ai t+yt) = (zxityyn)?+(2yi ya)’. 
We also have 

cry yy, — Lf —cmo) + Uy ang) 

= (x? + y*) — mo(c + yd) 

= iNgt, 

ry, — yt, = ry — dmg) — y(x — cmp) 

= —mMo(zrd — yc) 

= mou 

for some integers t,u. Hence m'p = t? + u?, with 1 < m’ < mg. This 
is a contradiction and concludes the proof. © 

(1C)_ A natural number n is the sum of two squares of integers if 

and only if every prime factor p of n, such that p = 3 (mod 4), ap- 

pears to an even power in the decomposition of n into prime factors. 

Proor. Let n = pi}? pi and assume that k; is even if p; = 3 

(mod 4). Then n = nén, where np > 1, n; > 1, and n, is the 

product of distinct primes which are either equal to 2, or congruent 

to 1 modulo 4. By (1B), each factor of n; is a sum of two squares; 

by the identity indicated in (1.2), n; and therefore also n, is a sum 

of two squares. Conversely, let n = x? + y?; the statement is trivial 
if x = Oory = 0. Let z,y be nonzero, let d = gcd(xz,y), so d? 

divides n:Letin = d?n/,2 = dz!, y= dy’, hence ged(a/,7))—="1_and 

n' =a" +y"”. If p divides n’, then p does not divide x’ — otherwise 
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p would also divide y’. Let k be such that ka’ = y’ (mod p). Then 
Goteafe erifl + 2) = 0 (mod p). Thus p divides 1 + k?, that 

is, —1 is a square modulo p, so p = 2 or p = 1 (mod 4), by the 
theory of quadratic residues. It follows that if p; = 3 (mod 4) then 
p; does not divide n’, hence p; divides d, so the exponent k, must 
be even. 0 

It is customary to say that a right triangle is a Pythagorean tri- 

angle when its sides are measured by integers a,b,c. If c is the 

hypothenuse, then c* = a? + b?. See also Mariani (1962). 
On this matter, we recommend Shanks’ book (1962) which con- 

tains an interesting chapter on Pythagoreanism and its applications, 

as well as the book by Sierpiriski (1962). 

In 1908, Bottari gave another parametrization for the solutions of 

(1.1). The following simpler proof is due to Cattaneo (1908): 

(1D) =‘ [fa,b are odd natural numbers such that gcd(a,b) = 1, af 

s > 1 then the triple (x,y,z) given by 

p25) ati 220d, 
y = b? + 2%ab, 
Zi att b? 4+ 2* ab: 

is a primitive solution of (1.1). This establishes a one-to-one cor- 

respondence between the set of triples (a,b,s) satisfying the above 

conditions and the set of primitive solutions of (1.1). 

Proor. It is clear that if x,y,z are defined as indicated then the 

triple (x,y,z) is a primitive solution of (1.1). 

Different triples (a,b,s) give rise to different primitive solutions 

(x, y, 2), because 

Deer 
92s—1q2 Se aa 

DEV |i) ait a eS 

Finally, if (x,y,z) is a primitive solution, 0 < ¢< z,0<y< 

z, andz<a+y, because 227 =2?+y* < (x+ y)”. We write 

| 

| 

R= A= Ul, 

yY=Z-U, 

Z = BaP U— W, 
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with u,v,w > 0. Then 

LU ew, 

yout, 
BE Use sr 0: 

From x? + y? = 2? it follows that w? = 2uv, hence w is even. Since 
gcd(u,v,w) = 1 and zg is even and y is odd then v is even and u is 

odd. Let ya 02° ws Vie. 2 where Ulf pare Odd sSa.01) tp pl 

Then 275w’? = 2u-2'v’ sot = 2s—1 and w’” = uv’ with gcd(u, v’) = 1. 
Hence necessarily u,v’ are squares: u = b’, v' = a?, and therefore 

Pe aby 107 2 00 ee a Go Oe Oe 

It is also interesting to describe the solutions of 

(1.3) D Gen) fore 

The solutions in integers are just (+1,0), (0,+1). 
We shall consider the solutions in rational numbers as well as, for 

each prime p, the solutions in the field with p elements. 

Let Q denote the field of rational numbers. For each prime p, let 

F,, be the set {0,1,... ,p — 1} of residue classes of Z modulo p. So, 
if a,b € Z, we have G = 6 if and only if a,b have the same remainder 

when divided by p. The operations of addition and multiplication 

in F,, are defined as follows: 7+ yY=2+y, TY = Ty. With these 

operations, which satisfy the usual properties, F,, becomes a field: if 

a € F, and a F 0, we have gcd(a, p) = 1, so there exist r,s € Z such 

that ar + ps = 1; then @F = 1. So7 is the inverse of @ in F,. For 
simplicity, we may use the notation x instead of % for the elements 

of F,. We shall indicate a result that is valid for Q as well as for 

each field F, for p > 2. Thus, let F = Q or F, (forp > 2). (More 

generally, F may be taken to be any field of characteristic different 
from 2, that is, 1+ 1 4 0 in the field F.) 

Let oo be asymbol, oo ¢ F, and let T = {oo} U{t € F | 1+¢? F 0}. 
Let S=Sp={(z,y)€ Fx F|2*?+y? =1}. So the elements of $ 
are the solutions of (1.3) in the field F’. 

Let py: T — F x F be the following mapping: 

poo) = (0,—1), 
; Ot hele 5 
if t € F then y(t) = (ee): 

(1.4) 
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We note that since 1+t? ¥ 0, then 1+¢#? is invertible, so the mapping 
y is well defined. 

(1E) With the above notations, ~ is a one-to-one mapping from 
T onto S. 

Coltcoke aber see aie: 
then y(t) € S for each t € F such that 1+t? 40. Also, (0,—1) € S, 
sue T)iC@ 5. 

Ift € F,1+t* £0 then (1 —7?)/(1 +2?) A -1, because 14140. 
Also, if t},t2 € F, 1+? 40, 1+ 42 40 then y(t) ¥ v(t), as is 
easily seen. Thus the mapping ¢ is one-to-one (because 1 + 1 # 0). 

Now we show that y(T) = S. Clearly, (0,—1) = ¢(co). Let 
Cexuye 544; ue) (Oe) clio —=0) then y= and, (0;1):%(0 IF 
x #0 let t=(1—y)/z, so 

PROOF. Since 

2(1 — = rer name aed} vere 
x T 

and 
AE iyo 

SSS ERS WG = 

1+ : 1+ a 

hence (z, y) = y(t), concluding the proof. 0 

If F = Q then 1+?2? £0 for allt € Q, soT = QU {oo}. If F=F, 
with p > 2 then 1+ ¢? = 0 if and only if —1 is a square modulo 
p. According to the result of Fermat already quoted, —1 is a square 

modulo p > 2 if and only if p= 1 (mod 4). 

Let N, denote the number of elements of Sp,. We have 

(1F) N.=2 and ifp> 2 then 

lade p—1 when p=1 (mod 4), 
P| p+1 when p=-—t1 (mod 4). 

PROOF op ne (Oy1)9(1,.0)), so Noe 824 Let poe an lt py | 

(mod 4), then there exist two elements t;, tg such that t7+1 = #+1 = 

0. So #(T) = (p— 2) +1=p-—1, hence by (1E), #(S) =p-1. 

Similarly, if p = —1 (mod 4), then #(T) = p+ 1 and #(S) = 

pl Oo 
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1.2. The Biquadratic Equation 

Now we take up the case n = 4. Fermat considered the problem 
of whether the area of a Pythagorean triangle may be the square of 
an integer (observation to Question 20 of Diophantus, Book VI of 
Arithmetica). 

He was led to study the equation 

(2.1) xyes 7 

and he showed (date unknown): 

(2A) Equation (2.1) has no solutions in integers all different 
from 0. 

PROOF. If the statement is false, let (x,y,z) be a triple of positive 

integers with smallest possible 2, such that 2* — y* = z?. Then 
gcd(xz,y) = 1, because if a prime p divides both x,y then p* divides 
z?, so p? divides z; letting x = pa’, y = py’, z = p?z' then x” —y" = 
2’? with 0 < 2’ < z, which is contrary to the hypothesis. 

We have 2? = x*—y* = (2? + y”) (x? —y”) and ged(x? + y”, x? —y”) 
is equal to 1 or 2, as is easily seen, because gcd(z,y) = 1. We 

distinguish two cases. 

Case 1: gcd(x? + y?, x? — y”) = 1. 
Since the product of r?+y?, z?—y? is asquare then 2?+y’, 2?—y 

are squares; more precisely, there exist positive integers s, t, gcd(s, t) 

= 1 such that 

2 

xo + y? = ep 

7? —y? — f?. 

It follows that s,t must be odd (since 2x? = s* + t? then s,t have 

the same parity and they cannot both be even). 

So there exist positive integers u,v such that 

{ u=(s+t)/2, 
v = (s—t)/2, 

and necessarily ged(u, v) = 1, because s,¢ are odd. 
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We have uv = (s?—t?)/4 = y?/2 hence y? = 2uv. Since ged(u, v) = 
1 then there exist positive integers 1, m such that 

Oh ee (dy, Palle 
v =m? Sh v = 2m?. 

We just consider the first alternative, the other one being analogous. 

So u is even, gcd(u,v,x) = 1, and 

» (s+t)?+(s—-t)? eb 5 

4 fps 2 eae 
wtu= Saar 

It follows from (1A) that there exist positive integers a,b, 0 < 6b <a, 

gcd(a, b) = 1, such that 

2 

2 = 200, 
i: =U =O 07, 
Eo Of 4+ 0. 

hence /? = ab. Thus there exist positive integers c,d, gcd(c,d) = 1, 

such that 

= Ce 

{ pisos 

and so m? = c’ — d*. We note that 0 < c <a < z and the triple of 
positive integers (c,d,m) would be a solution of the equation, which 

is contrary to the choice of x as smallest possible. 

Case: ecd(a7c year y 2: 
Now z,y are odd and z is even. By (1A) there exist positive 

integers a,b, 0 < b < a, gcd(a,b) = 1, such that 

7 == a2 Eine 

y? =e a2 rat Db’, 

22a: 

Hence x?y”? = a* — b* with 0 < a < z and this is contrary to the 
choice of x as smallest possible. 

The above argument is called the method of infinite descent and 

was invented by Fermat. It may also be phrased as follows: if 

(x0, Yo, 20) were a solution in positive integers of (2.1) then we would 

obtain a new solution in positive integers (21,41, 21) with z; < zp. 
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Repeating this procedure, we would produce an infinite decreasing 
sequence of positive integers 

20 Zt) 22) = oe 

which is not possible. 

As a corollary, we obtain the original statement of Fermat, pro- 
posed as a problem or mentioned in letters to Mersenne [for Sainte- 
Croix] (September 1636), to Mersenne (May ?, 1640), to Saint- 
Martin (May 31, 1643), to Mersenne (August 1643), to Pascal (25 
September 1654), to Digby [for Wallis] (April 7, 1658), to Carcavi 
(August 1659): 

(2B) The area of a Pythagorean triangle is not the square of an 
integer. 

PROOF. Let a,b,c be the sides of the Pythagorean triangle, where c 

is the hypotenuse. So c? = a? + b?. 
Assume that the area is the square of an integer s: ab/2 = s?. 

Then 
(a+b)? = c? + 4s?, 
{ (a — b)? = c? — 4s”. 

Hence (a? — b”)? = c* — (2s)*, so the equation X* — Y*4 = Z? would 
have nontrivial solution in integers, contradicting (2A). O 

We also state explicitly (this is proposed as a problem or men- 

tioned in letters to Mersenne [for Sainte-Croix] (September, 1636), 
to Mersenne (1638), to Mersenne (May ?, 1640)): 

(2C) The equation 

(2) Bt fe 

has no solution in integers, all different from 0. 

Proor. If x,y,z are nonzero integers such that 24 + y* = z* then 

z4 — y* = (x)?, which contradicts (2A). O 

The above results were also reproduced by Euler (1770) and Leg- 

endre (1808, 1830). ie 

A companion result to (2A) is the following (see the explicit proof 

by Euler, 1770): 
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(2D) The equation 

(233) ROE ie 

has no solution in integers all different from 0. 

ProorF. If the statement is false, let (x,y,z) be a triple of positive 
integers, with smallest possible z, such that 7*+y* = z?. As in (2A), 
we may assume gcd(z, y) = 1. We also note that x, y cannot be both 

odd, otherwise z? = x* + y* = 2 (mod 4) and this is impossible. So 
we may, for example, assume z to be even. 

From (x7)? + (y*)? = z? it follows that (x?,y, z) is a primitive 
solution of (1.1). By (1A), there exist integers a,b, such that a > 
b > 0, gcd(a, b) = 1, a,b are not both odd and 

fas 
y? = a? “y ba 

o = yb 

Moreover, b must be even. For if b is odd, then a is even, y? = 

a? — b? = —1 (mod 4), which is impossible. 
Now we consider the relation b?+-y? = a”, where y, b, a are positive 

integers, b is even, and gcd(b, y,a) = 1. By (1A), there exist integers 
c,d such that c > d > 0, gcd(c,d) = 1, c,d of different parity and 

bas 2cd. 

Yy é cal d’, 
] 

asec de. 

Theretoret:? =)2ab'—= Acd(c*=- a7), Butic,dec* td are pair 
wise relatively prime. By the decomposition of x? into primes, we 

conclude that c,d, c* + d? are squares of positive integers, say: 

Hence 

(2.4) p+q=r, 

that is, the triple (p,q,r) is a solution of (2.3). But z = a? +b? = 
(c? +d’)? +4c?d? > r4 > r (since r > 1). This contradicts the choice 
of z as minimal possible, and concludes the proof. 
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TABLE 1. FLT for the exponent 4. 

Author Year 

Frénicle De Bessy 1676 

Euler 1738 (publ. 1747), 1771 
Kausler 1795/6 (publ. 1802) 
Barlow 1811 

Legendre 1823, 1830 

Schopis 1825 

Terquem 1846 

Bertrand 1851 

Lebesgue 1853, 1859, 1862 

Pepin 1883 

Tafelmacher 1893 

Bendz 1901 

Gambioli 1901 

Kronecker 1901 

Bang 1905 

Bottari 1908 

Rychlik 1910 

Nutzhorn 1912 

Carmichael 1913 

Vranceanu 1966 

Other proofs of Fermat’s theorem for the exponent 4 are given by 

the authors listed in Table 1. Now we indicate a statement which is 

equivalent to Fermat’s theorem for the exponent 4 (see Vranceanu, 

1979): 

(2E) The following statements are equivalent: 

(1) Fermat’s last theorem is true for the exponent 4. 

(2) For every integer m # 0 the only solutions in nonzero inte- 

gers of 2X4 = mY(m? + Y?) are (m,m) and (—m,m). 

Proor. (1) — (2) Let m #0 and assume that there exist nonzero 

integers u, t such that 2u4 = mt(m?+t?). Let x = 2u, y=t—m, z= 

t+m. Then z4—y* = (z—y)(z+y)(2?7 +y”) = 2m- 2t(2t? + 2m?) = 

Sides = Louse 
By hypothesis, ryz = 0. If « = 0 then y = +z hence m = 0, 
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contrary to the hypothesis. If y= 0 then t = m, © = +z,sou = 4m. 

If z = 0 then x = 0, again contrary to the hypothesis. 

(2) =) i e* yy? es thhem 29 24 ee 2) (a 

y)(x? +y?) = (z—y)(z+y) [(z — 9)? + (z + y)’]. So taking m = z—y 
then t = z+y, u= 2 satisfy the relation 2u’ = mt(m? + t?). If m or 
u or t is equal to 0 then xz = 0. If m,t,u # 0, by hypothesis t = m 

hence y = 0, an absurdity. O 

We conclude this section by illustrating how the method may be 

applied to find solutions of some similar diophantine equations. 

(2F) The equation 

XY FZ? 

has no solution in nonzero integers. 

PROOF. It suffices to consider the equation X*—4Y‘4 = Z?. Because 
if x,y,z are nonzero integers such that z* — 4y* = —z? then 424 — 
(2y)* = —(2z)?, so (2y)* — 4x* = (2z)? and (2y,2,2z) would be a 
solution of the first equation. 

Now, if x,y,z. are positive integers such that 2* — 4y* = z? and 
gcd(x,y,z) = 1 (as we may assume without loss of generality), there 
exist integers a,b with a > b > 0 and 

2a aU, 
Z =a? = b?, 

poe Ts 

Since gcd(a, b) = 1 then a,b are squares, say a = c”, b = d?. Hence 
x? = c+ +d‘, and this relation is impossible by (2D). O 

Legendre proved: 

(2G) Ifz,y,z are nonzero integers and 

a ats y* = 22 

then x? = y* and z? = x*. 

PROOF. We have 

4z4 = (x* ae y')? ae (ae + y°)? He Arty’, 
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4 4 
A —aty= (* 5+) 

u 2 
(in particular, x* — y* is even). Since x,y, z are not zero, by (2A) we 
have x* = y*, so x? = y?. Then 22=24. 

sO 

(2H) If x,y,z are nonzero integers and 2x4 + 2y* = z?, then 
Ce = Aa, 

PROOF. Multiplying by 8 we have (2x)* + (2y)* = 2(2z)?. By (2G), 
(2m) —=,(21)? and (22)? — (22)", so z* = 77, 27 = 47°, 0 

The next result is due to Lucas (1877). We present here an easier 
proof due to Oblath (1952): 

(21) The equation 

AX = — lie SY 

has only the trivial solutions (+1,+1) in integers. 

PRooF. If z,y are integers such that 3y* = 424-1 = (24?+1)(2x?-— 
1), since 2x? — 1 #0 (mod 3) then there exist integers a, b such that 
2x7 + 1 = 3a*, 2x? — 1 = b*. By (2G), the last equation is only 
Savisiiearwhen a= 1) b= El shence’y =cE17 
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1.3. Gaussian Numbers 

We shall prove that X* + Y* = Z? has no solution in nonzero inte- 
gers of the Gaussian field. This result is explicitly proved in Hilbert’s 
Zahlbericht (1897, Theorem 169); see also Sommer (1907) and Han- 
cock (1931). 

The set of complex numbers a = a+ bi, where i = W—I1 and 
a,b € Q, constitutes the Gaussian field K = Q(i). The numbers 

a =a-+ bi, where a,b € Z, are called the Gaussian integers. They 

constitute a ring, denoted by A = Z/i]. 
If a, G € K, G divides a if there exists a Gaussian integer y such 

that a = By. We write @ | a when @ divides a. Two nonzero 

Gaussian integers a, 3 are associated when a divides @ and divides 

@; we write a ~ @. The Gaussian integers associated with 1 are 

called the (Gaussian) units. It is easily seen that they are +1, +7. 
A nonzero Gaussian integer a is a prime if it is not a unit and 

the only Gaussian integers dividing a are units or associated with 

a. In the field of Gaussian numbers, every nonzero Gaussian integer 

qa is the product of prime Gaussian integers: @ = 772::-7Ys. This 

decomposition is unique in the following sense: if we also have a = 

6,6 ---6,, where each 6; is a prime Gaussian integer, then s = t, and 

changing the order if necessary, 7; and 6; are associated (for every 

erg) F 
Therefore we may define, in an obvious way, the greatest common 

divisor of nonzero Gaussian integers, which is unique up to units. 

If a, 3,7 are Gaussian numbers and y # 0, we write a = £ 

(mod ) when + divides a — Z. The congruence relation = satisfies 

the same properties as the congruence for ordinary integers. The 

Gaussian integer \ = 1 —i is a prime and 2 = 1)’, so A? | 2 but 

dA? 2. We have 1+14=i(1—7) =iA. 
There are precisely four distinct congruence classes modulo 2, 

namely the classes of 0, 1, 1, and A. Indeed, these numbers are pair- 

wise incongruent modulo 2. On the other hand, according to the 

parity of a,b, we deduce that a+bi is congruent to 0, 1, 7, or A, mod- 

ulo 2. In particular, if \ /a = a+ bi then a = 1 (mod 2) ora =i 

(mod 2). Then, a? = +1 (mod 4) and a* = 1 (mod 8), that is, 

a =1 (mod A®) since 8 = —i°. 
Now we show: 
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(3A) The equation 
x? a8 y4 = Vf 

has no solution in Gaussian integers all different from zero. 

ProoF. Let £,7,6 € Z[i] be nonzero and such that €4+7* = 0”. We 

may assume without loss of generality that gcd(€,7) = 1. Indeed, if 

§ = gcd(E,n), then € = 6€', 7 = dn’, with €’,n! € Z[i], ecd(€’, 1!) = 
1; so 64 divides 6”, hence 6? divides 0, we may write 0 = 676’, with 
6’ € Zi]. Hence € + 7* = 6” where ged(é’, 7’) = 1. 

From ged(€,7) = 1 it follows that €,7,0 are pairwise relatively 

prime. We consider two cases. 

Case 1: 2 does not divide €7. 

By a preceding remark £4 = 1 (mod \°), n* = 1 (mod A°) so 
G7 65 49* = 2, (mod A°). Since 2 = 47 /then A7)|"02; hence 
d | 6. However, \? / 6, because A* / 2. We write 6 = 6,, where 
d /0,. Thus 476? = 2 = id? (mod A°) hence 6? = i (mod 4‘), and 
therefore 6 = —1 (mod A°) since A* ~ 4, A® ~ 8. However, A / 4; 
hence 6} = 1 (mod \°), which would imply by subtraction that 2 = 0 
(mod A°), and this is absurd. 

Case 2: 4X divides €. 

Hence A 78. We write € = AE’, with m > 1, €’ € Zi], and A /€’. 
The essential part of the proof consists in showing the following 

assertion: 

Let n > 1 and let € be a unit of Z[i] (so e = +1 or +i). If there 
exist a, 3, y € Zi], pairwise relatively prime, not multiples of A, and 

EA" a4 + 84 = 7? then: 

(a) n > 2; and 
(b) there exists a unit €, and aj, (1,71 € Z|], pairwise relatively 

prime, not multiples of A, such that 

ey a) Ge =— Bt — 7. 

The hypothesis is satisfied with n =m, e=1,a=€&',B=n, y= 

6. By repeated application of the above assertion, we would find a 

unit e’ and a’, 8’, y' € Z{i|, pairwise relatively prime, not multiples 
of A, such that 

Ba: Bs ee Ea nf, 

This contradicts (a) above. 
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First we show that n > 2. Indeed cA*"a4 + 64 —1 = 7? —1 and 
since  / 8, then 64 = 1 (mod A®), so y? = 1 (mod M4). But A /y 
hence y =i (mod ”) or y =1 (mod A?). In the first case, 7? = — 
(mod A*) hence \* would divide 2, a contradiction. So y — 1 = 2p 
where p € Zi] and hence y+ 1 = A247 +2 = d?(u +2). But either 
A | w or if AY w then yw = i (mod d) because 1 = i (mod A); so 
ji = —7 (mod A). We have shown that in any case \ | f(y +72) so X° 
divides 7? — 1 = A*u(u +72), hence A> divides eA*"a* + (34 — 1); but 
A® divides B* — 1, \ Va, hence A® | 44" so n > 2. 

Now we prove (b). We have cA*"a* = y? — 64 = (y— 6?) (7+ 8). 
We note that gcd(y — B?, y + 8?) = ”. Indeed \ must divide one 
of the factors in the right-hand side, hence it divides both factors, 

because (A + 8?) — (A — 8?) = 2G? is a multiple of \?. Since \4 
divides the right-hand side, this implies necessarily that A? divides 

both factors: 

1 =? = rv, 
y ae 16k = mena’, 

where v,v’ € Zi] and gcd(v,v') = 1. Hence ed*"a* = A*"vv' so by 
the uniqueness of factorization up to units, v,v’ must be fourth pow- 

ers, up to units vy = wk4, v'’ = w'K!, where «,K’ € Z[i], gcd(K, K’) = 
1, w,w’ are units. Thus 

Vili iG = wr?K', 

eG ase el 

and subtracting, 

QB? =i NO IN ae. 

Hence 
= 75) \ eciiert Tk 

so 
Be le ret ry ue B. 

with units w= —iw’, w; = iw. We show that w, = 1, which suffices 

to establish statement (b). Since n > 2 then A* | 6? — w,K*; but 

\/B, hence A)’ hence «* = 1 (mod A°) so A* | 8? —w,. But »° 

divides 64 — 1 = (6? — 1)(6? + 1) hence 6? = 1 or — 1 (mod 4’). 

This shows that w, = +1. If w, = —1, by multiplication with —1, 

we obtain the relation 

Bit MW aK = (10) 
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So, in all cases, we have shown (b), proving the statement. 
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I.4. The Cubic Equation 

Fermat proposed the problem to show that a cube cannot be equal 

to the sum of two nonzero cubes. See letters to Mersenne [for Sainte- 
Croix] (September, 1636), to Mersenne (May ?, 1640), to Digby [for 
Wallis] (April 7,. 1658), to Carcavi (August, 1659), all mentioned 

in the Bibliography of Section 1.2; see also a letter to Digby [for 

Brouncker] (August 15, 1657). 
Euler discovered a proof of this statement. It used the method 

of infinite descent and appeared in his book on Algebra, published 

in St. Petersburg in 1770, translated into German in 1802, and 

into English in 1822. A critical study of Euler’s proof uncovered 

an important missing step, concerning the divisibility properties of 

integers of the form a? + 3b. We note that in his paper of 1760, 

Euler had already proved rigorously that if an odd prime number 

p divides a? + 3b? (where a,b are nonzero relatively prime integers) 

then there exist integers u,v such that p = u? + 3v?. Yet, Euler did 
not establish in full the Lemma 4.7 which is required in the proof. 

Legendre reproduced Euler’s proof in his book (1808, 1830) without 

completing the details. 

In 1875, Pepin published a long paper on numbers of the form a+ 

b\/—c pointing out arguments which had been insufficiently justified 
by Euler concerning numbers of the form a? + cb”, especially for c = 

1,2,3,4,7. Schumacher (1894) noted explicitly the missing link in 
the proof. In 1901 Landau offered a rigorous proof; this was again the 
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object of Holden’s paper (1906) and, once more in 1915, a detailed 
proof appeared in Carmichael’s book.' In 1966, Bergmann published 
a paper with historical considerations and a thorough analysis of 
Euler’s proof. Once more, in 1972, R. Legendre pointed out that 
Euler’s proof was not perfect. In his book, Edwards (1977) discusses 
also this proof. 

(4A) The equation 

(4.1) Me ye 7 0 

has only the trivial solutions in integers. 

PrRooF. Assume that z, y, and z are nonzero, pairwise relatively 

prime integers such that 2° + y? + z3 = 0. Then they must be 
distinct (because 2 is not a cube) and exactly one of these integers 
is even, say Z,y are odd and z is even. Among all the solutions with 

above properties, we choose one for which |z| is the smallest possible. 
We shall produce nonzero pairwise relatively prime integers 1, m,n 

which are such that /° + m? +n? = 0, n is even, and |z| > |n|. This 
will be a contradiction. Since x + y, x — y are even, there exist 

integers a,b such that 2a=2+y, 2b=a2-—y; soz =a+b,y=a—b 

and therefore a,b 4 0, gcd(a,b) = 1 and a,b have different parity. 
Then —z? = 2? 4+ y? = (a + b)? + (a — Bb)? = 2a(a? + 367). But 

a? + 3b? is odd and z is even, hence 8 divides z*, so 8 divides 2a, 
so b is odd. We have gcd(2a, a? + 3b?) equal to 1 or 3. In fact, if 
p*(k > 1) is a prime power dividing 2a and a’ + 3b* then p 4 2 so 
p* divides a, hence 3b’; but p does not divide b, so k = 1 and p= 3. 

Now we consider two cases. 

Case 1: gcd(2a, a? + 3b?) = 1. 
Then 3 does not divide a. From —z? = 2a(a? + 367) it follows from 

the unique factorization of integers into primes that 2a and a? + 3b" 

are cubes: 
Dias 1h 

{ a? Bb =hae 

where s is odd and not a multiple of 3. At this point we make use 

of a fact to be justified later: if s is odd and s* = a* + 3b* with 

1A proposed simplification of Euler’s proof by Piza (1955) is wrong, as 

pointed out by Yf (1956). 
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ecd(a,b) = 1, then s also must be of the form s = u? + 3v’, with 
u,v € Z, and 

a = u(u? — 9v”), 
{ b = 3u(u? — v’). 

Then v is odd, u is even (because b is odd), u # 0, 3 does not 

divide u (since 3 does not divide a) and gcd(u,v) = 1. Therefore, 
2u, u + 3v,u — 3v are pairwise relatively prime and from r? = 2a = 

2u(u — 3v)(u+ 3v) it follows that 2u, u — 3v, w+ 3v are cubes: 

20 =n, 
au — 30>= |, 

u+3u =m, 

with 1,m,n distinct from 0 (since 3 does not divide wu) and pairwise 

relatively prime. We conclude that 

2m? + n° =0; 

where n is even. Now we show that |z| > |n|. In fact, 

|z|> = |2a(a? + 3b7)| = |n?(u? — 9v?)(a? + 3b7)| > 3)n3| > |n3| 

because u? — 9v% = [3m? # 0 and b F O, since it is odd. This 
contradicts the minimality of |z|. 

Case 2: gcd(2a, a? + 3b?) = 3. 
We write a = 3c. Thus, c is even and indeed 4 divides c, while 3 

does not divide b (since a,b are relatively prime). So —z3 = 6c(9c? + 
3b) = 18c(3c? + b?) where gcd(18c, 3c? + 6?) = 1. Indeed, c is even 
and 6 is odd, therefore 3c? + b? is odd, 3 does not divide 3c? +b? and 
gcd(b,c) = 1. By the unique factorization of integers into primes, 

18c and 3c? + b? are cubes: 

18cv—er3, 
SC pes? 

where s is odd and 3 divides r. By the same result already quoted, 

s =u? + 3v? with u,v € Z and 

{ b = u(u? — 9v?), 
C= Buu? —07)s 

Thus wu is odd, v is even (since 6 is odd), v £ 0, gcd(u,v) = 1. Also, 

2v,u+v,u— v are pairwise relatively prime. From r? = 18c = 
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S4u(u + v)(u — v) we deduce that (r/3)3 = 2v(u + v)(u — v) and 
2v, u+v, u—v are cubes: 

20 S13. 

Uitte 12s 
Ch) = Src 

Thus 1° + m° + n° = 0 with 1,m,n different from 0, and n even. 
Now we show that |z| > |n|. In fact, 

lz|" | 18|c|(3c? + b?) 

54|u(u? — v?)|(3c? + b?) 

= 27|n|°|u? — v?|(3c? + b?) 

Shes 

Since u? — v? = —I3m3 £ 0, |8c? + b?| > 1. Again, this contradicts 
the choice of |z| as minimal. 0 

We shall now justify the step concerning the expression of s as 

s =u’ + 3v?. For this purpose, we use arguments, already known to 
Fermat, in connection with the study of integers of the form u? + v?. 

Let S be the set of integers of the form a? + 3b? (a,b € Z). S is 
closed under multiplication, because 

(4.2) (a? + 3b7)(c? + 3d?) = (ac + 3bd)? + 3(ad $ bc)? 

(the equality holds with corresponding signs). 

LEMMA 4.1. Let p be a prime different from 2 and 3. Then the 

following conditions are equivalent: 

(1) p=1 (mod 6). 
(2) —3 is a square modulo p. 
(3) The polynomial X* + X +1 has a root in F,. 

ProoF. For the equivalence of (1) and (2) we compute the Legendre 

symbol, using Gauss’ reciprocity law: 

(2)=(2)@)-cormror"()-6) 
So (—3/p) = +1 if and only if p = 1 (mod 3), that is, p= 1 (mod 6). 

For the equivalence of (2) and (3), we write 

X?4K 415 (X44) 42. 
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2 
If there exists a € F, such that a? +a+1=0 then —3 = 4 (a — 5) 
and conversely, if —3 = 6? with 6 € F,, we take a = ae + 3/2 so 

w@+a+1=0. O 

LEMMA 4.2. If k is a nonzero integer, if p is a prime, and p = 

C2 + 3d? € S, pk = a? + 3b? € S then p divides ac + 3bd and ad F bc 
(with corresponding signs ) and 

2 
Pa (===) +3(“E) eer 

Pp Pp 

PROOF. We have 

(a? + 3b?) (c? + 3d?) _ (G + a ( ad + be i) 
(c? + 3d?)? ~~ \e2 + 3d? c? + 3d? 

by (4.2). But (ac + 3bd)(ac — 3bd) = a?c? — 967d? = a?(c? + 3d’) — 
3(a? + 3b?)d? = (a? — 3kd?)(c? + 3d). Since c? + 3d? = p is a prime 
then, say, p divides ac + 3bd, that is, (ac + 3bd)/p € Z. Hence also 

3 ((ad — bc)/p)? € Z and therefore (ad — bc)/p € Z, thusk ES. O 

I = 

LEMMA 4.3. If p is a prime then p € S if and only if p= 3 orp=1 

(mod 3). 

ProoF. If p = a? + 3b, p # 3, then b 4 0, so p = a? (mod 3), and 
3 /a; thus p = a? = 1 (mod 3). 

Clearly 3 € S. Let p = 1 (mod 3). Since (—3/p) = 1 then 
there exists t such that 0 < t < p/2 and —3 = t? (mod p). Then 
mp = t? + 3 < (p/2)? +3 < p* so0 <_m <p. Now we observe that 
for every t > 1 there exists at most one prime p # 2,3 such that 

p|t?+3 but pu? +3 for every u,1<u<t. 
Indeed, we assume that there exist distinct primes p, p’ as above, 

p <p’. By the preceding remark, we must have 0 < t < p/2, and 

t? +3 = pm with 0 < m < p. Since p’ | t? +3 then p’ | m so 

p’ <m < p, which is a contradiction. 

Now we are ready to prove the statement. Suppose there exists a 

prime p, p = 1 (mod 3), such that p ¢ S. We take the smallest such 

prime p. Let t > 1 be the smallest integer such that p | t? + 3, so 

0<t<p/2, t?+3 = mp with 0 < m <p. If p’ is any prime dividing 

m,m = p'm’, then p' <m < p,sop’ € S. From p'(pm’) = pm = t?+ 
3 € S it follows from Lemma 4.2 that pm’ € S. Ifm’ =1 then pe S, 

as we intended to show. If p” is a prime dividing m’, m’ = p’m”, 

then p” < m' < pso p” € S, hence p"(pm") = pm’ € S and by 
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Lemma 4.2, pm” € S, where m” < m’. Repeating this argument, we 
eventually arrive atpe S. 

It is worth giving another proof, using Dirichlet’s pigeon-hole prin- 
ciple, of the fact that if p= 1 (mod 3) then pe S. 

From p = 1 (mod 3) there exists t, 1 < t < p—1, such that 
—3 =? (mod p). We consider the set of all pairs (m,n) such that 
0 <m, n < [,/p]; since there are more than p such pairs, then there 
exist two distinct pairs (m,n), (m’,n’) such that m+ nt =m’ + n't 
(mod p). Som 4 m' andn # n’, say n > n’, hence t = (m/—m)/(n— 
n') (mod p); since 0 < n—n! < \/p and 0 < |m’ —m| < vf, then 
t = +a/b (mod p) with0 <a< \/p,0<b< ,/p. Thus a? +30? =0 
(mod p) and we may write a? + 3b? = kp, with 0 < k < 4. It follows 

that a* = k (mod 3) hence k = 0 or 1 (mod 3), that is, k = 1 or 3. 
[ee=1 then pes. It k = 3 itollows that 3 |.a, so a = 3a’ and 

dividing by 3, p=? +30” €S. 

LEMMA 4.4. Let m = u? + 3v?, with u,v 4 0, ged(u,v) = 1. If p is 
an odd prime dividing m then p € S. 

PROOF. 3 € S,so we may assume that p # 3. Since p divides m then 

p does not divide v, otherwise it would also divide u, contrary to the 

hypothesis. Let v’ be such that vv’ = 1 (mod p). So (uv’)? = — 
(mod p) and (—3/p) = 1, that is, p = 1 (mod 3). By Lemma 4.3, 

pes.. TL] 

We complete the above lemmas as follows: 

LEMMA 4.5. If p is a prime, p € S, then its representation in the 

form p = a? + 3b? (with a > 0, b > 0) is unique. 

PrRooF. We apply Lemma 4.2 with k = 1, thus p = a?+30? = c?+3d? 

(where a,c > 0, b > 0, d > 0). Hence 

naa ee ea —_ ee aN 

Pp Pp 

so p = ac+3bd, ad = tbe. Therefore pd = acd+3bd* = 0G 30 a= 

+b(c? + 3d?) = +bp. Hence d= +b thus b=d, hencea=c. 

LEMMA 4.6. Let m =3 orm =u?+3v’, with u,v # 0 and ged(u, v) 

= 1. If m is odd and m = []j_,p;' (where pi,.-. Pn are primes 
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and e; > 1) then there exist integers a;,b; (i = 1,...,n) such that 

pi = a? + 3b? and 

u+tvV—-3 = [[(@ + b/V—3)%. 
sl 

PROOF. The proof is by induction on m. It is trivial when m = 3. 

Let m > 3, som = u>-+ 3u’, with u,v = 0, gcd(w,v) = 1. Let p bea 

prime dividing m, and m = pk. By Lemma 4.4, p = a? + 3b’, and by 
Lemma 4.2, k = c? + 3d? where c = (ua + 3vb)/p, d = (ub = va)/p 
(with corresponding signs). We also have (a + bV3)(c = dV—3) = 
(ac + 3bd) + (bc — ad)\/—3 where 

1 
ac + 3bd = —(ua? + 3vab + 3ub? + 3vab) = u, 

Pp 

E(bC ad) — ore + 3ub? — uab + va?) = v, 
Pp 

that is, 

(a + b/—3)(c = dV/—3) =ut+vvV-3. 

livko=uleciieis triviale Ik o-slithen either ko. ScOlsky ono wale 

this case, c # 0 (otherwise c = 0, so d divides u,v, hence d = 1 

and k = 3, contrary to the hypothesis); similarly d 4 0 (otherwise 

d = 0, so c divides u,v hence c = 1 and k = 1, contrary to the 

hypothesis); moreover, gcd(c,d) = 1, because gcd(u,v) = 1. By 

induction, the result is true for k, hence c + d\/—3 is expressible in 

the form indicated. Since (a + b\/—3)(c = d/—3) = u+ v\/—3 then 
the result also holds form. © 

LEMMA 4.7. Let E be the set of all triples (u,v, s) such that s is odd, 

gcd(u,v) = 1 and s* = u? + 3u?. Let F be the set of all pairs (t, w) 
where gcd(t, w) = 1 andt #w (mod 2). The mapping ®: F —> E 
given by P(t, w) = (u,v, s) with 

u = t(t? — 9w?), 
v = 3u(t? — w”), 
Siar issue: 

1s onto E. 

PROOF. It is clear that u? + 3v? = s°. Since t,w have different 
parity, then s is odd. Next we show that gcd(u,v) = 1. Indeed, 
first we note that gcd(t*? — 9w?, t? — w?) = 1 because if a prime p 
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divides t? — 9w? and t? — w?, it divides 9t2 — 9w?2 so also 8t?, hence 
p = 2 (since p cannot divide t because gcd(t,w) = 1). Since t, w 
have different parity, this is impossible. Now we assume that pisa 
prime, e 2 1 and p* divides u and v then p | t or p | t? -- Sw? hence 
p | t in both cases; so p / w(t? — w?) hence p = 3. From 3° | v since 
3 | t then e = 1 thus ged(u,v) = 1 or 3. If3 | u, 3 |v then 3| t, 3 /w 
so 3 | s but 3° /'s. However s? = u? + 3v? so 3? | s3 hence 3? | s, 
which is a contradiction. This shows that ®(t, w) = (u,v,s) € E. 

Conversely, given (u,v,s) € E, let s* = []'_, pS: be the decom- 
position of s* into a product of primes (ih aie apaecistinet,-c,—>.1)); 

so e; = 3e; for every 7. By Lemma 4.6 there exist integers a;, 5; 
(a= 1, x) such thatep; =a7 ++ 3b? and 

utouVv—-3 = [[G + by —3)%. 
il 

Let t,w € Z be defined by the relation 

Gist 8.3) = 6 Pw) 3; 
= 

so ut+ v/—3 = (t + w/—3)?. Computing explicitly the cube in the 
right-hand side, it follows that u = t(t? —9w?), v = 3w(t? — w?). Fi- 
nally, by taking conjugates, u—v./—3 = (t—wV/—3)3, so by multiply- 
ing, s? = u?+3v? = (t?+3w?)3, hence s = t?+3w?. It follows that t, u 
have different parity and also gcd(t, w) = 1, ®(t,w) = (u,v, s). O 

In this way we have established all the steps in Euler’s proof of 

(4A). 
Now we prove the following result due to Kronecker (1859); see 

also Vranceanu (1956, 1960). It is a consequence of Fermat’s theorem 

for the exponent 3. 

(4B) 
(1) For every integer m # 0 the only solutions in integers of the 

equation 4X* — 3mY? = m° are (m,m) and (m,—m). 

(2) The only rational solutions of 4U° + 27T?.= —1 are (—1, §) 

and (—1,—4).- 

(S)aX eee are the only cubic polynomials with rational co- 

efficients such that the sum of roots is equal to 0 and the 

discriminant equal to —1. 
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(4) If the discriminant of a cubic polynomial with rational coef- 

ficients is the sixth power of a nonzero rational number, then 

its roots are of the form r+sV3sin(1/9), r+sV3sin(27/9), 
r — sV3sin(47/9). 

Proor. (1) Ifz,y are integers and (z, y) satisfies 427—3my? = m3 
then letting u = —22, v = y+m then u?+ v3 = —823 + y? + 3y?m+ 
3ym? + y8 = —2m3 — 6my? + y® + 3y2m + 38ym? + y? = (y — m)?. 
Thus either x = 0 (which would imply —3y? = m?, an absurdity) or 
y = +m; in this case we have necessarily x = m. 

(2) Let u,t be rational numbers, such that 4u? + 27¢? = —1. 
We write u = —a/m, t = y/3m, so —4x3 + 38my? = —m?. By (1) we 
have o = ony eerie herce Ua tes 

(3) If X*+axX +5 has rational coefficients and discriminant 
6=—1,.since 6 = 4a°-- 2767 then by (2),a=—-1,b=243. 

(4) If f(X) = X%+a,X? + a2X + a3 has rational coefficients, if 
g(X) = f (X —a,/3) then g(X), f(X) have the same discriminant, 
and g(X) is of the form g(X) = X*+uX +t with rational coefficients. 

If the discriminant is a sixth power of a nonzero rational number, 

say —(4u3 + 272) = r®, then 4(u/2)* + 27(t/r3)*” = —1. Hence 
ie pa ty SSO 

g(X)=X8— XT ar (2) - (=) + 3 

The roots of the polynomials 

KoeX ob : 

are +(2\/3/3) sin(7/9), +(2V3/3) sin(27/9), +(2V/3/3) sin(4x/9), 
hence those of f(X) are of the form indicated. 0 

Conversely, in 1944 Schmid established the equivalence below and 

proved Fermat’s theorem for the exponent 3 by showing directly the 

validity of (2); see also Vranceanu (1956, 1960, 1979) where this fact 
is explicitly spelled out: 

(4C) The following statements are equivalent: 

(1) Fermat’s last theorem is true for the exponent 3. 
(2) For every integer m # 0 the only solutions in integers of the 

equation 4X° — 3mY? = m3 are (m,m), (m,—m). 
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TABLE 2. FLT for the exponent 3. 

Author Year 

Kausler 1795/6, publ. in 1802 
Legendre 1823,,1830 

Calzolari 1855 

Lamé 1865 

Tait 1872 

Gunther 1878 

Gambioli 1901 

Krey 1909 

Rychlik 1910 

Stockhaus 1910 

Carmichael 1915 

van der Corput 1915 

‘Thue 1917 

Duarte 1944 

(3) The only rational solutions of 4U* + 27T? = —1 are (—1,3), 

jean 
PROOF. We have seen in (4B) that (1) implies (2) and also that (2) 
implies (3). Now we assume that statement (3) is true and we shall 
derive that Fermat’s theorem is true for the exponent 3. 

Assume, on the contrary, that there exist nonzero, pairwise rela- 

tively prime integers z,y,z such that 2? + y? = z?, soy # z. Let 

u = x/(y—z),t = (y+ z)/(3(y — z)). Then 4u* + 274? = —1, 
as is easily seen. So, by assumption, u = —1,¢ = +1/3, hence 

y—z = +(y+2z); this leads to y = 0 or z = 0, contrary to the 

hypothesis. 

In 1885, Perrin showed that if X* + Y?+ Z° = 0 has a nontrivial 
solution in nonzero relatively prime integers then it would have an 

infinite number of such solutions, which are obtainable from the 

assumed solution by means of rational operations. Of course this 

statement is not of interest since there are no solutions of the type 

indicated. 

Proofs of Fermat’s theorem for the exponent 3 were also published 

by the authors listed in Table 2. 

We conclude this section with the study of an equation similar to 
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(4.1). With the method of infinite descent, we show (see Legendre, 
1808, 1830): 

(4D) For every m > 0 the equation 

(4.3) DEEN case 

has only the trivial solutions in integers; namely, the solutions are 

(x,y,z) with cyz =0 and if m = 1 also (2, 2,2) with any z FO. 

Proor. Assume that 2, y, z are nonzero integers, that x, y, z are not 

equal if m = 1, and that x? + y? = 2™z?; we may assume without 
loss of generality that gcd(z, y, z) = gcd(z, z) = gcd(y, z) = 1. 
If m = 3m’ with m’ > 0, (a, y, 2” z) would be a nontrivial solution 

of the equation X° + Y? = Z?, which contradicts (4A). Thus 3 /m. 
Since m # 0 then z,y have the same parity. If x,y are not both 

odd, let s > 1 be the largest integer such that 2° divides x,y. We 

write z = 2°z’, y = 2°y’ so a’ or y’ is odd and 2” + y* = 2-35 73. 

thus (2’, y’, z) is a nontrivial solution of an equation of the same type; 

then x’, y’ have the same parity, so both are odd. Thus, changing m 

into m—3s, we may assume without loss of generality that (4.4) has 
a nontrivial solution (x,y,z) with x,y odd, and also gcd(z,y,z) = 

gcd(x,z) = gcd(y,z) = 1; therefore gcd(z,y) = 1. With the same 
argument, we may also assume that z is odd. So, we have 

2" =e +y = (e+ y)(x* -—azy+y’), 

with gcd(x + y, x? —zy+y’) = 1 or 3. Indeed, if p is a prime, e > 1 

and p° divides both x + y and 2? — zy + y? then z = —y (mod 7°) 

so x7 — zy + y? = 32? (mod p*); thus p® | 3x7; since gcd(z,y) = 1 
then p /z, hence p® | 3, that is p° = 3, proving the statement. 

Moreover, since x” — ry + y? = (x + y)? — 3zy, then 3 | x4 y is 
equivalent to 3 | z* — ry + yz, which is in turn equivalent to 3 | z 
and again to gcd(x + y, 2? — ry + y”) =3. 

We are led to two cases. 

Case Vea) 2 
Since ged(az + y, x? — ry + y”) = 1 and x? — zy + y” is odd there 

exist odd, relatively prime integers a,b such that 

clays a>. 
z*—asy+y’? =b', 
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with z = ab. Since «+ y, x — y are even, we may write 

OA ay ec ye ( ) 3 : 
2 i 2 

It follows from Lemma 4.6 that there exist integers t, w such that 

Ya H i 
+ > V-3 = (t+ wy-3)° 

and 

{ (a y)/2=tP ow"), 

(x — y)/2 = 3z(t? — w’), 

b=t? + 3w?. 

If ¢ = 0 or ¢? — 9w? = O then « = —y so z = 0. If w = 0 or 
t? —w? = 0 then ¢ = y = Oorez = y = z = +1 with m = 1. 
This was excluded by the hypothesis. It follows that |t? — 9w?| 4 1, 
otherwise ¢ + 3w = +1, t — 3w = +1 which is easily seen to be 

impossible. 

We have 3 / t, because otherwise 3 | b so 3 | z, contrary to the 
hypothesis. Since b is odd, so are t+ 3w and t — 3w. Hence t, t + 

3w, t — 3w are nonzero, pairwise relatively prime integers. From 

2™~'q3 = t(t+3w)(t—3w) it follows that there exist nonzero integers 
c,d,e such that 

i Viewc. 
t+30 ad, 
i Bierce. 

and c,d,e are odd, pairwise relatively prime, with a = cde. Hence 

d? + e? = 2c? so (d,e,c) is a solution of the given equation. But 
pee i text 9 | 2 (a> hence |clgq sale isa, 

s™ al? = |x+y| < |a+yl||x?—-zyt+y?| = |z*° +y"| = 2™|z|* so |e| < |z|. 
Since 3 / c, repeating the argument with the solution (d,e,c) this 

would yield a sequence of solutions (d;,€1,¢1), (d2,e2,¢2),... with 

|z| > lei] > |ca| > ---, all the c; being nonzero integers, which is 

impossible. 

Case 223402: 
Now gcd(z+y, 2?—zyt+y’) = 3. We note that 3° a? —ayty* = 

(x + y)? — 3ay; otherwise 3 | ry so 3 divides both x and y, contrary 

to the hypothesis. 
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Thus, there exist odd, relatively prime integers a, b such that 

Git ea) od Os 
a —ayt+y? = 3b, 

with 3 /b and z = 3ab. Since x+y, 2-y are even and 3 | x+y we may 

write 3b° = (x + y) )/2)? + 3((a — y)/2)” hence b? = ((x — y)/2)? + 
3((x + y)/6)°. It follows from Lemma 4.6 that there exist integers 
t, w such that 

P=¥ FHV 3 ~ 4 w/=3} 
2 

and 
(2 — y)/2 =t(t? — 9w’), 

| (x +y)/6 = 3w(t? — w*), 
b= t? + 3u”. 

[hte Ororei4 = Ow Uithen see =7h==40 Ofer === ee Lwin 
m= 1. If w= 0 or i? >w? = 0 then s = —y so:z/= 0. This was 
excluded by the hypothesis. It follows that |t? — w?| 4 1 otherwise 
t+ w= +1, t—w= +1, which is easily seen to be impossible. 

Since 6 is odd, so are t+3w, t—3w, hence also t+w, t—w. There- 

fore w, t — w, t+ w are nonzero pairwise relatively prime integers. 

From 2”~!a3 = (x + y)/18 = w(t — w)(t + w) it follows that there 
exist nonzero integers c,d,e such that 

ee aa 
i+w =d', 
t—w =e, 

and c,d,e are odd, pairwise relatively prime, with a = cde. Hence, 

d*® — e® = 2'c?, so (d, —e,c) is a solution of the given equation. 
Bute2i eel? eats) ec ilro| tery) ery | 8 = 2 ella | a thus 

|c| < |a|. Also 

23° al? = |x +y| 
e et ylle* sy ty" 
x 3 

Iz* + y°| 
3 

Pa 

3 D) 

hence |c| < |a|] < |z|/3. 
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Whether 3 divides c or not, we repeat the argument in the first 
or second case, and this leads to a sequence of solutions (di, €1,C1), 
(dz, €2,C2),... with |z| > |ei| > |co| > ---, all the c; being nonzero 
integers, which is impossible. 

The theory of the equation X° + Y? = AZ? has been further 
developed by Legendre (1808, 1830), Pepin (1870, 1875, 1881), Lucas 
(1878, 1880), Sylvester (1856, 1879) and Hurwitz (1917) who proved 
the impossibility of the equation in integers, for many values of A 
— but we shall not enter into this matter. Other interesting papers 

on ternary cubic diophantine equations are from Hurwitz (1917), 
Mordell (1956); see also Mordell (1969). 
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1.5. The Eisenstein Field 

We shall now give the proof of Gauss that Fermat’s cubic equation 

has only trivial solutions in the Eisenstein field. The set of complex 

numbers a + b\/—3, where a,b are rational numbers, constitute a 

field, called the Eisenstein field and denoted by K = Q(./—3). The 
numbers a = (a + b\/—3)/2, where a,b are ordinary integers of the 

same parity, are called the integers of K. They constitute a ring, 

denoted by A. If a,@ € K, @ divides a if there exists an integer 

y € A such that a = By. We write GB | a when 6 divides a. Two 

nonzero integers a, are associated if a divides 3 and ( divides 

a; we write a ~ Z. The integers associated with 1 are called the 

units of K. It is easily shown that they are +1, +¢, +¢?, where 

CS 1 4/23) /2) C= (1 — 3) /2. We note that ¢? = 1, that 
is, ¢ is a primitive cubic root of 1, and 1+¢+¢? =0. A nonzero 

integer a € A is a prime if it is not a unit and the only integers 

dividing a are units or associated with a. 

In the particular field Q(,/—3) under consideration, it is true 

that every nonzero integer a is the product of prime integers: a = 

1172°:*Ys. This decomposition is unique, in the following sense: if 

we also have a = 6,65:--6;, where each 6; is a prime of K, then 

s = t and, changing the order if necessary, 7; and 6; are associated 

(for every i = 1,...,s8). Therefore, we may define, in the obvious 

way, the greatest common divisor of nonzero integers of A which is 

unique up to units of A. 

The proofs of the following properties may be found in any stan- 

dard text on algebraic numbers, for example, in Ribenboim (1999). 
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The conjugate of a = (a + b\/—3)/2 is @ = (a — b—3)/2. The 
norm of a is N(a) = aa@ = (a? — 3b*)/4. 

Ifa € Athen Aa = {Ga | 3 € A} is the ideal of multiples of a. If 

a,3,y € A, a #0, we write 

B=vy (moda), 

when a divides 3 — 7; we say that @ and y are congruent modulo 

a. This is an equivalence relation on the ring A and the set of 

equivalence classes is denoted by A/Aa; the equivalence class of 3 

is denoted by @ and called the residue class of 3. We define the 

addition and multiplication of residue classes as follows: 3 +7 = 

B+7, B-7= By. Then A/Aa is a ring, called the residue ring of A 

modulo a. The residue ring A/Aa is finite; its number of elements 

is equal to |N(a)|. 
Now we describe the decomposition of prime numbers p as prod- 

ucts of prime elements of the ring A. 

(1) p = 3 is ramified, that is, 3 = (—C7)A?, so 3 ~ A?, where 
A= 1-—¢ = (3 — V—3)/2, X is a prime element of A. There are 
three residue classes of A modulo ; the set {0, 1, —1} is a system of 

representatives of the field A/A\. The norm of \ is N(A) = AX = 
(1—¢)1-¢?) =1-¢€-¢€?4+1=3, since 1+¢+¢? =0. 

(2) p = 2 is inert, that is, 2 is a prime of A. There are four residue 

classes of A modulo 2, that is, A/A2 is the field with four elements; 

the norm of 2 is N(2) = 4. 
(3) If p = 1 (mod 8) then p ~ A,A2, where \j, Az are prime ele- 

ments of A which are not associated (A; % Az); we say that p splits 

(or is decomposed). Now A/Ap has p” elements and it is the direct 

product of two copies of the field F,, with p elements, and 

N(A1) = N(X2) = p. 

(4) If p = —1 (mod 3) then p is a prime element, that is, p is inert; 
A/Ap is a field with p? elements, N(p) = p?. 

We shall not need (2), (3), (4) above in Gauss’ proof. 
We shall need the following precise congruence: 

LEMMA 5.1. If a € A and X does not divide a then a? = +1 
(mod A‘). 

PROOF. Since a # 0 (mod A) then a = +1 (mod A). First, we 
assume a@ = 1 (mod X), soa—1= A where 8 € A. Then a—¢ = 
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(a—1)+(1=¢€)=PrA+A=A(B+1),a-C@ =(a-0)4(¢-C) = 
A(B +1) +A = A(6 — ¢?). Hence a? — 1 = (a — l)(a—¢)(a—¢?) = 
h BGs 1) (Gs2C*)eButdl— Cail Odor? = 1 (mod A). Hence 
GB, B+1, B—C? are in three different classes modulo A, and at least one 
is a multiple of A. Therefore a? = 1 (mod A‘). If a = —1 (mod 4) 
theme a = (=-a)* =11 (modiA2), soa® =—1 (mod \*), O 

The following result of Gauss implies (4A): 

(5A) The equation 

(5.1) A eoY > 7 = 0 

has no solution in algebraic integers of Q(./—3), all different from 

0. 

ProoFr. Assume that €,7, 6 € A are nonzero and satisfy €°+7°+6° = 
0. If gcd(€, 7, 0) = 6 then €/6, 1/6, 6/6 satisfy the same equation 

and gcd (€/6, 7/6, 0/6) = 1. So we may assume gced(€,7,0) = 1 and 
therefore, €, 7, 9 are pairwise relatively prime. So A cannot divide 

two of these elements €, 7, 8. We may assume, for example, that 

nec 0. 

First Case: We assume that A /6. 
Then 

n>? = +1 (mod 4°), 
6? = +1 (mod 43), 

so0 = 684+ 7°46? =+1+1+1 (mod A°). The eight combinations 
of signs give +1 or +3. These are congruent to 0 modulo 4°, since 

+1 are units, £3 are associated with A”, hence not multiples of X°. 

Second Case: We assume that \ | @. 

Let 06 = Aw, yw € A, m => 1, and J does not divide w. The essen- 

tial part of the proof consists in establishing the following assertion: 

Let nm > 1, and let « be avunifvof A. If there exist a,6,7 € A, 

pairwise relatively prime, not multiples of A, and a°+°+e\°"7° = 0, 

then: 

(a) n > 2; and 
(b) there exist a unit €; and ay, (1,71 € A, pairwise relatively 

prime, not multiples of A, such that af + 67+e, A" q? = 0. 

€3 = +1 (mod 43), 
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The hypothesis is satisfied with n= m,e=1,a=, B=7, y= 

w. By repeated application of the above assertion, we would find a 

unit e’, and a’, 3’, y’ € A not multiples of A, such that Coe ae 

e'\34/° = 0, and this contradicts (a) above. 
First. we show that n > 2. Indeed, \ /a and A /@. So by Lemma 

5.1, a3 = +1°(mod A‘), 6° = +1 (mod A‘) and +1 +1 = —eAd*"4° 
(mod A*), Ay. Since y / + 2 the left-hand side must be 0. From 
A 7 we conclude that 3n > 4, so n > 2. 

Now we prove (b). We have 

(522) =e" =o +0 =(a 7 b\a+ Colac 2). 

Since A is a prime element dividing the right-hand side, then it must 

divide one of the factors. But a+ B=a+¢8=a+C’?G (mod dA) 

because A = 1 —¢, 1— ¢? = —€?X so A must divide all three factors; 
hence (a + 8)/A, (a+ ¢8)/A, (a+ ¢7B)/A € A and 

(238) (250) (2). 
Since n > 2, A divides the right-hand side, hence at least one 

factor. It cannot divide two of the factors, otherwise two among 

a+, a+¢8, a+C?Z are congruent modulo A?. We check that this is 
not possible: (a+)—(a+¢3) = B(1—¢) = GA =0 (mod A?) implies 
A | B, a contradiction; (a + B) — (a+ ¢?8) = B(1—-¢?) = —BC?A =0 

(mod 4”) implies A | 6 again; (a + ¢8) — (a + ¢78) = ¢B(1-¢) = 
¢GX = 0 (mod 4?) implies A | 6 again. 

Let us assume that A divides (a+)/A (the other cases are treated 
by replacing 3 by ¢G or 673). Then \2"— divides (a+)/. There- 
fore 

(5:3) a+ CG = AKo; 
a+ (73. =XKa, 

with K,,2,k3 € A, A not dividing k,, Kg, k3. Multiplying, we have 

| a+ 6B =" *kK,, 

(5.4) a ey = Ki K2K3. 

We note that «1, K2, K3 are pairwise relatively prime. For exam- 

ple, if 6 € A divides Kk, kp, then 6 divides (a + 3) — (a+ ¢8) = 
B(1 — ¢) = BA, and similarly when 6 divides 1,3 (or Ko, 3). But 

A does not divide &,, K2,3, So 6 is not associated with A; hence 6 

divides @ and therefore also a, which is a contradiction. 
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By the unique factorization in the ring A, it follows from (5.4) that 
the elements 1, K2, K3 are associated with cubes, i.e., there exist 
units w; € A and elements yz; € A such that K; = w,y3 (i = 1,2,3). 
So 

(5,5) a+ C6 = Ap3wn, 
| ES) Re Ona 

A@A-C78 = Apsws. 

We note again that j1;, ju2, 443 are pairwise relatively prime and 
does not divide 41, 42, 3. Thus 

0 = (a+ B)+C(a+¢B) + C(at C78) 
= "PF tan + CApswe + C?AURWs, 

sO 

fa + Tyg +7’ MOY ut = 0, 
where T, 7’ are units, 1, 2, [3 € A are not zero, and gcd(2, 3) = 

1. If rs = 1, we have established (b). If 7 = —1, we replace pz by 

—pi3 and have again shown (b). To complete the proof we show that 
the unit + cannot be equal to +¢ or +¢?. In fact, u3 +73 = 
(mod A”). Since u3 = +1 (mod A*), w3 = +1 (mod 4*) then p3 + 
Tp = +1+7 = 0 (mod 42). However, +1 + ¢ # 0 (mod 4?) and 
+1+¢? £0 (mod 47), sor #4 +6, +¢?, and the proof of (b) is now 
complete. 

As already explained, this suffices to prove the theorem. 

We take this opportunity to indicate some results similar to (5A) 

that may be proved with the same methods. They may be attributed 

to Euler and Legendre. 

(5B) Let p be a prime, p= 2 or 5 (mod 9). Ife is a unit of K, 

if there exists x € A such that z* =e (mod p), thene = +1. 

Proor. Assume that « = +¢ or +C? and that there exists z € A such 

that 2? =e (mod p). Since p = 2 (mod 3) then p is a prime element 

of A, A/Ap is a field with p* elements, and a?! = 1 (mod p). But 

p?—1=(p+1)(p— 1) = 3(r + 1)(8r + 1), where p = 3r + 2. Hence 

ertl = er tDGr+) = gP’-1=1 (mod p). 

If r =0 or 1 (mod p) then p divides 1+ ¢ or 1+’. Noting that 

1—¢? = (1+. ¢)(1—¢) and that 1+¢ = 1—¢?,14+¢? = —¢ are units, 
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then p divides 1—¢. This would imply that p = 3, which is contrary 

to the hypothesis. Hence r = 2 (mod 3) and p = 8 (mod 9), which 
is again a contradiction. ( 

Following Mordell, we prove the classical result: 

(5C) Let p be a prime, p = 2 or 5 (mod 9), and let € be a unit of 

Q(¢). The equation 

(5.6) X22 Y 2 2077 0, 

with a = p or p*, a F 2, has only the trivial solution (x,y, z) in Q(C), 

namely z= 0, x = —y, or —Cy, or —C*y. If a = 2 then there are 

also the solutions x° = y? = z2? = +1 when e = —1. 

ProoF. To begin we note that if (x,y,z) is a solution with x = 0 

or y = O then necessarily z = 0. Indeed, if both z,y are 0 then so 

is z. If, for example, y 4 0 and e #0 we may assume gcd(y, z) = 1. 

Then p divides y, so p® | az?, hence p | z, a contradiction. 
Assume now that x,y,z € A are such that 23+ y?+eaz? = 0, with 

x,y,z #0. We may also assume that gced(z, y, z) = 1 from which it 
follows that x,y,z are pairwise relatively prime. 

Among all possible solutions, consider one for which the absolute 

value of the norm |N(zyz)| is minimum. Note that 2? + y? ¥ 0 since 

z “ 0; so x * —~Y; =, oe Gl 

Consider the Lagrange resolvents 

Cy SU 

B=Cxt+Cry, 
acu: 

Then a, 8,7 € A, a, 8,7 =0 and 

aby = C*(27 + Cy? + (1+ C)ay)(Cax + y) 
C(Ca? + CyP + (1 +064 ¢?)a7y + (1464 C?) ay’) 

=—@ + Yy = —eaz’. 

Let 6 = gcd(a, B,y) € A, so ged(a/6, 3/6, 7/5) = 1 and 
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Hence a divides one and only one of the factors in the left-hand side, 
say 7/6 (the other cases are similar). By the unique feonee can 
theorem, which is valid in the ring A, we have 

a/6 = €,03, 

B/6 = E232, 

7/6 a E3077; 

where €1,€2,€3 are units of A, and a1,(;,7, € A, a1,8:,y 4 0, 
gced(a;, 71, 1) = 1. Hence 

€10% + 6203 + ezay> = 0. 

Let e’ = €9/€1,€” = €3/€1; hence 

(27) a? + 63 + "a7? = 0. 

We have p / 3, otherwise p | a1, so p® | ay,3, hence p | 7, and this 

is impossible because gcd(ay, 3,,7,) = 1. Taking the classes modulo 

p, (5.7) yields 

a? +e'82=0 (mod p), 

hence ¢’ is a cube modulo p. By (5B), e’ = +1, so 

+ (hy) +e"arf =0 
and (a,,+;,7) is another nontrivial solution of (5.6), with gcd(ay, 

+6), 7) = 1. By assumption, 

3 

IN (xyz)|° < IN(aiBin)I° =|"($3")|= = IG) ) 

hence |N(é6zry)| < 1. This implies that x, y,6 are units. Hence 2° = 
+1, y3 = +1, and 141+ €az?=0. 

If a 4 2 then z = 0, a contradiction. 

If a = 2, we must have either z = 0, or x? = y? £0, 2? + ez? = 0; 

then € is a cube modulo p, therefore by (5B), « = +1. But clearly 

a= -“iwould imply z =0, 506 = —1 and @ = 4o 7) ll 

As an immediate corollary we have: 

(5D) The equation 

(5.8) DG AVS 

has no solution in nonzero integers. 
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PROOF. Consider the equation 

(5.9) Xe TS AY ©), 

If (x, y) is a nontrivial solution of (5.8) then (x, —1, y) is a nontrivial 
solution of (5.9), which is impossible, by (5C). 0 

We also note other consequences: 

(5E) The equations 

(Sal0) KEY SEEN 

(5311) XP ree 16 KDC ee Zo 

(Se) 16K 27Y 

have no solutions in nonzero integers. 

ProoFr. Assume that 2° — 27y® = 2z3, with z, y, z nonzero integers. 
Then; (57)? ++ (=3y7)> = 227 = 0. By (5C), 2° = y 37% co leand 
therefore x = y = z = 1, which is impossible. 

If 2° — 16 x 27y® = z, then multiplying with 23 we have (2x7)? + 
(e923) d( 22 3y7) = 0. By (00), (257) = (22) a= (24 coy) 
+1 and therefore 2x? = +1, a contradiction. 

Finally, if 162° — 27y° = z? then (3y)3 + z? — 2(227)3 = 0, so 
DyM DCs (ou-) a2) = 4202 )o etl thus 2725 etal ae COnTraCic. 
TOD ie 

Furthermore, Legendre showed: 

(5F) The equation 

XP 48K? 374 

has no solution in integers different from zero. 

PROOF. The proof may be conducted following the same lines, with 

appropriate changes. [] 

In 1856, Sylvester also announced: 

(5G) The equation 

X°+Y°+4+Z7°+6XYZ=0 

has no solution in integers different from zero. 
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1.6. The Quintic Equation 

The case n = 5 was first settled by Dirichlet. His paper was read at 

the Academy of Sciences of Paris in 1825, but his proof, published in 

1828, did not consider all the possible cases. Legendre then published 

a complete and independent proof, while Dirichlet was able to settle 

the last remaining case. We reproduce Dirichlet’s proof in modern 

language, using a few facts about the arithmetic of the quadratic field 

K = Q(V5). The proofs may be found, for example, in Ribenboim 

(1999). 
Let A be the ring of integers of Q(/5). The elements of A are of 

the form (a+bV/5)/2, where a, b are integers of the same parity. The 
invertible elements of A, i.e., the units of K, form a multiplicative 

group. (a+ bY5)/2 is a unit if and only if its norm 

(7) ("| _ Ga 5Ds 

2 2 4 

is equal to +1 (i.e., a? —5b” = +4). It may be shown that the units of 

A are precisely the elements +((1 + V5)/2)*, where e is any integer. 

An important fact required in the proof is that every element 

of A may be written (up to a unit) in a unique way as a product 

of powers of prime elements. Or, equivalently, every ideal of A is 

principal. Among the prime elements of A there are the numbers 

2, V5. 
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We begin by establishing a property concerning certain principal 

ideals of A which are fifth powers. 

(6A) 
(1) Let a,b be nonzero integers such that gcd(a,b) = 1,a # b 

(mod 2),5/a,5 |b. If a? — 5b? is the fifth power of an 
element of A then there exist nonzero integers c,d such that 

= 4 2 42 12 d‘ (6.1) i. c(c* + 50c?d? + 125d‘), 
b = 5d(ct + 10c*d? + 5d’), 

and gcd(c,d) =1, c#d (mod 2), 5 sc. 
(2) Let a,b be integers such that gcd(a,b) = 1, a,b both odd, 

5 Va, 5 |b. If (a? —5b*)/4 is the fifth power of an element of 
A, then there exist nonzero integers c,d such that 

(6.2) { a = c(c* + 50c?d? + 125d*)/16, 
b = 5d(ct + 10c2d? + 5d*)/16, 

and gcd(c,d) = 1, c,d are both odd, 5 /c. 

PROOF. If the nonzero integers c,d satisfy (6.1) (respectively, (6.2)) 

then gcd(c,d) = 1,5) c, c,d cannot be both odd, otherwise a,b 
would be both even (respectively, c,d cannot have different parity, 

otherwise 16 would divide c and d, so c,d must be odd). 

Now we prove the existence of c,d, in both cases. 

(1) We first observe that if a+bV/5 = ((h+kV5)/2)° withh =k 
(mod 2), then h,k are even. Indeed, 2°b = 5k(h* + 10h?k? + 5k’), 
so 2° divides h* + 10h?k? + 5k*. If h,k are odd then k = +1, +3 
(mod 8), so h? = 1, 9 (mod 16), h* = 1,17 (mod 32) and similarly 
for k, k?, k*. Hence h* + 10h?k? + 5k* is congruent modulo 32 to 
either 

1 + 10k? + 5k* 
14+104+5 =16, 

{ 1490485 = 16, 
or 

9 ret 17+ 26+ 5 = 16, 

Mage SY pS Se { 17 + 234485 = 16, 
which is a contradiction. 

Now we show that gced(a + bV/5, a — by/5) = 1. In fact, if a prime 
element a € A divides a + by/5 and a — by/5 then a divides 2a and 

2b/5. If a | V5 then a = V5w (w a unit of A); so V5 divides 2a, 5 
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divides 4a’ (in Z), and 5 | a, contrary to the hypothesis. Thus a 
divides 2b; since there exist integers s,t such that 2as + 2bt = 2 
then a@ would divide 2. But 2 is a prime in A, then a = 2w (wa 
unit of A). So 2 divides both a+ bV5 and a — b/5, hence 4 divides 
a? — 5b? = (a + bV5)(a — bV5). But a,b have different parity, so 
a” — 5b? is odd, a contradiction. 

Since ged(a + bV5, a — bV5) = 1 and a? — 5b? is the fifth power 
of an element of A, it follows from the unique factorization in A 
that a + bV5 is the fifth power of an element, say a + bV/5 = ((m + 
nv/5)/2)°, where m =n (mod 2). Hence 

a+bV/5 = (nae) (etw8) 
2 3 

where t = u (mod 2), (t+uvV/5)/2 is a unit of A, and so t?—5u? = +4. 
Let ((m+nv5)/2)> = (m'+n’v/5)/2 so that 16m’ = m® (mod 5), 

16n’ = 0 (mod 5) and hence 5 | n’. Also 4a = m’t + 5n’u, 4b = 
m’u+n't; hence 5 /m’ (otherwise 5 | a, contrary to the hypothesis) 
and therefore 5 /m. Since 5 | n’,5|b then 5|m’uso5|u. fu=0 
then t = +2 and a+ bV/5 = +((m+nvV5)/2)°. From the remark at 
the beginning, m,n are even and we put c = +m/2, d = +n/2 and 

it is clear that c,d satisfy the relation (6.1). 
If u #0 then (t+ uvV/5)/2 = £1 and hence (t + uV5)/2 = +((1 + 

/5)/2)° with some exponent e # 0. Replacing, if necessary, (1 + 
V/5)/2 by its inverse, —(1—/5)/2, we may assume e > 0 and actually 
e > 1 (otherwise u = +1 contrary to the fact that 5 | u). Then 
+9°1 (t+ u/5) = (14 /5)°; therefore 

eee 3 € 2{ © ot: sarrecers(’) s0())r-~ 
so 2°-!y = +e (mod 5) and since 5 | u then 5|e. Thus e = 5f. Let 

mt+nvV/5 (1808) ches 

2 D 2 

where c’ = d’ (mod 2). Then a+ bvV5 = +((c + d'\/5)/2)°. By the 

remark at the beginning, c’,d’ are even. Let c = +c'/2, d= ed} 25 

Then c,d satisfy relations (6.1). 

(2) The proof in this case is very similar, so we only indicate the 

main steps. First we prove that ged((a + b/5)/2, (a — bV5)/2 = 1, 
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hence (a + bV5)/2 = ((m + nvV/5)/2)?((t + uv5)/2) with m = n 
(mod 2), ¢ = u (mod 2), #2? — 5u? = +4. Then 5 | u. If u = 0 let 
c = +m, d = +n, so relations (6.2) are satisfied. If wu # 0 then 

(t + uv/5)/2 = +((1 + V5)/2)* with e > 0 (actually e > 1). Then 
e = 5f, and letting 

, (mans 1+v5\' _ c+dv5 
y) 2 78.2" 

it follows that (a + bV/5)/2 = ((c +dV5)/2)° and again the relations 
(6.2) are satisfied. 0 

(6B) The equation 

(6.3) ORE YY ee =e) 

has no solution in integers all different from 0. 

PROOF. We assume that there exist nonzero integers x, y, z such that 

x+y? + 2° = 0. We may assume that gcd(z, y, z) = 1 and hence 
x,y,z are also pairwise relatively prime. 

First Case: 5 does not divide xyz. 

Then z,y,z are congruent to +1 or +2 (modulo 5). Since 7° = x 

(mod 5), y> =y (mod 5), 2° =z (mod 5) thenr+y+z=2°+y°+ 
271100 modt5): 

If x,y,z are pairwise incongruent modulo 5 then «+ y+ z #0 

(mod 5). So, for example, = y (mod 5). Then —z=a2+y = 22 
(mod 5). Raising to the fifth power, 2° = y° (mod 57), —z® = 2°2° 
(mod 5”) hence also —z° = 2° + y® = 22° (mod 5?) and therefore 
2°¢° = 2x° (mod 5”), so 2° = 2 (mod 57), which is not true. This 
proves the proposition in the first case. 

Second Case. 5 | z (for example). 
Then 5 zy. Since gced(z, y) = 1 then either x,y are both odd or 

of different parity. 

We first consider the case where x, y are odd. Then —z° = 2°+y° 
is even, so 2,5 divide z. We may write z = 25"z', with m >1,n> 

1, z’ not a multiple of 2 or 5. Replacing z by z’, we have nonzero 

integers Z, y, Z, pairwise relatively prime such that 

(6.4) — om pon 5 = 7? aE y’, 
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with x,y, 2 odd and not multiples of 5,m > 1,n > 1. Let «+ prs 
2p, & — y = 2q (p,q integers not equal to 0) soz =p+q, y=p— q, 
with ged(p, gq) = 1 and p,q not both odd. Then 

_g5mp55n 5 __ (p+ 4)? + (p—q)> = 2p(p* + 10p?q? + baa) 

Since 5 | p or 5 | p* + 10p?q? + 5q* it follows that 5 | p and we write 
p =5r. So 5 /q and gcd(r,q) = 1, q,r having different parity. Thus 

= 20m 5°" 2° — 2 x 5*r(q* + 50g?r? + 125r%). 

Let t = q* + 50q?r? + 125r4 = (q? + 25r?)? — 5(10r?)?. We put u = 
q’ + 25r?, v = 10r?, so u,v are not 0,u is odd, 10 | v, ged(u, v) = 1. 
When tis odd. o 7%, ecd(ie7)— 1. so: 5" 7 (since 57 > 2). 

Since ged(2 x 5?r, t) = 1 then 2 x 5r and ¢ are fifth powers of inte- 
gers. But t = u?—5v? with u # vu (mod 2), gcd(u,v) =1,5 /u, 5 | v. 
By (6A), there exist nonzero integers, c,d such that 

u = c(c* + 50c?d? + 125d‘), 
v = 5d(c* + 10c?d? + 5d*), 

and gcd(c,d) = 1, c # d (mod 2), 5 /'c. From this, it follows that 
5 | d since 5 | r thence 5° | v. We also note that d > 0. Multiplying 

fhe tlast relation by~2 pone awe dinyves| 2.x, 0°71) eae Xoo x Or 
2 x 5¢d(c* + 10c?d? + 5d*) and this number is a fifth power (since 
2 x 5’r is a fifth power). 

But ged(2 x 54d, c* + 10c*d? + 5d*) = 1 because c* + 10c?d? + 5d* 
is odd, 5 /c and gcd(c,d) = 1. Hence 2 x 54d and c*+ 10c*d? + 5d* = 
(c? + 5d?)? — 5(2d?)? are fifth powers. Again c? + 5d’, 2d? are not 
both odd, gcd(c? + 5d”, 2d”) = 1, 5 /c?+5d’, 5 | 2d”. By (6A), there 
exist nonzero integers c’,d’ such that 

c2 + 5d? = c'(c* +50c7d" + 125d’), 
od? = 5d'(c'* + 10c’"d’” + 5d’*), 

and ged(c’,d’) = 1, c’ #d’ (mod 2), 5 /c’. From this it follows that 

5 | d’ because 5? | d?. We also note that d’ > 0. Multiplying the last 

relation by 2 x 5° we have 

9? x 58d? = (2 x 54d)? =2 x 5°d'(c* + 10c*d” + 5d’*), 

and this number is a fifth power. Since gcd(2 x 5°d’, CoemlOC dee 

Mo lithen2 <5 d., c* +10c’?d'? + 5d” are fifth powers. This is 

analogous to the previous assertion that 2 x 54d, c* + 10c*d? + 5d’ 
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were also fifth powers. Moreover, 0 < d’ < d, because D5deir 

5d'(cl* + 10c’d'? + 5d’*) = 2d?, so 0 < d’ < 5,/(2d?)/25 < d. If this 
procedure would continue, we would reach an integer d” such that 

0 < d” < 1 and this is absurd. 
It remains to consider the case where x and y are of different 

parity. We omit some details of the computations. 

het 2tay =p, 2 y = ¢g sop, gare odd; gcd(p,q) ="1L2ze— 

D+, 2y = p—g. Then =2°.x.5°"2° = (22)° 1. (2y)* =p Fa) = 
(p — q)®> = 2p(p* + 10p?q? + 5g‘). Since 5 | p we write p = 5r, so 
5 q, gcd(q,r) = 1, q,r are both odd, 

2? ee = ner he 

where? = -- Ug-r- - 12or = 5 0- Withw = g- ery Ue Ur 
Then u,v are not 0, u,v are even, u = 2 (mod 4), 5 /t, ged(t,r) = 
[esas iim (since-on, > 2). wWeawriteit —_20 , Ua Ju, a ware 

Odd) ecd(t/) Je —= 1 On ety eo al Uae Vite) 46 ul” — 5v’” then 

i= 0(mod 4) anda —petz — bere Anwith eed or 1/4) ala So 
52r and t'/4 = (u’? — 5v’*)/4 are fifth powers. By (6A) there exist 
nonzero integers c,d such that 

u’ = c(c* + 50c?d? + 125d*)/16, 
vu’ = 5d(c* + 10c*d? + 5d*)/16, 

and gcd(c,d) = 1, c,d are both odd, 5 /c. Moreover, since 5 | r then 
5* | uv’ so 5|d. We note also that d > 0. 

Multiplying the last relation by 5° we have 

2 (3) - sel, 

where ((c? + 5d?)/2)” — 5d = 0 (mod 4). Since the two factors in 
the right-hand side are relatively prime and (57r)? is a fifth power, 
then 5d and 3[((c? + 5d?)/2)? — 5(d?)*] are fifth powers. By (6A), 
there exist nonzero integers c’,d’ such that 

54d 52 2 (5°r) ; 

(c? + Bd?) /2 = c'(c* + 50c'7d’” + 125d’*)/16, 
Ute (Cee lOcad/ Aa od: aly 6 

with gced(c',d’) = 1, c,d’ both odd, 5c’. Moreover, 5 | d’ and 
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TABLE 3. FLT for the exponent 5. 

Author Case Year 

Gauss both 1863 (posthumous publication) 
Schopis first 1825 

Lebesgue both 1843 

Lamé both 1847 

Gambioli both 1901 and 1903/4 
Werebrusow both 1905 

Mirimanoff first 1909 

Rychlik both 1910 

Hayashi? both 1911 
van der Corput both 1915 

Terjanian both 1987 

d' > 0. Multiplying the last relation by 5° we have 

9 

Bod? = (5d) = “ (ee 0c ad gec's) 

Bed! | (oc? +5d?\* e (3 E: — 5(d’)?} 
4 2 

Again 5°d’ and 4{((c? + 5d’”)/2)? — 5(d’*)?] are fifth powers. This 
is analogous to the previous assertion. Moreover 0 < d’ < d, because 

25d’? < 16d?. The continuation of this procedure would lead to a 

contradiction. © 

In 1912, Plemelj proved the following extension of the preceding 

theorem, see also Nagell (1958): 

(6C) The equation 

OY es = 0 

has only trivial solutions in integers of the number field Q(v5). 

Other proofs of Fermat’s theorem for the exponent 5 are given by 

the authors in Table 3. 

2This proof may be incorrect, according to private communications. 
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1825 

1828 

1830 

1843 

1847 

1875 

1901 

Bibliography 

Schopis, Hinige Sdtze aus der unbestimmten Analytik, Progr. 

Gummbinnen, 1825, pp. 12-15. 

Dirichlet, G.L., Mémoire sur l’impossibilité de quelques équa- 

tions indéterminées du 5° degré, J. Reine Angew. Math., 3 

(1828), 354-375; reprinted in Werke, Vol. I, pp. 1-20 and 

21-46, G. Reimer Verlag, Berlin, 1889, and also by Chelsea, 

New York, 1969. 

Legendre, A.M., Théorie des Nombres (3° édition), Vol. I, 

p. 5, Firmin Didot Fréres, Paris, 1830; reprinted by A. Blan- 

chard, Paris, 1955. 

Lebesgue, V.A., Théorémes nouveaur sur l’équation indéter- 

minée x° + y°® = az°, J. Math. Pures Appl., (1), 8 (1843), 
49-70. 

Lamé, G., Mémoire sur la résolution en nombres complezes 

de l’équation A® + B°> + C® = 0, J. Math. Pures Appl., (1), 
12 (1847), 137-171. 

Gauss, C.F., Zur Theorie der compleren Zahlen. (I) Neue 

Theorie der Zerlegung der Cuben, Werke, Vol. II, pp. 387- 

391, Konigl. Ges. Wiss. Gottingen, 2nd ed., 1875. 

Gambioli, D., Memoria bibliografica sull’ultimo teorema di 

Fermat, Period. Mat., 16 (1901), 145-192. 
1903/4 Gambioli, D., Intorno all’ ultimo teorema di Fermat, Il 

1905 

1909 

1910 

1911 

1912 

1915 

Pitagora, 10 (1903/4), 11-13 and 41-42. 
Werebrusow, A.S., On the equation x° + y® = Az® (in Rus- 

sian), Moskov. Math. Samml., 25 (1905), 466-473. 
Mirimanoff, D., Sur le dernier théoréme de Fermat, Enseign. 

Math., 11 (1909), 49-51. 

Rychlik, K., On Fermat’s last theorem for n = 5 (in Bo- 

hemian), Casopis Pést. Mat., 39 (1910), 185-195, 305-317. 
Hayashi, T., On Fermat’s last theorem, Indian Math. Club, 

Madras, 3 (1911), 111-114; reprinted in Science Reports, 

Tohoku Imp. Univ., (1), 1 (1911/12), 51-54. 
Plemelj, J., Die Unlésbarkeit von 2° + y°® + 2° = 0 im Koérper 
k(V5), Monatsh. Math., 23 (1912), 305-308. 
van der Corput, J.G., Quelques formes quadratiques et quel- 

ques é€quations indéterminées, Nieuw Archief Wisk., 11 (1915), 
45-75. 



1.7. Fermat’s Equation of Degree Seven 57 

1958 Nagell, T., Sur l’équation «°+y° = z>, Arkiv. Mat., 3 (1958), 
511-514. 

1973/4 Terjanian, G., L’équation x” + y” = z” pour n = 5 et 
n = 14, Sém. Th. des Nombres, Bordeaux, 1973/4, exp. no. 
5, 6 pp. 

1987 Terjanian, G., Sur une question de V.A. Lebesgue, Ann. Inst. 
Fourier, 37 (1987), 19-37. 

1999 Ribenboim, P., Classical Theory of Algebraic Num bers, Sprin- 

ger-Verlag, New York, 1999. 

1.7. Fermat’s Equation of Degree Seven 

In 1839, Lamé proved Fermat’s theorem for the exponent 7. Lebes- 

gue found a simpler proof in 1840. Genocchi devised in 1874 and 

1876 a still simpler proof (using an idea already found in Legendre 

(1830)), which is reproduced in Nagell’s book (1951): 

(7A) 
(1) If x,y,z are the roots of a cubic equation with coefficients 

in Q, and x’ + y" +z’ = 0 then either xyz = 0 or x,y,z 
are proportional (in a certain order) to the cubic roots of 1, 

namely 1,¢ = (—1 + /—3)/2,¢? = (—1 — V—3)/2. 
(2) The equation x’ + y’ +2’ =0 has only the trivial solution in 

integers. 

PROOF. (1) Suppose that z, y, z are the roots of f(X) = X*—pX?+ 
qX —r, with p,q,r € Q. Then 

| o=ay-ress 
| g= ty + 22+ YZ, 

ie: ne 

Case I: p = 0. 

We use the identity (see Section II.5) 

(XE VY SXTLYTSOXV(X TYPE XY +7)? 

Ifctyt+z =Oand 27+y7+27 =0, then 7xy(r+y)(z?+2yt+y")? = 0. 

Hence either x = 0, or y = 0, or z = —(x + y) = O, or zyz # 0, 

but 22 + zy + y? = 0. Therefore (y/x)? + y/x + 1 = 0 and so 
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y/z is a cubic root of 1,y/a #1. Thus y = x¢ (or y = 2¢7) and 
z=—(x£+y) = —2(1+¢) = 2¢?, so x, y, 2 are proportional to 1,¢, ¢? 

(or to 1,¢7, ¢). 
Case II: p £ 0. 
Let k > 1 and s, = 2*+y*+2*, the sum of the kth powers of the 

roots of f(X) = 0. By Newton’s formulas: 

51 == 18), 

Dy Sen 7205 

$3 = Sop— 81q+ 3r, 

84 = 83p — $2G + S17, 

85 = S4P — $34 + So?, 

Sa = S5Pp — S4q + S37, 

87 = Sep — 85q + SaP. 

Substituting we obtain 

gy 22 p= 7p gp r+ l4p gq? — 21p-qr— (pg + (pre ae 

Let m = pg—r €Q. Then 

ae re te eee (gt (Pog eg) re od a9.) D, 

that is, 

Tyee —p imp — pata.) + Tinem: 

Since x7 + y’ + z’ = 0 then 

DT Mies) = Thais eT 
Let q/p*? = Q, m/p? = M. Then 

p’ — 7p°M(p* — p*Q — p*Q’) + 7p’ M? =0, 

sO 

M* —- M(1-Q+Q’)+3=0. 

Since M is a rational number, the discriminant ((1—Q+Q?)/2)?— 
- is the square of a nonzero rational number. Let 2Q—1 = s/t, where 

s,t are relatively prime integers, t > 0. Then Q = (t + s)/2t, hence 

64t*(((3t? + s*)/8t?)? — 2] = s* + 6t?s? — t4/7 = u? where u is a 
nonzero rational number. 
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Since 7u? is an integer, then u must be an integer, so 7 divides t, 
and therefore 7 /'s. Let t = 7°v, with e > 1,7 )/v. Hence 

(rel) SOG st 7 ee ys, 

From (7.1) we deduce that 

(722) (Sees)? wu? = 64 x 7 144, 

hence 

(7.3) (s7+3 x 77y? + u)(s? +3 x 77*v? — u) = 64 x 74-194, 

Now we show that gced(s?+3x7?°vu?+u, s?+3x77°v?—u) is a power 
of 2. Indeed, let p 4 2 be any prime such that p | s?+3x7?°v?+u and 

p|s?+3x7°v?—u. Then p| 2u, so p| u. Also p| 2(s?+3 x 7?¢v?), 
so p| s*+3 x 7*v?. If p = 7, since e > 1 then 7 = p| s, which is 
a contradiction. If p # 7, by (7.3) p | 64 x 7*¢~!v*, so p | v, hence 
p | s, and this is again a contradiction. Thus the greatest common 

divisor of the two factors in (5.3) is a power of 2. 

Subcase (a): v is odd. 
From (5.3) it follows that 

(7.4) { Soo ru. Ee ie Aa, 
Bee (804 = Be, 

where a, b are relatively prime integers, ab = v (so a,b are odd) and 

A,B are even and AB = 64. 

From (7.4) we deduce that 

(45) De Oe eee AG BOE: 

Noting that if x is odd then x? = 1 (mod 8) and that 7 = —1 

(mod 8) then 

B A B 
6 a3 Tab (ae + a =-3- , (mod 8). 

We consider the various possibilities for A, B: 

A=32, B=2 — s?=-2 (mod 8), impossible, 

A=16, B=4 — s*=-1 (mod 8), impossible, 

A=8, B=8 — s?=-3 (mod 8), impossible, 

A=4, B=16 — s?=3 (mod 8), impossible, 

A=2, B=32 — s*=4 (mod 8) 
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In this last case, (7.5) becomes 

Be aT ea 0 ene CL OD 

hence multiplying with 64, 

6487-6 x 77° %,32a7b° = 64. 16> — 7" x 64a", 

sO 

G4e2 (O23 oO) hala BX OAC 4a as 0 ae 

and therefore 

(7.6m Go ct G20 3 Xie G65. 320, oh GC \anihe Oe 

We note that gcd(8s + 320? — 3 x 77°a?, 8s — 32b? + 3 x 77a?) = 1. 
Indeed, since a is odd, the above numbers are odd. If p | 8s + 326? — 

3 uf; Grand pi6s\— o20" + 3 x ia then p \' 168, sa p | sy and 
similarly p | 3207 —"3'< (ae butp yi -a- (DY (C.O)}tt per 
then p = 7 | s, which is impossible. If p # 7 then p| aso p | 6, again 

a contradiction. This proves the assertion, and therefore 

(7.7) Sse oly oe a ee 
85 + 32b2 +3 x 7a? = 74-14, 

where c,d are relatively prime integers, cd = a. Hence c,d are odd. 

From (7.7) we derive the congruence 

+3=c* (mod 8), 

which is impossible. We have therefore shown that subcase (a) is 
impossible. 

Subcase (b): v is even. 
Then s is odd (because t is even), hence wu is also odd. We write 

(5.2) as 

($7 eo ere) ar en) 

and noting that both factors of (7.3) are even, and their greatest 
common divisor is 2, we deduce that 

(7.8) So Os GRU ee 2 Osa A 
; SPB Dah rau = 2 Be 
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with A, B relatively prime integers, AB = 2v, so either A or B is 
even. Hence 

(7.9) 
8? ate =o x 72 4)2 ae 7ie—1 A4 ai B* Mas —3 x 72€ A2 B2 zi 7ie—1 44 a B*. 

If B is even then A is odd and s? = —3v?—1 (mod 8), hence s? = — 
(mod 4), which is impossible. 

If A is even, then B is odd. Let A = 2Aj, hence from (5.9) 

s° = —3 x 7° AB? + 74! x 24 At + Bt 

and therefore 1 = s* = —3A? +1 (mod 8); hence 3A? = 0 (mod 8) 
so 4| A;. We write A; = 4Ao, hence A = 8Az and (7.9) is rewritten 

as 
Se eo eG Gex Ta A, BL eT esc8 pe Alt Be. 

so 

Boe (Bee 0X8 x: Anu = 1 aX SaxA 3 x 8 x TAS 

(7.10) = TE GaxtS? xCAM 

This gives 

(7.11) (s—B?+3x8 x 7*°A2)(s +B? —3x 8 x 7° A2) 

ey extd (2145) 

The two factors of (7.11) are even, and it may be seen, as before, 

that their greatest common divisor is 2. Hence 

(7.12) gee ae Bee As — IC, 
s+ B2$3x8x TAZ = 7 x 2af, 

where C9, dy are relatively prime integers such that codz = 2Ap. 

From (7.12) we deduce by subtraction that +B? +3 x 8 x 7° AZ = 
cs — 7*°-1d5, hence 

(7213) + B? = +6 x 77°c3d3 — ch + 74°""d5. 

Since any nonzero square modulo 7 is congruent to 1,2 or 4, then 

B? + c4 £0 (mod 7). So we must have the negative signs in (7.13): 

(7.14) Bee OCT eds — (a. 

This equation is of the same form as (7.1). Moreover, 

U-— a = 4A,B » 2cod2 > do. 
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TABLE 4. FLT for the exponent 7. 

Author Cases Year 

Legendre (Sophie Germain) first 1823 (see Chapter II, §3) 
Genocchi both 1864 

Pepin both 1876 

Maillet both 1897 

So, we may proceed by infinite descent and conclude that the 

subcase (b) is also impossible. Thus, case II is not possible, and this 

proves (1). 
(2) If x,y,z are integers such that x’ + y’ + z’ = 0, we consider 

the polynomial f(X) = X* — pX? + qX — 1, which has the roots 
de Na 

CYZ 

By (1), since z, y, z cannot be proportional to 1,¢,¢°, then 

Opal 

Other proofs of Fermat’s theorem for the exponent 7 are given by 

the au 

1823 

1839 

1839 

1840 

1840 

thors in Table 4. 
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1.8. Other Special Cases 

There have been numerous papers devoted to the proof of Fermat’s 

theorem for special exponents, other than 3, 4, 5, 7. The methods 

used were specific to the exponent in question and in most instances 

not susceptible of generalization. 

We note that according to an oral communication of Terjanian, 

Hayashi’s proof (1911) for the second case and exponent 13 has a 

mistake. 

Bréié-Kostié studied the equation x4 +y? = z® in 1956 and showed 

that it has no solution in relatively prime integers; however, it has 

nontrivial solutions in integers which are not pairwise relatively prime. 

Now we indicate the elementary proofs of Breusch (1960) for the 

exponents 6 and 10. Of course, the theorem for these exponents 

follows from the truth for the exponents 3 and 5. But the proofs 

which we present will be entirely independent of the above results. 

The following preliminary results, by the method of infinite descent, 

were also proved by Breusch: 
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TABLE 5. FLT for various exponents. 

Author Exponent Case Year 

Kausler 6 both 1806 

Sophie Germain ll primes less first 1823 

(Legendre) than 100 (see Chapter III) 
Dirichlet 14 bothys 1832 

Lamé? (ME GORY OLE eRe Tage She 
Matthews ha ies first 1885-6 

Tafelmacher* C1 U7 #23829 first 1892 
Thue 6 both 1896 

Tafelmacher 6 both 1897 

Lind 6 both 1909 

Mirimanoff LL lar first 1909 

Kapferer 6510 both 1913 

Swift 6 both 1914 

Kokott 11 first 1915 

Fell UN Ae es first 1943 

Breusch 6, 10 both 1960 

| Terjanian 14 both 1974 

(8A) There exist no positive integers x,y,u,v such that 

(8.1) e+y=u+v? 

and 

(8.2) Tl UU 

PRooF. Assume the contrary, and among all possible solutions, con- 

sider the one with minimal positive product ry. From this minimal 

choice it follows that no three of the four integers x, y, u,v can have 

a common factor greater than 1. Also ged(z, y) = 1, because if p is 

any prime dividing x and y then p divides wu or v, a contradiction. 

Similarly, gcd(u,v) = 1. Hence one of 2, y is even, and the other is 

odd. For example, let 2 | y, so x? + y? is odd, so u or v is even, 

say u is. Therefore from (8.2) we deduce that 4 | y; from 2? = 

3Lamé’s paper (1847) has no proofs. 

“Tafelmacher’s proof (1892) holds only for the first case; see also Dickson, 
History of the Theory of Numbers, Vol. II, pp. 755. 
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(mod 8) it follows that 2? +y? = 1 (mod 8). Again, by (8.1), u2 =0 
(mod 8), so u =0 (mod 4) and 8 | y. 

Let y = 2"**y’ (with r > 2,y’ odd), then u = 2"u', with u! odd. 
Thus 

(8.3) Cia v) and x,y’,u'v are odd, 

scd(a,¢ ) = eed(wu).= 1. 

Moreover, if 

Ges god (r.1'): b = gcd(a, v), 

¢= ged(y’,u'), decd aa)), 

then a,b,c,d are pairwise relatively prime and b,d are odd, so b? = 

d? = 1 (mod 8). So z = ab, y’ = cd, u' = ac, v = bd. Therefore the 

original equation becomes 

a2b? ae 92rt2 2 42 is 9?7 ac? als bodes 

Letting t = 2"c, we have 

(8.4) 3t?d? = (a” — d’)(t? — b’), 

where t,a,b,d are pairwise relatively prime and 4 | t. It follows that 

d? divides t? — b? and t? — b? divides 3d?. 
This holds if and only if one of the following conditions is satisfied: 

(te b= ds 
A Det= = bead": 

(III) ¢? — b? = —3d?; and 
(IV) t? — b? = —d?. 

But t? = 0 (mod 8) and b? = d? = 1 (mod 8). Therefore the cases 
I, II, III are not possible. From t? — b? = —d? it follows that 3t? = 

d? — a’, so 

(8.5) be ids tet + At? 

By (1A) there exist integers m,n > 0 and integers r,s > 0 such 

that 

b=m? +n’, 
(8.6) eee 
and 

Dey ia 
(8.7) ee, 
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From these, we obtain the relations 

(8.8) rts? =m? +n 

and 

(8.9) 73 = 2m. 

Since rs = t = 2"c < 2’y' < y < zy, we have found a new solution 

for the original system, contradicting the minimality of the solution 

(cay etn ye mat 

(8B) There exist no positive integers x,y, u,v such that 

(8.10) gay a=u tv 

and 

(8.11) Lp OU 

PROOF. We assume the contrary and consider positive integers sat- 

isfying the above relations and such that ry is minimal. 

Proceeding as before, one of x,y is even and the other is odd. 

Thus x? — y? = u? + v? = 1 (mod 4); therefore necessarily x is odd 
and y is even. As in the preceding proof, we arrive at equations 

(8.3), (8.4), (8.5), and (8.6) with t = 2"c,r > 2. And we obtain the 
relation a7b? — 27" *2¢*d* = 2°"q7c* + b7d*, hence 

(8.12) bi*d* = (a — d?)(b? #7). 

So d? divides b? — t? and b? — t? divides 5d?. By the same reasoning 
as previously, taking congruences modulo 8, we see that b? — t? = d?. 
It follows that 5t? = a? — d?, hence 

(8.13) bid? ee tanda tee tie a. 

By (1A) there exist integers m,n > 0 and integers r,s > 0 such 

that 

ots, 2 ?} 

(8.14) acd. at's 
127 

and 

Pai = ae 

(8.15) ae 
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We obtain the relations 

(8.16) Te 3s on ene 

and 

(8.17) TS 2. 

Since rs < ry, we have again reached a contradiction to the mini- 
mality of the solution (z,y,u,v). O 

Using these facts, Breusch proved: 

(8C) There exist no positive integers x,y,z such that r°+y® = 2°. 

PROOF. Assume on the contrary that x,y,z are pairwise relatively 

prime positive integers such that «2° + y® = z®. Then 3 does not 
divide both x and y, so we may assume that 3 /x. We have 

r=2—y=(z+y)(z-—y)(2 +zyt+y*)(2? — zy+y’). 

The last two factors in the above product must be odd, since z, y are 

not both even. Moreover, it is easily seen that each factor z?7+zy+y? 
and z? — zy + y” is relatively prime to the three other factors of the 

right-hand side (because 3 / x). Hence by the unique factorization 

of integers, 

2+zyt+y’? =), 
{ 2-zyty=c, 

with integers b > c > 0. Adding and subtracting these relations, we 

have 2(z7 447) = 6° + cS-and 2zy ="0® — c*. But b,c are odd, so 
b? + c? = 2m, b? — c® = 2n (with m > 0,n > 0), so squaring and 
adding, we get b® + c® = 2(m?+n?), and multiplying, 6° —c® = 4mn. 

Hence z? + y? = m? + n?, zy = 2mn. According to (8A), this is 

impossible. 

(8D) There exist no positive integers x, y, z such that 

10 10 
gy So 
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Proor. Let z,y,z be positive, pairwise relatively prime integers 

such that 21° + y!° = z!°. Then 5 does not divide both x and y, 
so we may assume 5 /x. We have 

1 gi — 710 _ 410 

(zty)(z—y)(z4 + 239y4 27y? + zy? +y%) 

x (24 — z3y 4 22y? — zy? + y%). 

The last two factors in the above product must be odd, since y, z are 

not both even. Moreover, it is easily seen that each of the last two 

factors is relatively prime to the three other factors on the right-hand 

side (since 5 /x). Hence by the unique factorization of integers, 

2 ae zy mile Ep —f zy? aE y* = bas 

zt — xy + 22y? — zy3 + y1 = cl, 

with integers b > c > 0. Adding and subtracting these relations, we 

have,2(2* 4 22y? + y*) =0b! +c’? 2(z3y 4 zy?) = 61? = cl”. But 
b,c are odd, so b° + c® = 2m, b° — c® = 2n (with m > 0,n > 0), so 
squaring and adding, we get b!°+c!° = 2(m?+n7), and multiplying, 
51° — c!° — 4dmn. Hence 

zat 22y?+y4 =m? 4+n?, 
zy(z? + y”) = 2mn. 

Now letting 27 + y? =r, zy = s, then r? — s? = m?+ n?, rs = 2mn. 
This is impossible by (8B). 0 

Fermat’s theorem for the exponent 14 was established by Dirichlet 

(1832) before Lamé settled the case of exponent 7. Dirichlet also 
showed: 

(8E) The equation 

xi4 at yi4 a gman 7 is 

(with m > 0,n > 0) has no solution in nonzero integers x,y,z with 

x,y relatively prime. 

Terjanian proved in 1974: 

(8F) Ifa is a natural number, a #0, multiple of 7, and without 
prime factor p= 1 (mod 7), if x,y,z are natural numbers, x,y # 0, 
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x,y relatively prime, if 

then x = y= 1 and z=0. 

From this, he deduced a simple proof of Fermat’s theorem for the 
exponent 14. 

In 1885, Matthews gave a proof for the first case of Fermat’s the- 
orem for the exponents 11 and 17. In 1943, Fell indicated a distinct 
proof for 11 and claimed that his method also solved the first case 
for the exponents 17 and 23. 
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1.9. Appendix 

Would this Be Fermat’s “Marvelous Proof’ ?5 

We can see in Euler’s Opera Posthuma Mathematica et Physica, 
Petropoli, 1862, Vol. 1, pp. 231-232, in “Fragmenta arithmetica 
ex adversariis mathematicis deprompta” the following argument, at- 
tributed to A.J. Lexell. It represents an attempt to apply the method 

of infinite descent to Fermat’s equation, in a way which could have 
been Fermat’s. 

The attempt failed. 

Assume that FLT is false for some exponent n > 2. We may 

assume n to be an odd prime (in the argument we only require n 

to be odd) and that there exist nonzero integers (not necessarily 

positive) a,b,c, such that a” + b" = c” and c is even, a and 6b are 

odd, a # b, and gced(a,b,c) = 1. Let 

iC) 2) 
inh the) 2, 
Zales" /2, 

sO x,y,z are integers, x is even. Then 

ip ==) Se 

Cay = be 

ar a) le) A 2 Ne) No ee 

It follows that 

Cae yer [2 Aa (2) ] 
x 

gt—D/2y)?, 

hence 

= ree a ( 

Let d = gcd(z, z), sod = c”-*/2 because gcd(ab, c) = 1. Let x = dz’, 

@ = dz’. so a’ is even, gcd(a’,z’)= 1 and d?**a'(a” — 42”) isa 

square, hence so is 2/(z’” — 42’"), with the two factors relatively 

prime. Thus there exist integers r,s such that 

a! aye 

gi” — Az!” = s*. 

5] am indebted to E. Bombieri who called my attention to what follows. 
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So 
r’n — 5? = (r” + 8)(r™ — 8) = 4z"". 

Since r = s (mod 2), then gcd(r” + s,r” — s) = 2, so 

peas g = 2", 
Toe Steen 

and adding, we obtain r” = t”+u”, which gives a nontrivial solution 

of Fermat’s equation, with r even. If we would have r < c then by 

descent we would reach a contradiction. However, 

x 
Te an Tome, 

so r = c and the descent method is not applicable. 



II 
4 Interludes 

In this chapter we discuss topics which will be required in the sub- 

sequent developments. Their importance is not restricted to their 

applications to Fermat’s last theorem. 

II.1. p-Adic Valuations 

Let p be a prime, let a be a nonzero integer, and let v,(a) be the 

exponent of p in the factorization of a as a product of prime-powers: 

a= pb, where p Jb, 

Up(a) is the p-adic value of a. By convention we also set v,(0) = oo. 
We note: 

Up(ab) = vp(a) + vp(d); 

Gal) up(a + b) > min{v,(a), vp(b)}; 
If Up(a)\ <0, (03); Up (02), -.- 5 Up Ox) 

then v,(a + b; + bo +--+: +b,) = v,(a). 

If v,(a) = e > 1 we say that p® is the exact power of p dividing a 

and we write p*® || a. 
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More generally, if gcd(a,a’) = 1, a’ > 0, we define v, (a/a’) = 
Vp(a) — v,(a’). Then for any rational numbers r,s, the above prop- 
erties (1.1) are still satisfied. The mapping v, : Q — ZU {oo} is the 
p-adic valuation of Q. 

We say that r = a/a’ is p-integral if v,(r) > 0. Clearly every 
integer is p-integral (for every prime p). The set Z, of p-integral 

rational numbers is a subring of the field Q of rational numbers. 

Explicitly, r € Z, if and only if r = 0 or r = p*a/b with k > 0, b > 

Opeed(G@, b= pe-a. pra: 
If r,s € Q, e > 1, we write r = s (mod p*) when v,(r — s) > e; 

we also say that p® divides r — s (with respect to Z,). This relation 

of congruence satisfies the ordinary properties of the congruence of 

integers modulo a natural number. 

It is also clear that a rational number r is in Z if and only if r is 

p- integral for every prime p. 

The following two results have numerous applications. For any 

real numbers «x let [2] denote the unique integer such that [z] <x < 
[z] + 1. [a] is called the integral part of x. 

In 1808, Legendre determined the exact power p” of the prime p 

that divides a factorial a! (so p™*? does not divide a!). There is a 
very nice expression of m in terms of the p-adic development of a: 

a =axp* + ax_1ps +--+ +a:p t+ ao, 

where p’ <a <p"! and 0 =< a-< p— 1 (for? —"0'l. eek eine 
integers do, @;,... , @y are the digits of a in base p. 

For example, in base 5, we have 328 = 2 x 53+ 3 x 5% +3, so the 
digits of 328 in base 5 are 2, 3, 0, 3. Using the above notation: 

(1A) Ifa>1 then v,(a!) =m where 

naSie] =srtetet te) 
rae p—1 

PROOF. By definition a! = pb, where pb. Let a = qp +r, with 

0<m,0< 171 < p; so qm = [a/p|. The multiples of p, not bigger 
than a, are p, 2p,... ,qip <a. So p™(q!) = p™b’, where p /b’. Thus 
qi +m, =m, where p™ is the exact power of p which divides q,!. 
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Since q; < a, by induction, 

m=] 
but 

as may be easily verified. So 

a a a n= Lal Eg) Pp Pp Pp 

Now we derive the second expression, involving the p-adic digits 

of a=a,p" +---+ a p+ ag. Then 

a : 
H = ap’? +---+a, 

a ik 

>| = a, + ao(p+1)+a3(p* +p4+1)+--- 

SC (Dt ep et aespe. 1) 

= ie R nes NY p—t 

1 
Sea ae Cae ies ma a 

In 1852, Kummer used Legendre’s result to determine the exact 

power p™ of p dividing a binomial coefficient 

ee Gag) 

a Coie 

where a > 1, b> 1. 
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(1B) The exact power of p dividing (ee) is equal to Eg +E, +: + -+€t, 

which is the number of “carry-overs” when performing the addition 

of a,b written in base p. 

PROOF. Let 

@ =a bap +*:-+ ap’, 

b= bo t+hipt-:-+ hp’, 

where 0 < a; < p—1,0 < b; < p—1, and either a, A 0 or 5, F O. 

LéetS = ae. Ge Ope sy b; be the sums of the p-adic digits of 

a,b. Let c;, 0 <c; < p—1, and e; = 0 or 1, be defined successively 

as follows: 

ag + bop = Epp + Co, 

ey ar Gh + b; = Soar Gi. 

Cal + a2 + be = Eop + C2, 

See Of iy Ute oi Det Ce 

Multiplying these equations successively by 1, p, p?, ... and adding 

them, 

a bs eop + eip er eeap = ep cipal 
Tey Cip Het cps. 

So,a+b=cotecpt+-::+copt+ep'', and this is the expression 

of a+b in the base p. Similarly, by adding those equations, 

Dob a EormeNste apt S1at)i=s Cosette eer) Do eep er 

By Legendre’s result, 

(p—1)m = (a+b) — Soup -—+S5,-564+ Sy 

= (p—1)(€0o +€1 +--+: +). 

Hence, the result of Kummer. (1 

This theorem of Kummer was rediscovered by Lucas in 1878. 

In 1991, Frasnay extended the result replacing integers by p-adic 

integers.! 

‘This result is apparently still unpublished; a preprint was given to the 

author. 
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The results of Legendre and Kummer have found many applica- 
tions in the so-called p-adic Analysis. 
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II.2. Cyclotomic Polynomials 

Peter Wwand)¢., — cos(27/n)jerisin2n/n). SoG = 1, G = —1, 
a 2) at Gf 1008 72° asin 72°, G = (1 +1V3)/2, 
CLC: 

All the powers of ¢, are also nth roots of 1, so they are roots of the 

polynomial X”" —1. If w is any nth root of 1, the smallest d > 1 such 

that w? = 1 is called the order of the root of unity w and necessarily 

d divides n; we say then that w is a primitive dth root of q. 

The powers ¢/ for 7 = 1, 2,..., 7 are all distinct with ¢? = 1, 

so ¢, is a primitive root of unity of order n. Since there are n nth 

roots of 1, every nth-root of 1 is a power ¢’. Moreover, as is easily 

seen, (/ is a primitive nth root of 1 if and only if gcd(j,n) = 1. Thus 

the number of primitive nth roots of 1 is equal to y(n), where y(n) 
denotes the totient of n and y is Euler’s function. 

The nth cyclotomic polynomial is 

(2.1) oni) [P(X — Ci) 
gced(j,n)=1 

(product for all j, 1 < j < n, gcd(j,n) = 1). It is a monic polyno- 

mial of degree y(n). Since the polynomial remains invariant by the 

permutation of its roots, from Galois theory the coefficients are in 

Z. 
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By grouping the nth roots of 1 according to their order, we obtain 

(2.2) X"—-1= |] ®u(X). 
d\n 

From this, or directly, we obtain 

(2.3) (0X) SX? XP? aX 5 

xP —1 
> Ce 

SX Pe PS Oe 2) eee ee ee 

(24) « Dye(X) = 

for any prime p and e > 1. 

If m|n and m # n we have therefore 

(25) X"—1=(X™—1)®,(X) |] ®4(X) 

(product for alld, 1 <d<n,d|n,d)m). Let uw be the Mobius 
function 

0 if the primes p; are not distinct, 

(—1)" otherwise. (2.6) lpr -p.) =f 

Then 

(2.7) OX) = | [ee 1) 
d|n 

We note the following properties: If p is a prime and p divides m 

then 

(2.8) Dom(X) = On(X?) (when p|m). 

If p does not divide m and s > 1 then 

(X?") (2.9) ®y2m(X) = 5X) (when p/m, s > 1). 

We now consider the corresponding homogenized polynomials in 

two indeterminates. Let 

(2.10) 6,(X,¥) = eo, (5), 
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then 

(2.11) Xe | [ae ae 
d\n 

If m|n and mn then 

(2.12) APY" = (X™—Y™)®, (X,Y) || Pa(X, Y) 
d 

(product for all d, 1 <d<n,d|n,d/m). We have also 

(2.13) ®, (X,Y) = [] (xv! -ye), 
d\n 

and, as before, 

(2.14) Din (+, Y) = 0, (X",.Y") (when p | 77), 

®,, (X?°,Y?") 
®,, (Xp aae ’ Wars) 

(20s Dae (XY) (when pm, s > 1). 

II.3. Factors of Binomials 

Let a,b be nonzero distinct integers. In this section we consider 

binomials a" + b” as well as the integers (a” — b”)/(a — b) and we 
discuss their factors. 

(3A) Let a,b be nonzero distinct integers. 

(1) Ifp 42, p/ab, and v,(a —b) =e > 1, then v, (a? — Bb?) = 
e+r for everyr > 1. 

(2) If 2 Vab and v2(a—b) =e > 2, then v2 (a® —b”) =e+r for 
every rT 2 

(3) If p is any prime and p | a? — b?, then p? | a? — BP. 

PROOF. (1) It suffices to show that v,(a? — b’?) =e + 1, and then 

repeat the argument. By hypothesis, a = b+ kp*, where p /k. Then 
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Since p divides (”) for 7 =1,...,p—1, then 

Grve dl) 

From v,(k?p?*) = pe, it follows that u,(a? — b?) =e +1. 
(2) As in (1), it suffices to show that v2(a? — 6?) =e+1. By 

hypothesis, a = b+ 2°k with e > 2 and a,b,k odd. Then a? = 
b? + 2°+1k + 2?¢k?. since e + 1 < 2e, then v2(a? — b?) =e +1. 

(3) By hypothesis, a = a? = b? = b (mod p); raising to the pth 
power, a? = b? (mod p’), so p? | a? —b?. O 

2k ee Wi 

If n > 1 and a,b are distinct nonzero integers, let 

a—b 4 

ie b” n—1 : . 

(3.1) Onn = =e Cane 
k=0 

By convention we define Qo(a,b) = 0. We note the following expres- 

sion for Q,,(a,b) (n > 1): 

[(a — b) +B)” — b” 

a—b 
(3.2) Qi(G70)t— 

nr = (a- by" + (Jee a a 

n a n—2 Tal (79) b)b"-* + nb 

= (a—bd)e+ nb", 

where e € Z. Also, if n = p is a prime number, then 

(3.3) Q,(a, b) a (a ae bm + pf, 

where f € Z. 

We shall now indicate some properties of the integers Q,,(a, b). 

Jacquemet (before 1729) proved (5) below when n = p is an odd 
prime. Euler proved in 1738: if p is an odd prime, a > 1, then 

gcd (Q,(a,+1),a +1) = 1 or p; if p divides a+1 then v,(Q,(a, +1)) 

= 1; moreover, if p 4 3, a ¢ 2, then Q,(a,+1) is odd and greater 
than 1. 

In 1769 Lagrange proved (4) below, as well as (6) when n = pis a 
prime number. In 1837, Kummer proved (4) when n = p is a prime 
number. In 1888, Sylvester proved a special case of (3). In 1897, F. 
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Lucas proved special cases of (5) and (6). More recently, properties 
(4), (5), (6), and (7) have been established by Inkeri (1946) and 
Vivanti (1947). In the present form, most of the proposition is in 
Moller’s paper (1955). 

(3B) Letn > m > 1, and let a,b be nonzero distinct integers. 
Then 

(1) If n=mq+r with r >0 then 

Qn(a, b) = a"Q,(a™, b™ )Qm(a, b) + b™7Q,.(a, b). 

Ifn=mq-—r with r > 0 then 

CA Gib=ao ate Qeenlar. bb O..(a,0) 
= ee OS iS AS (a, b). 

Assuming a,b relatively prime, we have: 

(2) If d= gced(n,m) then Qa(a, b) = gcd (Q,,(a, b), Qn(a, b)). 

If p is an odd prime dividing a—b then v, (Qn(a, b)) = v,(n). 
If 4|a—b then v2 (Q,,(a, b)) = v2(n). 
If 2|a—b but 4 Ya —b then v2 (Q,(a,6)) > veo(n). 

(8) If n is odd then Q,,(a,b) is odd. : ; 
(9) If n is odd and e > 0 then gcd(Q,,(a, 6), a7" +b? ") = 1. 

(10) If every prime factor of n divides a— b then n(a— b) divides 
i Pca a 

) 
) 
) If p|a—b, p fn then p /Q,,(a, b). 
) 
) 

PRoor, (1) Let.n = mq --r. Then 

q™m@atr = pm™4 =e 

OR re b) = oe b 

qgmatr = a’b™ a. a™b™4 2 pmatr 

a a—b 
(ghee oak {gfe qa” ~~ br” 

= Th 3 pe SLE pd 

on a ere are 
STE IE SOT Te NE ae 

= a" xi 0aee 
tal Mos Geb ae a—b 

alae he JO Ka; b) + Q,(a, b)b™". 
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Now let n = mq -—r. Then 

leis Cn Gage b™) at peas) Qin (a, b) = OLD Osa, b) 

Me te h(q-1)m qm™ — p™ 7 ae a™ — b™ 

=a << —— 
am — b™ ab a—b 

a” eA b” 

i a Dae 

a—b 
* a = am" pla-Dm at Geigy as b” ae Gee ae at ptm 

: a—b 
Gu oh! lev 

= = ()F(d,0): 
a—b 

(2) Since a,b are relatively prime then for every k > 1, a and b are 

also relatively prime to Q;,(a,b) = a*~! + a*~2b+---+ab*-?+6*"1. 
By (1), Qa(a,b) divides Q,,(a,b) and Q,,(a,b). Let r,s be positive 

integers such that d = sm —rn (or d=rn-— sm). So sm =rn+d 

and by (1), 

O}, (aa DOr (a, b) a Q sah, b) oa a“Q, (Ge DOG b)+b"" Qala, b). 

If ¢ divides Q,,(a,b) and Q,,(a,b) then t divides b’"Q,(a,b); but 
Q,,(a,b) and b are relatively prime, hence t | Qz(a,b), showing the 

statement. 

(3) By (2), the integers Q,(a,b) (for primes p dividing n) are 

pairwise relatively prime. By (1) if p|n then Q,(a, b) divides Q,,(a, b). 
Hence [],,),, Qp(a, b) divides Q,,(a, 6). 

(4) Since gcd(a, b) = 1, it follows from (3.2) that gced(Q,,(a, 6), a— 
b) = gcd(n, a — b). 

(5) This is an obvious consequence of (4). 
(Olay bet ip spin, ceOrsO Un (7) Leisaye = 0 Oe 

b™. Since p | a — b, by (5) p does not divide Q,,(a,b) = (a™ — 

b™) /(a—b) = (a, —b,)/(a—b), so v,(a; — b,) = vp(a—b) > 1. Hence 

v,( ay - bo”) = vu,(a; — b,) +r. Thus 

Up (Qn (a, 6) = (La *) - »,( 2 - ) =r=v,(n). 
a, — b, a 

(7) pibet yn = 2"ine2 (ini 2) Omsovu, (1) = neLeteay— a be 

b™. As in (6), ve(ai — b:) = v.(a-— 5b) =e > 1. If e > 2 then 
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U2 (a? — b?) =e+r, so 

at ee 2" - 
V2 (Qn (a, b)) = v2 (ta) + v2 (2—) =F —U2(n). 

However, if e = 1 then v2 (a?) — b?’) > r +1 (and it may be greater 
than r + 1), so we can only ronentte that v2 (Q,,(a, b)) > ve(n). 

(8) Ifa #b (mod 2) then a” 4 b" (mod 2) so Q,,(a,b) is odd. 
If a = b (mod 2) since a,b are relatively prime, they are odd. It 

follows that Q,,(a,b) =a"! + a"~-2b+---+ab"-? + b"—! is the sum 
of an odd number of odd summands, so it is odd. 

(O} let p be'a prime.7, 2 1 and p. |'Q,(a,5), p | a7°-+-b? ™. By 

(7), p # 2. Since p” | a” — b” then a?” = b? ™ (mod p”) so p” | 2a?” 
Therefore p divides a, hence also b, which is not possible. 

(10) Let p be any prime factor of n; by hypothesis p | a — b, 
hence by (6) or (7), vp(n) < vp (Qn(a, b)), therefore v,(n(a — b)) < 
vp(Q,,(a, b)(a — b)) = v,(a” — 6”). Since p is arbitrary, this shows 
that n(a — b) divides a” — 6”. O 

We indicate now the following complementary result proved by 

Inkeri in 1946: 

(3C) Let p be an odd prime, n > 1, and let a,b be nonzero 

relatively prime integers such ee Ge Then: 

(1) Qpn (a,b) = TTnai Qp(a?” ", bP””*). 
(2) If p does not divide a?” —b?” then the integers a—b, Q,(a,b), 

(5 (G8 0H) oe ,Q,(a” a ae) are pairwise relatively prime. 

(3) If p | a?” — b?", if i,j are integers such that 1<i<j<n 

then 

ged (Q, (a ", B') Qn(a"' ")) =P, 
gcd (a — 6b, Q, ine b*)) ys 

(4) If vu, (a?” — b?") =e >1 thene > n+1 andv,(a—b) =e—n. 

ProoF. (1) 

Qpn (a, 6) = I] emt ppt I] Chee cs be if 

m= 
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(2) We have a?” — b?” = qoqi-++Gn where qo =a—6, 

By hypothesis, p / q; (for 7 = 0,1,...,m). If / is a prime and / 

divides q;,q; (with 0<i<j<n), then! #pand/|a” —b?. Since 

ee He 

ap? — be bp" = (OF eae O(OL On (at, #') = 
then | divides Q,;-:(a”’, b”). By (3B)(4), we have | = p, a contra- 
diction. 

(3) Assume that / is a prime, e > 1, and I° divides q; and 

gan sue <ejiia)e “Thenii> “divides a?’ — b?’ and also a” — 

be (a? = BP Nona: -+g;—-1. Since I* divides Os (arnt pr’ *) = qj; 

by (3B)(4) I° divides p, so l* = p. 

(4) If p divides a?” — 6?” then p Va, p /b. From 

C= (aaa) = (or) Sh | (mod p), 

it follows that p | a?” — b?". By (3B)(6), v,(Q,(a®” |, b” ')) 

= 1, hence Ona - cam) =e-—1, withe—1>1. Repeating this 

argument, v,(a—b)=e-—nwithe>n+1. O 

We shall need later the following estimates: 

(3D) Let n be odd, n > 3, and let a,b be nonzero distinct integers 

such thata+b>1. Then Q, (a,b) >n. The equality holds exactly 

WEN) T= OG 00 OF) == a ae De 

PROOF. Since Q,,(a,b) = Q,,(b,a) and a # b, we may assume with- 
out loss of generality that a > b. If b > 1 then 

OF axb) =a. pistes 7b oct Ob een Deiat el ae a ety 
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Ifb< —1 thena>1—b>2,}?>1 and 

Qn(a,b) = (a+ b)(a"? + a" 4b? +--+ ab"-9) 4 Br! 
Sa ee ee eo eg 

9 (40-97 roy |) 1) nal 

A(n—1)/2 _ 4 
I i AC eel 

when n > 3. If we have Q,,(a, b) = n then we must have equalities all 
through, and this requires that n = 3, a = 2, b= —1. By symmetry, 
we may have Q,,(a,b) = n also when n = 3,a=-—1,b=2. O 

We note explicitly that if p is an odd prime, if a > b > 1 then 

Q,(a,b) > p. This fact is a special case of the above result, but may 

also be seen directly, since Q,(a,b) = a?! + a?-2b + «+. + abP-? + 
ey. 

Before proceeding, we note: If 1 < b < a, by (2.13), ©,(a,b) > 0. 

If n is odd, n > 3, and a,b are not both even, then ©,,(a,b) is 

odd. Also, if n is odd, n > 3, and a,b are not both even, then 

®,,,(a, b) = ®,,(—a, b) is odd. 
Let a,b be nonzero distinct relatively prime integers, let n > 1. 

We say that the prime p is a primitive factor of a” — b” (respectively, 

a” + b") if p divides a” — b” (respectively, a” + 6”) but p does not 

divide a™ — b™ (respectively, a” + 6) for every m,1<m<n. We 

first note that if 2 is a primitive factor of a” +b” then n = 1, because 

a = b (mod 2). 
Next we observe: 

(3E) Ifn > 2 then p is a primitive factor of a” +b” if and only 

if p is a primitive factor of a?” — b?”. 

ProoF. If p is a primitive factor of a?” — b?” then p / a” — b” so 

p|a”+6"; moreover if p | a* +b* where 1 < k <n then p | a?* —b**, 

so 2k = 2n, showing that p is a primitive factor of a” + b”. 

Conversely, if p is a primitive factor of a” + b” (with n > 2) then 

p #2 and p| a” — 0". If 1<k < 2nand p|a* —b*, let k = 2°m, 
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with e > 1 and m odd. Then 

ak abl (Geog = ban) (aca 4 baa) 

Since 2°-!m <n, by hypothesis p / a2 °” +b? ™, so p | Oo 

b2'™. Repeating this argument, p divides a™ — b™, where m is 

odd. Thus a” = b™ (mod p) and also a” = —b” (mod p). Then 
am” = b™" (mod p), a” = —b"™ (mod p) hence p | 6 (because 
p # 2), so p | a, contrary to the hypothesis. Thus p is a primitive 

factor of a2” —b?". 

The first result is very easy to prove! 

(3F) Let a,b be nonzero relatively prime integers, letn > 1, and 

let p be a prime. The following statements are equivalent: 

(1) p is a primitive factor of a” — b”. 
(2) p | a” — 6”, but lam <n,m|n, then p/a”—b™. 
(3) pil Daa. O)avutt) le tee, Uenipay D,a,.0). 
(A\rpil OF (Gab)ebut y Wore n, mm |, uhen p / Oy, ( an): 

(5) pb and if b! is such that bb! = 1 (mod p) then the order of 
ab’! modulo p is equal to n. 

3 
4 

5 

ProoF. The implications (1) — (2) and (3) — (4) are trivial. The 
equivalences (1) « (3) and (2) < (4) follow at once from the ex- 
pression a" — b” = [J,,,, ®a(a, 6). 

Noting that (ab’)? = 1 (mod p) holds if and only if p | a? — 6%, 
then (5) is obviously equivalent to (1) and to (2). O 

Let p be a prime not dividing n. Then the congruence X" —1=0 

(mod p) does not have double roots, since the derivative nX"~! has 

only the root 0 modulo p. It follows from (2.5) that if a is an integer, 
a #1, and p/a if ®,_,(a) = D (mod p) then ®,,(a) 4 0 (mod p) 
for every m, 1 <m < p—1, m dividing p — 1. 

From this observation and from (3F) we deduce: If a 4 1 and p 

does not divide a, then a is a primitive root modulo p (i.e., the order 

of a modulo p is p — 1) if and only if ®, _,(a) =0 (mod p). 
The following proposition appears in the paper of Birkhoff and 

Vandiver (1904) and once more in Inkeri’s paper (1946) for the case 
where n is an odd prime. The inclusion LE, C FE, was first shown by 

Legendre (1830). 
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(3G) Letn>2. With the preceding hypothesis, the following sets 
of primes coincide: 

F,: the set of primitive factors of a" — b"; 
Ey: the set of primes p such that p= 1 (mod n) and p | ©,(a, b); 

and 

E33: the set of primes p such that p/n and p | ®,,(a, b). 

PROOF. We show that E; C E>. By hypothesis, p | a” — b” but 

p a™ — b™ for all m,1 < m < n. By (8F), if bb’ = 1 (mod p) 
then the order of ab’ modulo p is n. Hence n | p— 1. Moreover, if 

1<m<n,m|n, then ®,,(a,b) divides a™ — 6”; since p /a™ — b™ 

then p / ®,,(a,b). But p divides a” — 6” = [],,,, ®m(a,6), hence p 
divides ®,,(a,b). 

Obviously EF, C E3, because if n | p— 1 then n < p, hence p /n. 

Now we show that F3 C E,. Clearly p | a” — 6”. Suppose p is not 

a primitive factor of a”—b". Then there exists m, 1 <m<n,m|n, 

such that p|a™ — 6”. From 

a" — b” = © ,(a,b)(a™ — b”™) I] ®,(a, 5), 
d#n,d|n,dj/m 

by hypothesis p divides (a"” —b”)/(a™ —b™). We write n = md, a” = 

a,, 6” = b,, hence 

m\|n 

he a yp daa b@ d—1 ie 

SES ert > at. 6) = day” (mod,p). 
eek, sere mm te os a b a; — b; a 

But p | a;—b;, so p a1, hence p | d, so p | n, which is a contradiction, 

concluding the proof. 0 

Next we prove: 

(3H) Let a,b be nonzero distinct relatively prime integers, and 

n> 1. Let p be a primitive factor of a4 — b*, let v,(a* — b*) =r >1 

and assume that r > 2 ifp=2. Then 

(1) vp(®a(a, b)) = 7; 
(2) ift >1 then v, (Pap:(a, b)) = 1; and 
(3) ift >0,k>1, pk then vp(Ppape(a, b)) = 0. 

Proor. (1) By (3F), p /®:(a,) for all 1, 1 <1 <d. It follows that 

(D(a, 0) = v,(a° — 0"). 
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(2) We have, by (2.12), 

—1 
ape pi" — Da, (a, b) : ie — oN II Dr (a, b). 

eld, 1<e<d 

We note that p ®.,: (a,b) when e < d, otherwise p | a°?’ — b°’: since 
p is a primitive factor of a4 — 67 then by (3F)(5), d divides ep’; but 
p /dso d|e, acontradiction. But by (3B)(6) and (3B)(7), 

Ls (Ga _ b’) =r+t, 

oan ~ baa) =r+t-l. 

Therefore v,(®ap+(a, b)) = 1. 
(3) We have 

gtk’ — pake’ B skp (a, b) I] ®,(a,b) - (a v4 pr") ; 

eldkpt,ef dpt, e<dkpt 

By (3B) (G)and (8B)(()_ uae? — bo? | rent g(a"? be? Ve 
r+t, hence v,(®azp+(a,6)) =0. O 

For every integer n > 2, let P[n] denote the largest prime factor 

of n. 

(31) Leta>b>1, let gcd(a,b) = 1, and letn > 2. Let p be a 
primitive factor of af — b/ such that p| ®,(a,b). Then: 

(1) There exists 7 > 0 such thatn = fp’ with p/f. 
(2a 90M then = Pin 
(3)eli 7 = Oland py | O(a. b\athen 1p — 2. 
(4) gcd(®,,(a, b),n) = 1 or P{n). 

ProoF. (1) By (2.11), ®,(a,b) divides a” — b”; then p | a” — b”, 
hence f | n by (3F). Since p | a?~' — b?-!, again f | p— 1, s0 f <p. 
Let n= fp’w with j > 0, p) fw. Write r = fp’. By (3.2), 

a” — b” 

Ca br 

Since p | a” — b” (because f | r), then 

qa” — br 

a” — bd” 

= wb”! (mod a’ —b’). 

=wb""' (mod p). 
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If n < m then by (2.12), ®,(a,) divides (a” — 6")/(a” — b”). Since 
pb, (because ged(a,b) = 1), then p | w, which is absurd. So 
n= fp’. 

(2) ee teers Otic 7 P{n]. 

(3) Let 7 >1 and s= fp’-!, son=ps. Then 

pitas bh” x [(a* = b*) ce be |F = bsP 

ae— bs os as — bs 

= pb?) v7 (° (a° fi b°)psP-?) al () (as = Pe 

+-+--+ (a —b*)P? 

If p > 3, since p | a* — b°, then 

ne br 

ie = bs 

On the other hand, by (2.12), ®,,(a,b) divides (a” — b")/(a* — 5°), 
hence p? | ®,,(a,b). Thus, if p? | ®,,(a,b), then necessarily p = 2. So 
f <p-—1 implies f = 1 and n = 2!, so ®,,(a,b) #0 (mod r), which 

is absurd. This shows that 7 = 1 and n= 2. 

(4) Assume that there exists a prime p dividing gcd(®,,(a, b), n). 

Byi())sand (2) po: = -Pln\ By (3)pifp?  \peed(@,, (a,b), n)>- then 
n=p=2,s0 p* /n. This shows the assertion. O 

=p (mod p’). 

The following very interesting theorem was proved by Bang (1886) 

in a particular case. In 1892, Zsigmondy proved the stronger ver- 

sion presented here. It was rediscovered by Birkhoff and Vandiver 

(1904) and by various other mathematicians, like Dickson (1905), 
Carmichael (1913), Kanold (1950), Artin (1955), Hering (1974), Li- 
neburg (1981) and maybe others. 

(3J) Leta>b>1, ged(a,b)=1,n2>1. 

(1) a” —b” has a primitive factor, with the following exceptions: 

(a NGG ae 
(b) n= 2,a+6 a power of 2; and 

(6) 36,90 =12,.) = 1. 

(2) a” +b” has a primitive factor, with the following exception: 

eo re 



90 II. 4 Interludes 

ProoF. (1) It is clear that in cases (a), (b), (c), a” — 6” does not 
have a primitive factor. If n = 1 and a —b does not have a primitive 

factor, then a — b= 1. 

Let n = 2 and assume that a?—b? does not have a primitive factor. 
From a? — b? = (a + b)(a — b) and gcd(a + b, a — b) = 1 or 2, if p 
is an odd prime dividing a + b, then p divides a? — b?. But p is not 
a primitive factor, so p | a — b, hence p divides a and 6, which is 

absurd. This shows that a + 6 is a power of 2. 

Now let n > 3 and assume again that a” — b” does not have a 

primitive factor. Let p= P[n] and v,(®,,(a,6)) = 7 > 0. Define 

®,, (a, b) 
Saar 

(1°) Assume that ®*(a,b) = 1. Let G1, C2, .-- , Cyn) be the primi- 

tive nth roots of 1. From 

=O a oO 
G ) ? 

y(n) 

ja — ¢:5| = 

®,,(a,b) = |©,(a,b)| = || |a — ¢b| > (a—b)?™ > 1 = O* (a,b). 

and a previous remark, 

i=1 

Dan 

So 7 > 1 and p| ®,,(a, b), hence p divides a" — b”; so p is a primitive 
factor of af — b’, where f divides n. By (31), gcd(n, ®(a,b)) = p and 
also p* /®,,(a, b). 

In conclusion, ®,,(a,b) = p, because ®* (a,b) = 1. Moreover, from 

p|n, it follows that p— 1 divides y(n). This implies in turn that 
p= ®,,(a,b) > (a — b)?™ > (a — b)P-!, hence a — b= 1. 

If p? | n let n = pm, then p— 1 < y(m) and by (2.14) 

p= ®,(a,b) = (a — bP) > (a? — Be) > (a? = pee 

because p | m. Thus a? — b? = 1, which is not compatible with 
Gh fves Ik. 

Thus, from (31), n = pf, p / f, where p is a primitive factor of 

—b!. Note also that f | p—1, so f < p. From y(n) = (p—1)y(f) 
it follows that 

p(a’—b”) > p(af—b!) > ®,,(a, b)®;(a, b) = ®s(a?—b”) > (aP—bP)e), 

using (2.12). Therefore p > (a? — b?)?‘)-1, hence necessarily y(f) = 
1) thus: — lor f —2-co"n —p or 7? — 2p 
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ipnip, then p= O5(a)b) = a?) 4+ atr2b-. + abr? + pr = 
(a? — b?)/(a — b) = a” — bP, and this is absurd because a — b = 1. If 
n = 2p, from 3 < p it follows from (2.12) that 

a? = bP 
p = ®2,(a,b) = a+b 

By (3D), necessarily a = 2,b=1, and p= 3, son =6. 

(2°) Assume that a” — 6" does not have a primitive factor. If 
suffices to show that ®*(a,b) = 1 and the result follows from (1°). 
Let p be a prime dividing ®,,(a,b), so p | a” — b”. Then there exists 

f, dividing n, 1 < f <n, such that p is a primitive factor of af — b/. 
By (31), p = P[n] and ©®,,(a,b) = p’ with j > 1. Hence ®*(a,b) = 1. 
eel 2 og 2b — I then a 4-6” = 2° + 1 has no primitive 

factor. Conversely, ifn = 1 and a+b > 2, so there is a primitive 

factor. 

If n = 2 and a? +0? does not have a primitive factor, then a? +b? = 
2* (with k > 2). Indeed, if p is an odd prime dividing a? + b?, then 
p|a+tb, so p | a? —b?, hence p | 2a?; it follows that p | a and also 
Moe which is absurd. Hrom-a7 49h" ="2" (kt > 2), ecd(a,b) —" 1, 
it follows that a,b are odd, hence a? + b* = 2 (mod 4), which is a 
contradiction, proving that a? + b? has a primitive factor. 

If n > 3, it follows from (1) that a?” — b?” has a primitive factor 
p with the only exception 7 = 3, a= 2; b= 1. If p= 2 then a,b are 

odd, so 2 | a+), which is not compatible with 2 being a primitive 

factor of a” — b”. 
By (3E), a” +b” has a primitive factor, with the exception indi- 

cated. O 

It follows from this theorem and (3F) that if a > 2, then each 

number in the sequence 

(a), ®4(a), ®;(a), Pg(a), B7(a),... 

(with ®g(a) deleted when a = 2) has a prime factor which is not a 

factor of any of the preceding numbers. 

The following results are also of interest: 

(3K) Let lax macend.a 1b) lwuitheecd(a,b)i— Baa Ly 

gcd(®,,(a, b), 
®,,(a,b)) £1, then P{n| = gcd(®,,(a, b), ®,(a, b)). 
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ProoF. If n = 2, then m = 1. If ged(a—b,a+ 6) # 1, then 

gcd(a — b, a+b) = 2. 
Now assume n > 3. Let p be a prime and let e > 1 be such 

thatip® | D,,(a) beep a “De ayb)e = Then wml tas peep asa te 
so p is not a primitive factor of a” — b”. By (3G) p | n and 

bya (3G) p =P (n\ oO; (ath) = ipeyp yrcyisotes— I Sincet pi was 

an arbitrary common divisor of ®,,(a,b), ®,(a,6), this proves that 

eln\=-ccd(Da( ash) O(a.) atl 

(3L) Let p be any prime, let 0 < i < j, and let a > b> 

Lgcd( a; bel. hen 

ged(@y(a,8), ®,(a,0)) = {5 UP Te > 

Proor. By (3K), if d = ged(®,:(a, b), ®,; (a, b)) A 1 then d= p. 

Assume first that p 4 2. If p | a—b, then OP ge 1 = eee 

(mod p) so by (3B), p divides ®,; (a,b) = (a” — b”’)/(a”’ * — bP’ ’). 

Similarly, p divides ®,: (a,b). Finally, if p/a—, then a” =aF 

b = bv (mod p), so pa” — b”’ and a fortiori p / ®,; (a,b). Thus, 
gced(®,i (a,b), ®,; (a, b)) = 1. 

If p = 2, then ®,(a,b) = a— 6b and ®3x(a,b) = Gin aba Eh (for 

k > 1). So ifa=b (mod 2), then 2 divides ged(®z: (a, b), ®2: (a, b)), 
and conversely. [1 

The following corollary of (3L) will be useful: 

(3M) Ifa>b>1 are integers and n > 2 then Pla” —b"| > n 
and Pla” + b"] > 2n. 

PROOF. We may assume without loss of generality that gcd(a, b) 

= 1. Indeed, let d = gcd(a,b) and let @ = da), b =. db,, so aj-> 
b; > 1 and ged(a;,b,) = 1. Moreover, a” + 6" = d"(a? +b"), hence 
Pla? + bf] < Pla” + b"]; so it suffices to show that n < Pla? — 6") 
and 2n < Pla? + 67]. Thus, we assume gcd(a, b) = 1. 

(1) li g= 2b =sl\ n= 6then ab" =0° = G3 = 82 and 
P(2° — 1] = 7 > 6. In the other cases, by (3L) let p be a primitive 

factor of a” — b”. By (3G), p = 1 (mod n) so p = 1+ kn, hence 
Pliage 6" eps a 
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By (8L), let p be a primitive factor of a2” — 2”. By (3G), 
p = 1 (mod 2n), so p= 1+ 2kn > 2n. By a previous remark p is 
also a primitive factor of a” + 6”. Hence Pla” + 6"] >p>2n. © 
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I.4. The Resultant and Discriminant of Polynomials 

Let 

eee gkt ok? Yh. -cota,¥  (with-age 0), 
Cae ehh XY oe: 25." wailwithi bose 0), 

where the coefficients a;, 6; belong to an integral domain A. 

We shall define the resultant of F,G, denoted by R(F,G) or also 

by Res(F,G). First, if m = 0 we define R(F, bo) = b%, while if n = 0 
we define R(ao,G) = ag’. In particular, R(ao, bp) = 1. Next, ifm 4 0 

and n # 0 we define R(f,g) to be the determinant of the following 
matrix with m+ n rows and columns: 

Gari tee ae! Oar) 

0 ao a; 5A.5 anee Ga 0 

0 0 Ciera ao Q, Oo Qn ‘ 

0) OP ee NT ad en 

TR a Oe en) 

ball Or) ae Oe ereccene Oe al) 

note that there are m rows containing ag,... ,@,, as entries, followed 

by n rows with bo,... , Om. 

R(F,G) is called the resultant of F(X,Y) and G(X,Y). R(F,G) 
is a polynomial with coefficients in Z of degree m in the coefficients 

a; and of degree n in the coefficients 6;. 
The resultant of 0F(X,Y)/OX, OF (X,Y)/OY is called the dis- 

criminant of F(X,Y): 

One” 
Discr(F’) =R(5 g ) Ox 0 

We recall the following well-known properties (see Bécher (1907) 

or Cohn (1974)): 

(4A) Let F(X,Y), G(X,Y) be binary forms of degrees, respec- 

tively, n > 1,m => 1. Then: 

(1) F(X,Y) has a (nonconstant) factor proportional to a factor 

of G(X,Y) if and only if R(F,G) = 0. 
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(2) Ifn > 2 then F(X,Y) has a multiple linear factor if and only 

if Discr(F’) = 0. 
(3) If F(X,Y) = []j_,(a:’X —aiY) and G(X, Y) = BEG oe 

BY) (with a;, a;', B;, B;' elements of a field containing the 

coefficients of F,G and a;! 4 0 for each i and B,’ # 0 for 

each j) then 

R(F,G) = J] G(ai, a’) = (-1)"" [][ F(G;, 8) 
iat j=l 

= [[(G’a a B;0;') = (vas [[(@’4; Fe a;(3; ). 
Bo} Deg) 

In particular, R(G, F) = (—1)""R(F, G). 
(4) If H(X,Y) ts also a binary form of degree 1, then R( FG, H) 

= R(F,H)R(G, H) and R(H, FG) = R(H, F)R(H,G). 
(5) Ifn >m and H(X,Y) is a form of degree deg(H) =n -—™m, 

then R(F — HG,G) = R(F,G). Similarly, if m > n and 
K(X,Y) is a form of degree deg(K) = m-—n then R(F,G — 
KF) = R(F,G). 

Now let f(X),g(X) be any nonzero polynomials of degrees n,m, 
respectively, Leum (xX, YY 7 (X7 Yn GUY | sya Xi aeiiso 
F (X,Y), G(X,Y) are binary forms of degrees n,m, respectively. 

The resultant of f,g is by definition R(f,g) = R(F,G). The dis- 
criminant of f is, by definition: Discr(f) = R(f, f’). 
line te ey mand’ lh (Xs Y eeu] anlaeX 0155) 3G OX aya 

je (G;'X — B;Y) (as in (1A)), with a;' 4 0, GB,’ 4 0, then a;/a,’ 

are the roots of f(X), ,;/G;’ are the roots of g(X). 
If f(X) = aX" + a, X"' +---+4, (with n > 1, ap 4 0), let 

PCE ST ROG Ole TE CHO Casa) 
The discriminants of the polynomial f(X) and of the binary form 

F(X,Y) are related as follows: 

(4.1) Diser(F) = “ Diser(f). 

Indeed, the derivative of f(X) is 

F(X) = nagnX”™ 4 (n= lay Xneeek ea, 

the corresponding binary form is G(X,Y) = Y"~'f’(X/Y). On 
the other hand, 0F/OX = Y""'f'(X/Y) = G(X,Y), OF /0Y = 
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Yyemopex ey XY"? fF Cay Vinx sy) XG(X,Y)). 
So, we have, on the one hand 

Ole OF OF qe OF . 
R( Ya) = R(SeY) RS ae) = nao Diser(F). 

On the other hand, 

OF _ OF R & Y=) =R(GinB XC) =,R(G.nF) 

REPRE, Fyn st (a1) VRE G) 

Seal) ae SRG af) = nis Diser(f). 

For the convenience of the reader we write explicitly the prop- 

erties of the resultant and the discriminant for polynomials in one 

indeterminate. 

(4B) For polynomials f,g,h,k, with deg(f) =n, deg(g) = 

(1) Rg, f) = (-1)™" RUF, 9). 
(2) Ifn<m and deg(h) < m—n then R(f,g) = R(f, 9 + fh). 

7 9) 1A a) jormeveryinteger s > 1, 
(X —a)*,g) = [g(a)|* whereae A, s > 1. 

If f =ao]Ti21(X — a4) and g = bo [Tj (* — fi) then 

R(f,9) = 06° TT T[(a - 6;) 

3 

yor TI] £(G,): 
Tau 

I 

(7) If f = 40 [Tj21(X% — a), then 

Discr(f) = (— 1) n(n— )/2q pe ‘TI eo) ; 

(8) If f =hk, deg(h) =1r, and deg(k) = s, then 

Discr(f) = (—1)"*Diser(h)Discr(k)[R(h, k)]’. 
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(4C) 
(1) If f,g € A[X] are nonconstant and R(f,g) 40, then f,g are 

relatively prime. 

(2) IfA=K is a field, and if f,g € K|X| are relatively prime, 
then R(f,g) #0. 

Proor. (1) Assume that f,g have a common nonconstant factor 

he A[X]. So f =hf, and g = hg;. By (4B)(3), 

R(f,g) = R(h,h)- Rh, 91) R(fi,k)- R( fi, 1) = 0. 

(2) Assume that f,g € K[X] are relatively prime. By Bézout’s 

theorem, there exist f,,g, € K[X] such that gif + fig = 1; in 

particular, deg(g: f) = deg(fig). By (4B)(3), 

Rin f, fig) = Rg, fi) - R(gi,9)- RF, Jy) Slt iiag)): 

If R(f,g) =0, then R(g:f, fig) = 0. However, by (4B)(2), 

Rigf, fig) = Rigif, Liz nf) = Rif, 1) = 1, 

which is a contradiction. [| 
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III 
Algebraic Restrictions 
on Hypothetical Solutions 

Assume that n > 3 and x,y,z are nonzero pairwise relatively prime 

integers such that 
a” at tf a ae 

In this chapter we derive algebraic relations which must be satisfied 

by z,y,z,n. In some cases, these lead to a contradiction showing 

that for the exponent in question, Fermat’s equation has only the 

trivial solution. 

Ill.1. The Relations of Barlow 

Let p be an odd prime and suppose that there exist nonzero pairwise 

relatively prime integers x,y,z such that xv? + y? +z? = 0. To 

begin, we observe that r+ y+z #0. Indeed, z,y,z cannot be 

all positive (nor all negative), so we assume, for example, that x > 
Oe Orandes Ue then ey ay since eZ, 
thus 2 +y+ 24 0. 

We shall indicate relations which the integers x, y, z must satisfy. 

The first such results were proved by Barlow (1810, 1811) and 

discovered independently by Abel in 1823, who stated them with- 
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out proof, in a letter to Holmboe. The results below were given 

with complete proofs by Legendre, as early as 1823, and were known 

to Sophie Germain. Later, they were rediscovered by Lindemann 

(1901, 1907) and appeared in papers by Catalan (1886), Tafelmacher 
(1892), Fleck (1909), Lind (1910), Bachmann (1919), James (1938), 
Raclis (1944), etc. 

(1A) [If there exist nonzero integers x,y, z such that x? +y? + 2? = 

0, gcd(z, y, z) = 1 and p does not divide z, then there exist relatively 

prime integers t,t,, not multiples of p, such that 

pope 1 ee z= —tt,. 

Moreover, t, is odd and t, > 1. 

PROOF. From the hypothesis, x,y,z are pairwise relatively prime. 

Consider the integer 

(ie) 

eae ye 
Z, = = SCO Qp( y) aty 

Since r+yt+z=2?+y? +2? =0 (mod p) and p/z then p/xr+y. 
By Chapter II, (3B), gcd(z + y, Q,(z, —y)) = 1. 

From (—z)? = 2? + y? = (& + y)Q,(z, —y) we conclude that x + 
y, Q,(x, —y) are pth powers, i.e., there exist integers t,t, such that 

Der yet, a(t — yy) = so — 2 = tty and ecd(te ty) =" 

We show that t; is odd. From (1.1) we see that Q,(x, —y) is the 
sum of an odd number of terms; among these terms, x?~! or y?~! is 

odd (because x, y are not both even). Thus Q,(z,—y) must be odd, 

hence t, is also odd. Finally, from (1E) since x > y (or y > x) then 
Cay eele(Ory te 1) hence t] = G).(@,—4)) = Que — = paso 
Ga ONG tactic ele | 

gP} Pe gP-*y al Seadoo zy? ? 4+ yt, 

If x,y,z satisfy x? + y? + z? = 0, if p does not divide z, y,z and 

if gcd(x,y,z) = 1 then by the previous result there exist integers 

r, 8,t,7,, 8,,¢,, not multiples of p, such that 

| Tete tpg (@P tt) (Gee Yieatths 
(1.2) 

z 

Yah ee= Geilo! ae 25) Wate ie Riba eke Ca, 
2 td Sh a Zhen?) / (2 es ay) 
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Moreover, r,s, t,71,5,,¢,; are pairwise relatively prime, 7), 8,,¢, are 
odd and greater than 1. We note that r? + 5? +t? = 2(r+y+z) £0. 
By addition and subtraction, it follows that 

pa — sh (re os? iP) /2 = (rr? — gs? 4. 7?) /2: 

&=—rP +r? + sP + t?)/2 = (=r? + sP + tP)/2, 
aeey ( 

Be tar ase i?) /2 = (r? + 5? — 1?) /2. 

We have the following complement of (1A) known to Sophie Ger- 
main and reproduced by Legendre (1823). Proofs were also given 
by Fleck (1909), Lind (1910), Pomey (1923) and again by Spunar 
(1928), James (1938), Pérez-Cacho (1958), and Draeger (1959) (in a 
different form). 

(1B) Jfp is an odd prime not dividing z, every prime divisor q of 

t; 1s congruent to 1 modulo 2p. In particular, t; = 1 (mod 2p). If, 

moreover, p does not divide ryz, then every prime divisor of r;s,t, is 

congruent to 1 modulo 2p”. In particular, r, = 1 (mod 2p’), s; = 1 

(mod 2p?) and t; = 1 (mod 2p’). 

PROOF. Let qg be a prime dividing t,. Then q divides x? + y? but 

q does not divide x + y = #t” because gced(t,t,) = 1. By Chapter I, 

(3G), q=1 (mod p). Since gq — 1 is even then g = 1 (mod 2p). 
Now we suppose that p / xyz and that q is a prime dividing 7), 

hence g divides x. Therefore q does not divide yz. We note also that 

gcd(r,r;) = 1, so q does not divide y + z. 
Thus we have y = t? (mod q), z = s? (mod q), hence t? + s? = 

y+z#0 (mod gq) and t? + 5? = y? + 2? = —zP =0 (mod gq). Sog 

is a primitive factor of t”” +s”. By Chapter II, (3E), q is a primitive 
factor of t2?° — s2?°, hence by Chapter II, (3G), q=1 (mod 2p”). In 
particular, r; = 1 (mod 2p’). 

The proof is similar for the prime factors of s; and t;. O 

Now we give the relations which must be satisfied by would-be 

solutions in the second case; these facts (including n > 2) were 

known to Sophie Germain and were given by Legendre (1823). 

(1C) Let x,y,z be nonzero integers such that p divides z, x? + 

y? +2” = 0 and gcd(a,y,z) = 1. Then there exist an integer n > 2 

and pairwise relatively prime integers rT, 8,t,11,1,t1, not multiples 
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of p, such that r,,8,,t, are odd and greater than 1 and satisfy the 

relations 

(1.4) 

cty=prr it, (a? +y?)/(e+y) = pti, z= —p"th, 
yp n=r?, (y? +2?) /(y tz) Sri, 2 = -Tn, 

z+n=s8?, (2? + a°)/(z2+2) =s{, y= —S31. 

Moreover, if q is any prime dividing t, then q = 1 (mod p?); in 

particular, t; = 1 (mod 2p’). 

PROOF. 2,y,z are pairwise relatively prime. If p divides z then p 

does not divide x nor y, and from t+y+2= 27? +y?+2? =0 

(mod p) it follows that «+ y = —z =0 (mod p). 
Let m > 2 be such that x + y = p”—'t’, where p does not divide 

t’. Let Q(x, —y) = (2? + y”)/(z+y). Since p dividesu=a+y then 
by Chapter II, (3B)(6), vp (Q,(@, —y)) = vp(p) = 1..S0 Q,(z, —y) = 
pt; , pty. By Chapter II, (8B)(4), gcd(x + y, Q,(2, —y)) = p, so 
Clee eels 

Since —z? = x? + y? = p't’t;’ then by unique factorization p 

divides m, and t’, t;’ are pth powers of integers. We may write 

(p12, 

io == ae 
Ge Sy 

a => 0 

Zz 

=" ptr, 

= DAtin, 

where n > 1, t,t, € Z, gcd(t, t;) = 1, p does not divide ¢ nor ¢,. 

Since p /x and p Jy, by (1A) there exist integers r,r,,s,5,, not 
multiples of p, such that 

ytz=r?, (y? + 2?) /(y+z2) =r', £=—rr, 

ztu=s?,  (2P+a?)/(z+2)= sf, y=—ss, 

andigcd(tir, 5) = ecd (tir jis) —alilecd(sir,) =areed(sis;) slag ihe 
proofs that r,,s,,t, are odd and that r; > 1, s; > 1 are the same as 

in (1A). 

Now we show that t; > 1. By Chapter II, (3D), pt? = (a? + 
y)/(x + y) = Q,(2,—-y) = Qp(y,-x) = p, hence t; > 1 and it 
suffices to show that t; # 1. If t; = 1 then again by the same result, 
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assuming for Searcble Z > y, this would imply: p= 3,7 =2, y =1, 
hence 2° + 1° + 23 = 0 which is impossible. 

Now we show that if q is any prime factor of t, then gq = 1 
(mod p*). We have z = 0 (mod q) hence y = r? (mod q), x = 8? 
(mod q) and 0 = —a2? + y? + 2? =r?’ + 5?” (mod q). On the other 
hand, q does not divide r? + s? (otherwise q divides x + y hence q 
divides t, contrary to the fact that gcd(t,t;) = 1). It follows from 
Chapter I, (3D), that g = 1 (mod p?). This implies that t; = 1 
(mod 2p’). 

It remains to show that n > 2. In fact, r? + 5s? = 2z+(xr+y) = 
apt pet? = 0xXmod p)i@ By ChapteriI1, (3H), r? +s? =.0 
(mod p*). Since p / tt, it follows that 2z = (r? + cicla pe! =0 
(mod p*),son>2. O 

From (1.1) we deduce that r? + s? + p?"—!t? = 2(a + y+z) £0. 
The fact that the exact power of p dividing x+y is p?”~! has been 

proved again and again (even in 1955 by Stone) by authors unaware 

that this result has been known for a long time. 

We write the relations analogous to (1.3), assuming that p | z 

(1.5) 

= —rP + (rP + oP + pP—l4)/2 = (<r? + 6? + pre) /2, 
y 

Zz 

Se (TP sep mt) i Peter pire) 2s 
= PP + (7 4 5P + phe) /2 = (0 + 9? — pm) /2. 

In the case of a squarefree exponent it is still possible to indicate 

some relations which are reminiscent of the Barlow relations; see 

Stewart (1977): 

(1D) Ifn> 2 is a square-free integer, if x,y,z are nonzero pairwise 

relatively prime integers such that x” + y” = z” (respectively, if n 

is odd and x” — y” = 2"), then z—y = 2"d""'a” (respectively, 

z+y = 2"d""‘a") where a,d are natural numbers, u is equal to 0 or 

1, and 2” and d divide n. 

PROOF. We first consider the case where x" + y” = z” and we write 

Zz y= = a’a" where a,a’ > 1 and for every prime p the p-adic value 

OL G #18 U5(a.) <1. 
If p is a prime dividing a’ then p divides n. Otherwise, p Vari 

and by Chapter II, (3B)(5), p/ Qn(z,y) = (2" —y")/(2—y). So 
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vp (a!) +n09(a) = v,(z—y) = vpl2"— 9") = vp(2") = nup(y). Hence 
n divides v,(a’) and n < v,(a’), which contradicts the hypothesis. 
This shows that p |, so v,(n) = 1, because n is square free. 

Now we determine v,(a’) when p divides a’. First, let p be an 
odd prime. By Chapter II, (3B)(6); vp(Q,,(z, y)) = Up(m) = lasso 

Up(a’)+nup(a) +1 = up(z—-y) +Up(Qn(z ‘y)) = = Up(z"—y") = ¥,(2") = 
nu,(x); hence vp(a’) = —1 (mod n) and therefore v,(a’) =n — 1. 

Now let p = 2. If 4| z—y, by the result already quoted, Part 

(7), we have v2(Qn(z, y)) = v2(n) = 1, so as above we conclude that 
v(a’) =n-—1. If 2| z-—y but 4) z—y then v2(a’) + nva(a) = 
v2(z — y) = 1, so ve(a’) = 1. There remains the possibility that 2 
does not fade zZ-Yy. 

Putting these facts together, we may write z — y = 2“d"~'a" 

where u = 0 or 1, 2% divides n, and d"~! divides n. Now let n be 

odd and x” — y” = z”. Then x2” + (—y)” = z” and by the first part 
of the proof z+ y has the form indicated. 0 

In particular, if n is a square-free integer, n > 2, if x,y,z are 

nonzero pairwise relatively prime integers such that 2” + y” = 2”, 

then 
eae Ce ra? 

Z— y= 22 d5- Mae 

and, moreover, if n is odd then 

r =e y= jus a 1 a 

where Qj, @2, G3, d;, dz, d3 are natural numbers, wu, U2, u3 are equal to 

OcOr ik and Zee De es dy, dz, ds divide n. 
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III.2. Secondary Relations for Hypothetical Solutions 

In §1 we have seen that if x, y, z are nonzero pairwise relatively prime 

integers, p an odd prime and if x? + y? + z? = O then the Bar- 

low relations must be satisfied; in particular, there exist integers 

r,8,t,71,5,,t, satisfying certain properties. In this section, we give 

further properties which must be satisfied by these integers. 

If m,n are nonzero integers, gcd(m,n) = 1 and n is odd, let (m/n) 
denote the Jacobi symbol. 

The following consequence of Barlow’s relations was first indicated 

by Pierre in 1943. 

(2A) Let x,y,z be nonzero relatively prime integers such that x” + 

Of see ==, 

(Ly p (ayzainen 

Ta Sy ty 

x (=) i) i 

(2) Ifp|z then 

eaten en psyty ptr, T7181 

ProoF. (1) ‘To begin, we note that the polynomial pXY(X + Y) 
divides (X + Y)? —(X?+Y*) (in Z[X, Y]) (see also Section VII.2). 
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By (1A) we have (a + y)?-! — t? = 0 (mod pry). Then t? = 
(x +y)?"* (mod r,s;), hence 

t i 

Gel anders T1841 TS] 

Tal “| 

—— .} = | —— ] = +1. 
ee CS :: 

(2) Ifp|z, by (1C) we have (x + y)?~! — pt? = 0 (mod pzy). 
Hence pt? = (x + y)?' (mod r;s,). Therefore, 

t i (+) =(2)-4. 

T1841 T7181 

As in the proof of (1), (y+ z)?"'—r? =0 (mod pry). Therefore 

By symmetry, 

ri=(y+z)?' (mod ps;t,), 

Gan) (e, = = +1. 
psity psyty 

Sj 
( ) = ls if 
prity 
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IV 
Germain’s Theorem 

In this chapter we give the beautiful theorem of Sophie Germain for 

the first case of Fermat’s theorem. 

IV.1. Sophie Germain’s Theorem 

Sophie Germain, a French mathematician, contemporary of Cau- 

chy and Legendre, proved a very beautiful theorem of an entirely 

new kind which established “d’un trait de plume” (in Legendre’s 

expression) the first case of Fermat’s theorem for every prime p < 

100. Her method is still being explored by other mathematicians. 

Legendre developed S. Germain’s ideas in his paper of 1823. 

We begin with an easy observation; (3) was also given by Bang 

(1935). 

(1A) Let q be a prime and n > 3 be an odd integer. The following 

statements are equivalent: 

(1) There exist integers a,b,c, not multiples of q, such that a” + 

b” +c” = 0 (mod q). 
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(2) There exist integers d,e, not multiples of q, such that d” = 

e” +1 (mod q). 

Moreover, if q— 1 = 2kn, the above statements are equivalent to: 

(3) There exist roots u,u' of the congruence X?*—1=0 (mod q) 
such that u’ =u+1 (mod q). 

PROooF. (1) — (2) Since q /c there exist integers d,e € Z such that 

dc = —a (mod q), 
ec = b (mod q). 

Then q )'de, (dc)” = (ec)" +c” (mod q), so d” =e" +1 (mod q). 
(2) — (1) This is trivial. 
Now we assume that g — 1 = 2kn. 

(2) > (3) Let u=e”, u’ =d”", then u?* = e7' =1 (mod gq) and 
similarly (u’)?* = d?~! =1 (mod q), with u’ =u+1 (mod q). 

(3) — (2) Let h be a primitive root modulo g. Let u = h”™, 
so h?*™ = y?* = 1 (mod q), hence gq — 1 = 2kn divides 2km, so n 
divides m. Thus u = e” (mod q). Similarly u’ = d” (mod q) and 
d” =e"+1 (modq). O 

Now we give Legendre’s version of Sophie Germain’s theorem:! 

(1B) Let p,q be distinct odd primes and assume that the following 

conditions are satisfied: 

(1) If a,b,c are integers such that a? + b? + cP = 0 (mod q) then 
q | abc. 

(2) p is not congruent modulo q to the pth power of an integer. 

Then the first case of Fermat’s theorem is true for the exponent p. 

PROOF. Let z,y,z be pairwise relatively prime integers, not multi- 

ples of p, such that 2? + y? + z? = 0. Then x? + y? + 2? =0 (mod q) 

See footnote, p. 13 of Legendre’s paper of 1823, where he wrote: “This 

proof which, one has to agree, is very ingenious, is due to Mlle. Sophie Ger- 

main, who cultivates with success the physical and mathematical sciences, 

as witnesses the prize she has been awarded by the Academy for her paper 

on vibrations of elastic blades. She is also the author of the proposition 

in art. 13 as well the one which concerns the particular form of the prime 

divisors of a, given in art. 11.” [Here, these correspond to propositions 

(2B), (2C)).| 
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and by hypothesis (1), q | eyz. We may assume, for example, that 
q|x, hence q / yz. 

Since p / xyz there exist integers r,s, t, 71, $1, t; satisfying the rela- 
tions (1.2) and (1.3) of Chapter III. Since q | # then —r? +5? +1” =0 
(mod q). By hypothesis (1), g divides one of the integers r,s,t. Since 
s divides y, t divides z, and q does not divide yz and q does not di- 
vide st, so q divides r. But t? = (x? + y?)/(a + y) = y”"! (mod q), 
because q | z. 

Since q divides r, so y = —z (mod q). Hence 

ge fe gP = ae os 

rP = == p 1 Da aye ice _ Dp 1 1 yz Ue Vie 2) oe i —=2 ) 

= OTE eee Pity med:a). 

Since t; # 0 (mod q) there exists an integer t’ such that t/t; = 1 

(mod gq), hence p = (t’r,)? (mod q), which contradicts the second 
assumption. [ 

Before proceeding, we comment on the above conditions. 

In the next section, we shall introduce the Wendt determinant, 

which will serve to test the existence of integers x, y, z, not multiples 

of g, such that x? + y? + z? =0 (mod q). | 

(1C) Ifpandq are odd primes and q—1 = 2pk, k a natural number, 
then condition (2) of (1B) is equivalent to each of the following: 

(2') (2k)?* £1 (mod q); and 
(2) p** £1 (mod q). 

Proor. We show first that (2) implies (2’). Let h be a primitive 
root modulo g and let p = h® (mod q). If (2k)?* = 1 (mod q) then 
prs = p2* =. (2k)**n** = (2kp)** = (q=-1)?* = 1 (mod q); hence 
gq —1 = 2kp divides 2ks so p| s and p= a? (mod q) witha= pee 

(mod q). 
Now we show that (2’) implies (2”). If p?* = 1 (mod q) then 

(2k)?* = (2k)?*p?* = (q — 1)?* = 1 (mod p). 
Finally, we prove that (2”) implies (2). If there exists an a such 

that p = a? (mod q) then p* = a**? =a" =1 (modq). O 

In Table 6 (see Legendre, 1823), we indicate, for each p < 100, 

the choice of g, of a primitive root h modulo q and the set R of 

residues of pth powers, modulo gq. The computations, which are 
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quite lengthy, are done using the primitive root modulo q. They 

establish condition (2). 
For larger values of p the computations become forbidding. How- 

ever, a glance at the table reveals that in each case, g has been chosen 

to equal 2p+ 1, or 4p+1, or 8p +1, or 10p+1, or 14p+1, or 16p +1. 

Indeed, the following corollaries of Sophie Germain’s theorem hold 

(Legendre, 1823): 

(1D) [fp is an odd prime and q = 2p + 1 is also.a prime, then 

the first case of Fermat’s conjecture is true for p. 

PROOF. We show that q satisfies the assumptions of (1B). 
If x,y,z are integers not multiples of gq and x? + y? + z? = 0 

(mod q), then from p = (q—1)/2 we have x? = +1 (mod q), y? = 
+1 (mod q), 2? = +1 (mod gq). Hence 0 = 2? +y?+z? = i141 a 
0 (mod q), a contradiction. 

Similarly, if p = a? (mod q) then condition (2’) is not satisfied, so 
2p + 1 =q divides 2? — 1 = 3, which is absurd. 0 

Legendre extended this criterion (1823): 

(1E) [fp isa prime, p>3 andq=4p+1, org=8p+1, orqg= 

10p + 1, org = 149+ 1, org = 16p+1 is also a prime, then the 

first case of Fermat’s theorem is true for the exponent p. 

PROOF. We show that in each case q satisfies the assumptions of 

(1B). 

Case 1: Let q=4p+1. 

If p = a? (mod q) then by condition (2’) above, 44 = 1 (mod q) 
so 4p + 1 = q divides 255 = 3 x 5 x 17, which is absurd. 

For the first condition, let w be a primitive fourth root of 1, mod- 

ulo q. So {1,w,w?,w*} are the roots of X4— 1 = 0 (mod q), and 
w? = —1 (mod gq), w* = —w (mod q). If the first condition is not 
verified, then by (1A) there exist 1 #4 7,0 < i, 7 < 3, such that 

w! = w' +1 (mod q). Apart from trivial cases, this leads to one of 
the following possibilities: w = +2 (mod q) or 2w = +1 (mod q). 
Raising to the square it follows that qg = 5, which is absurd. 

Case 2: Let q = 8p + 1. 

If p = a? (mod q), then proceeding as before, 8p + 1 = q divides 
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+389, +400 

‘TABLE 6 
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88\— 1.280 it divides:@+ 5 lee =4005 1907 x Dixivee Soro sli 
4097 = 17 x 241, which is an absurdity. 

If the first condition is not verified, if w is a primitive eighth root 

of 1 modulo q, there exist i 4 j, 0 <i, j < 7, such that uw? =w'+1 

(mod q). Since wt = —1 (mod q) we may consider the congruences 
wi = +w'+1 (mod gq), with 0 <2 < 3. The primitive eighth roots 
of 1 modulo qg being +w, tw, and w* = —w7! (mod q), we are 
reduced to study the following possibilities: 

(i) 207 = 22 (mod g) (Gj =1152), 
(ii) w? = w+1 (mod q); and 
(iii) 2w = +1 (mod q). 

We discuss the various cases. 

(i) Raising to the fourth power leads to q | 15 or g = 17, an 

absurdity. 

(ii) Raising to the square, 

w+1+2w+1=3w+2 (mod q), a pe 2 = ie 1 t2w+1={ ie 210 lee (Oded) s 

Hence w = +1 (mod q), an absurdity. 

(iii) Raising to the fourth power, g = 17, absurd. 

Case 3: Let q = 16p + 1. 

If p = a? (mod q), then with the same method, 16p+1 = q divides 

16'6 —1 = (168 + 1)(16* + 1)(16? +1) x 17 x 15. Clearly 16p+1 does 
not divide 15, 17, 257. If 16p + 1 divides 16* + 1 = 65537, which 

is a prime (in fact a Fermat prime, 2! + 1), then p = 16°, which 
is absurd. If 16p + 1 divides 162 + 1 = 292 +1 = 641 x 6700417 

(decomposition into primes given by Euler), then p = 40 or 418776, 

again absurd. 

If the first condition is not verified, if w is a primitive sixteenth 

root of 1 modulo q, since +w, +w?, +w°, +w’” are all the primitive 
sixteenth roots of 1 modulo q, and since w* = —1 (mod q) there exist 

1,j,0<i<j <7, such that w? = tw'+1 (mod q). This leads to 
one of the following congruences, with all possible sign combinations: 

eo (modi (p= a) 
w+1 (mod q); ) w? = 

(iii) w® = +w +1 (mod q); 
(iv) wt =w+1 (mod q); and 
(v) wt = +w? +1 (mod q). 
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We discuss the various possibilities. 

(i) Raising to the eighth power leads to q | 257 or q 200k 
3 x 5 x 17, an absurdity. 

(ii) Raising to the square leads to w = —w (mod q), which is 
impossible, or wt = 3w + 2 (mod q). Squaring again, this leads to 
—1=9w? + 12w+4 (mod q), and substituting w? = w+1 (mod q) 
we obtain 3w = —2 (mod q). Hence wt = 3w +2 = 0 (mod q), 
which is impossible. 

(iii) Raising to the cube: 

—w = +w*+3w*+3w+1 (mod gq) 

and substituting, 

—w=wt1+3w?+3w+1 (mod q). 

According to the choice of the sign, we have 3w? + 5w + 2 = 0 

(mod q) or 3w? — w =0 (mod q). 
In the first case, multiplying with w and substituting, we obtain 

5w? + 5w +3 = 0 (mod gq); subtracting, 2w? = —1 (mod q) and 
therefore —24 = 1 (mod q), so gq | 17, impossible. If 3w = 1 (mod q), 

then 3w? = —3w + 3 = 2 (mod gq) so raising to the cube, —3?w = 8 
(mod q), hence q divides 17, an absurdity. 

(iv) Squaring: —1 = w? + 2w+1 (mod gq), so w? = F2w — 2 
(mod q), hence w+ 1 = w* = 4w? + 8w+ 4 (mod gq). This gives, 

according to the choice of sign, 

and subtracting, 

(mod q). 

So wt = w+1 = —4 (mod gq) and raising to the square, —1 = 16 

(mod gq) so q | 17, impossible. 

(v) Raising to the square, —1 = w* + 2w* + 1 (mod q) and 

substituting w! = +w? +1 (mod q), in all cases we obtain w* = +1 

(mod q), which is impossible. 

GaseAx let.q=—2l0p + 1, 

If p = a? (mod q), by the above method 10p + 1 = q divides 

(105 + 1)(10° — 1). If q divides 10° + 1 = 100001 = 11 x 9091 (this 
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last number is a prime) then p = 909, an absurdity. If q divides 

10° — 1 = 99999 = 3? x 41 x 271 then p = 4 or 27, an absurdity. 

If the first condition is not verified, if w is a primitive tenth root 

of 1 modulo q, then there exist i,j, 0 < i < j < 4, such that w/ = 

+w' +1 (mod q). The above conditions lead to either one of the 

following congruences: 

(i) w? = +2 (mod q) (j = 1,2,3,4); 
(ii) w* =w+1 (mod q); and 
(iii) wt = w+1 (mod q). 

We discuss the various possibilities. 

(i) Raising to the fifth power leads to q | 31 or gq | 33 = 3 x 11, 

impossible. 

(ii) We have 

3w + 2 
wi su?tQwtlewtltqwt1s {4 (mod q). 

The second case is not possible. In the first case multiplying with 

w and substituting —1 = 3w* + 2w = 3w + 3 + 2w (mod gq) so 
5w = —4 (mod q). Multiplying with the previous congruence, —5 = 
—12w — 8 (mod q) so 12w = —3 (mod q) and 4w = —1 (mod q) 
hence subtracting, w = —3 (mod q) and therefore q | 11, absurd. 

(iii) Multiplying with w: —1 = w?+w (mod q), so w? = Fw-1 
(mod q) and this was considered in case (ii). 

Case 5: Let gq = 14p + 1. 

If p = a? (mod q), we see in the same way that q divides 14” + 

Wor 14] alee bute 4 et sl 05413505 = oxo 0 12750 (al Chis 
last number is a prime). Then p = 501969, an absurdity since this 

number is a multiple of 3. Also, 147-1 = 105413503 = 13x8 108731 

(this last number is a prime). Then p = 579 195, which is absurd. 

If the first condition is not verified, if w is a primitive fourteenth 

root of 1 modulo q, then there exist 2 # 7, 0 < i, 7 < 13, such that 

wi = w'+1 (mod gq). Since w’ = —1 (mod q), the above conditions 
lead to either one of the following congruences: 

(Mw) = 2 (modia) (= 1,232,960): 
(ii) w? = w+1 (mod q); and 
(iii) w? = +w +1 (mod q). 

We discuss the various cases. 
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- ) —1 = +27 (mod q), so q | 127 or 129 = 3 x 43, which gives 
= 3, and this was excluded. 

ro i) w? =w+l1 (mod q) gives 

we=w?+2Qwt+leawt1l+t2w4+1l= 
3w + 2 ju? (od a), 

the second case being impossible. Squaring, 

—w = 9w’ + 12w+4=9w+9+12w+4 (mod q), 

so 22w=—13 (mod q). Then 22w* — 22=—13 (mod q) so 22w?=9 
(mod qg). Then —13w=9 (mod q) and from this we obtain 9w=—4 
(mod q), —4w = 5 (mod gq), 5w = 1 (mod q); so 25 = —20w = —4 
(mod q), hence qg | 29, which is impossible. 

(iii) w* = +w-+1 (mod q) gives, to the cube: 

—w* = +w?4+ 3w?7+3w+1 

= +w+1+3w*+3w+1=3w?+4w+2 (mod q), 

hence 2w?+2w+1=0 (mod q) so 2(4w+1)+2w?+w =0 (mod q) 
and 

{ 2w? + 3w +2 =0 (mod q), 
—2w? —w+2 =0 (mod g), 

hence 
w+1=0 (mod q), 

—3w +3 =0 (mod q), 

and this gives w = +1 (mod gq), which is impossible. 0 

With this criterion, Legendre had actually shown that the first 

case of Fermat’s theorem holds for every prime exponent p < 197. 

Indeed, for each such prime p, there exists a prime g = 2kp+1, with 

2k € {2,4,8,10, 14,16}. On the other hand, 38 x 197 + 1 = 7487 is 
a prime, but 2k x 197+ 1 is not a prime if 2k < 38, 6 2k. 

The limitation in Legendre’s results was due to the size of the 

numbers involved. For example, to test whether p = 197 is not a pth 

power modulo q = 7487, would lead to find whether 7487 divides 

3819 + 1. Maillet extended Legendre’s result in 1897, pushing the 

limit up to p = 211. 

Mirimanoff used a method involving Bernoulli numbers, in 1905, 

to extend the results to 257. 
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In 1908, Dickson published two papers in which he explored Legen- 

dre’s ideas and with a more careful analysis involving congruences, 

he showed that the first case of Fermat’s theorem holds for every 

prime exponent p < 7000 (with the exception of p = 6857, which he 

did not take the trouble to examine). See also Maillet’s comments 

(1908). 
More progress along this line was made by Krasner (1940), Dénes 

(1951), and Rivoire (1968). 
For the primes p such that 6p + 1 or 12p+ 1 is also a prime, the 

method of proof breaks down and does not lead to any conclusion. It 

should be noted that in 1974 Gandhi announced without proof that 

if p and 6p+1 are primes then the first case holds for p; since no proof 

has ever been published, there is reason to doubt of the justification 

of the statement. In this connection, we quote the paper by Granville 

and Powell (1988). 
An interesting, but very difficult question is whether there exist 

infinitely many primes p such that 2p + 1 (or 4p + 1, or 8p + 1, 

etc...) is also a prime. We discuss this problem in the Appendix to 

this chapter. 

We still note here the following result of Vandiver (1926) : 

(1F) Let p and q = 2kp+ 1 be odd primes (with k > 1). If 
2k = 2°p", where h > 0 and p does not divide v, and if 2 is not a 
pth power modulo q, then condition (2) above is satisfied. 

PRoorF. We show (2’). If (2k)?* = 1 (mod q) or equivalently p?* = 1 
(mod p),; thens272” =s2?kep2kh = 9(2¢%p"\2® = (2k)** ="1 ‘Gmed q). 
Since p does not divide v, there exist integers a,b such that av = 

1+ bp. Then 

t= g2kva = g(it+bp)2k = Der eee at Tas Gass 2 = 92k (mod q). 

If g is a primitive root modulo q and 2 = g* (mod q), then 1 = 

D2 kha Ja (mod q). So g—1 = 2kp divides 2ks, hence s = ps’ and 
2 = (g° )? (mod q), which is a contradiction. 0 

Using (1B), Vandiver deduced in 1926 the following result which 
however had been proved by Wendt in 1894, using his form of Sophie 
Germain’s theorem: 
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(1G) [fp and q = 2kp +1 are odd primes, with 2k = Dune heer 0 
and v not divisible by p, if the congruence XP +Y"+Z? =0 (mod q) 
has only the trivial solution, then the first case of Fermat’s theorem 
holds for the exponent p. 

ProoF. By (1B) and (1F) it suffices to show that 2 is not a pth 
power modulo q. If 2 = a? (mod q) then a? + (—1)? + (-1)? = 
2+ (—1) + (—1) =0 (mod q) contrary to the hypothesis. 0 

Sophie Germain’s theorem, corollaries and variations were redis- 

covered by several authors. In 1953, Thébault proved: 

(1H) If m > 2 is an integer such that 2m +1 is a prime, if 
there exist pairwise relatively prime nonzero integers x,y, z such that 

[oy 2 jiwen 2m-+ 1 divides 7yz. 

PROOF. If 2m-+1 does not divide x then by Fermat’s little theorem 

xz?” = 1 (mod 2m + 1) hence x” = +1 (mod 2m + 1). 
Similarly 

+1 (mod 2m +1), 

z™ = +1 (mod 2m + 1), 

hence 0 = x” + y™ — z™ = (+1) +(41)—(41) (mod 2m +1), which 
is impossible. [ 

This same result (even with the further hypothesis that m be 

prime) is proved again by Stone in 1963 and Gandhi in 1966, in the 

same journal! 

Gandhi showed, also in 1965, a result similar to Thébault’s: 

(11) Ifm > 2 is an integer such that 4m+1 is a prime, if x,y, z are 

nonzero pairwise relatively prime integers such that 2™ + y™ = z™ 

then 4m +1 divides xyz. 

Proor. If m = 3, the statement is trivially true, by Chapter I, 84. 

Let m > 3 and assume that 4m + 1 does not divide zyz. From 

a™4+y™ = 2™ it follows that 27" +y?"+22™y™ = z°™. Since 4m+1 

is a prime not dividing x then by Fermat’s little theorem co | 

(mod 4m +1), soz?” = +1 (mod 4m + 1). Similarly 

y’" =+1 (mod 4m +1) 
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and 

z°™ =+1 (mod 4m+1). 

Hence +1414 22"y™ = +1 (mod 4m +1) so 22™y™ = +1 or +3 
(mod 4m +1) and +4 = 42?™y?" = 1or9 (mod 4m+1). This 
implies that 4m + 1 = 3,5, or 13, hence m = 3, which is a contra- 

diction. 0 

This same result (with the further hypothesis that m is prime) is 
proved again by Gandhi in 1966 and 1970 and by Christilles in 1967. 

Perisastri (1969) proved: 

(1J) Ifp> 51 is a prime such that 8p+1 is also a prime, if x, y, z 
are nonzero pairwise relatively prime integers such that x? + y? = z? 

then 8p + 1 divides ryz. 

(1K) Ifm> 3 is an integer such that 3m+1 is a prime, if x,y, z 

are pairwise nonzero relatively prime integers such that x” + y” = 

z™, then 3m+4+1 divides ryz. 

Krishnasastri‘and Perisastri proved in 1965: 

(1L) Ifp is an odd prime, if x,y,z are integers such that 2? +y? = 

z? and p does not divide xz, then there exists an integer k > 1 such 

that 1+ kp divides z. 

Combining (1C) with Sophie Germain’s theorem, we have (see 
Stone (1963), Perisastri (1968)): 

(1M) Let p and 2p +1 be odd primes. If x,y,z are nonzero, 

pairwise relatively prime integers such that x” + y? + z? = 0, then p? 

divides one (and only one) of the integers =, y, z. 

PROOF. By Sophie Germain’s theorem we may assume, for example, 

that p divides z. By (1C), p? divides z. O 

Pomey obtained in 1923 and 1925, with similar methods, several 

sufficient conditions for the first case of Fermat’s theorem for the 

prime exponent p: 
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(IN) Let p be an odd prime and assume that either one of the 
following conditions is satisfied: 

(a) p=1 (mod 4) and 2p+ 1 divides 2? +1. 

8p +1 divides 24? — 1. 

10p + 1 divides 5°” — 1. 

Then the first case of Fermat’s theorem is true for the exponent p. 

) 
(c) 
(d) 4p + 1=5 (mod 12) and 4p +1 divides 33? + 1. 

) 
) 

All the above results do not suffice to conclude that there exist 

infinitely many prime exponents p for which the first case of Fermat’s 

theorem is true. This was first proved, with analytical methods, in 

1985 by Adleman and Heath-Brown and and by Fouvry. 

Earlier, in 1897, studying the class group of the cyclotomic field, 

Maillet showed that for every odd prime p there exists an exponent 

e (depending on p) such that the first case of Fermat’s theorem is 

true for the exponent p°. In particular, this implied the existence of 

an infinite set of pairwise relatively prime exponents for which the 

first case is true. This last statement was proved again by Kapferer 

in 1964. His proof was not elementary, since it used the theorems of 

Furtwangler, as generalized by Moriya (requiring class field theory). 

In 1978, Powell discovered independently the following very simple 

proof: 

(10) 
(1) If p is any odd prime, n = p(p—1)/2 = 2"m where u = 0, m 

is odd, if x,y,z are nonzero integers such that x” +y"+z”" = 0 

then gcd(m, ryz) #1. 
(2) There exists an infinite set of pairwise relatively prime expo- 

nents for which the first case of Fermat’s theorem is true. 

Proor. (1) If p = 3 then n = 3 and the hypothesis is not satis- 

fied. Let p > 3. Suppose that gcd(m, xyz) = 1. Then p/ xyz so 

g(P-1)/2 = +1 (mod p) and 2” = +1 (mod p). Similarly y” = +1 

(mod p), 2” = +1 (mod p), hence 2” + y” + 2" # 0 (mod p) and a 

fortiori, 2° + y" + 2” 40. 

(2) Assume that m,..., mg are pairwise relatively prime expo- 

nents for which the first case of Fermat’s theorem is true. Consider 
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the arithmetic progression {—1 + 4njnq:--n,t | t =0,1,2,...}. By 

Dirichlet’s theorem on primes in arithmetic progressions there exists 

an odd prime p such that p = —1 (mod 4njn2q:--n,). Let neyi = 

p(p — 1)/2, so mp4, is odd. Since ged (p(p — 1)/2, (p+1)/2) = 1 
then gcd(ng41, 21°:-N~) = 1. By (1), the first case is true for the 

exponent n;,1, and this suffices to complete the proof. ( 

Bibliography 

1823 Legendre, A.M., Recherches sur quelques objets d’analyse in- 

déterminée, et particuliérement sur le théoreme de Fermat, 

Mém. Acad. Roy. Sci. Institut France, 6 (1823), 1-60; 
reprinted as “Second Supplément” in 1825, to a printing 

of Essai sur la Théorie des Nombres (2° édition), Courcier, 

Paris; reprinted in Sphinx-Oedipe, 4 (1909), 97-128. 

1879 Germain, S., Oeuvres Philosophiques (editor H. Stupuy), pp. 

298-302 and 363-364, P. Ritti, Paris, 1879. 

1894 Wendt, E., Arithmetische Studien tiber den letzten Fermat- 

schen Satz, welcher aussagt dafs die Gleichung a” = b” + 

c” fir n > 2 in ganzen Zahlen nicht aufldsbar ist, J. Reine 

Angew. Math., 113 (1894), 335-346. 

1897 Maillet, E., Sur l’équation indéterminée ax® + by* = cz, 
Assoc. Francaise Avanc. Sci., St. Etienne, 26 (1897), 156— 
168. 

1905 Mirimanoff, D., L’équation indéterminée z' + y' + z' = 0 et le 

critérium de Kummer, J. Reine Angew. Math., 128 (1905), 

45-68. 

1908 Dickson, L.E., On the last theorem of Fermat, Messenger 

Math., 38 (1908), 14—32. 

1908 Dickson, L.E., On the last theorem of Fermat (second paper), 

Quart. J. Pure Appl. Math., 40 (1908), 27-45. 

1908 Maillet, E., Question 612 de Worms de Romilly, L’Interm. 

Math., 15 (1908), 247-248. 

1910 Bachmann, P., Niedere Zahlentheorie, Teubner, Leipzig, 1910; 

reprinted by Chelsea, New York, 1966. 

1923 Pomey, L., Sur le dernier théoréme de Fermat, C. R. Acad. 
Sci. Paris, 177 (1923), 1187-1190. 

1925 Pomey, L., Sur le dernier théoréme de Fermat, J. Math. 

Pures Appl., (9), 4 (1925), 1-22. 



IV.1. Sophie Germain’s Theorem 123 

1926 Vandiver, H.S., Note on trinomial congruences and the first 
case of Fermat’s last theorem, Ann. of Math., 27 (1926), 
54-56. 

1935 Bang, A.S., Om tal af Formen a™ +b™—c"™, Mat. Tidsskrift, 
B (1935), 49-59. 

1940 Krasner, M.., A propos du critére de Sophie Germain—Furt- 
wangler pour le premier cas du théoréme de Fermat, Mathe- 
matica (Cluj), 16 (1940), 109-114. 

1951 Dénes, P., An extension of Legendre’s criterion in connection 

with the first case of Fermat’s last theorem, Publ. Math. 

Debrecen, 2 (1951), 115-120. 

1953 Thébault, V., A note on number theory, Amer. Math. Month- 

ly, 60 (1953), 322-323. 

1963 Stone, D.E., On Fermat’s last theorem, Amer. Math. Month- 

ly, 70 (1963), 976-977. 

1964 Kapferer, H., Verifizierung des symmetrischen Teils der Fer- 

matschen Vermutung ftir unendlich viele paarweise teiler- 

fremde Exponenten E, J. Reine Angew. Math., 214/5 (1964), 
360-372. 

1965 Gandhi, J.M., A note on Fermat’s last theorem, Math. No- 

tae, 20 (1965), 107-108. 

1965 Krishnasastri, M.S.R. and Perisastri, M., On some diophan- 

tine equations, Math. Student, 33 (1965), 73-76. 

1966 Grosswald, E., Topics from the Theory of Numbers, Macmil- 

lan, New York, 1966. 

1966 Gandhi, J.M., A note on Fermat’s last theorem, Amer. Math. 

Monthly, 73 (1966), 1106-1107. 

1967 Christilles, W.E., A note concerning Fermat’s conjecture, 

Amer. Math. Monthly, 74 (1967), 292-294. 

1968 Perisastri, M., A note on Fermat’s last theorem, Amer. Math. 

Monthly, 75 (1968), 170. 

1968 Rivoire, P., Dernier Théoréme de Fermat et Groupe de Clas- 

ses dans Certains Corps Quadratiques Imaginaires, Thése, 

Université Clermont-Ferrand, 1968, 59 pp.; reprinted in Ann. 

Sci. Univ. Clermont-Ferrand II, 68 (1979), 1-35. 

1969 Perisastri, M., On Fermat’s last theorem, Amer. Math. Month- 

ly, 76 (1969), 671-675. 

1970 Gandhi, J.M., On Fermat’s last theorem, An. Stiint. Univ. 

“Al. I. Cuza” Iasi, Sect. I (N.S), 16 (1970), 241-248. 



124 IV. Germain’s Theorem 

1974 Gandhi, J.M., On Fermat’s last theorem, Notices Amer. Math. 

Soc., 21 (1974), A-53. 
1978 Powell, B., Proof of a special case of Fermat’s last theorem, 

Amer. Math. Monthly, 85 (1978), 750-751. 

1985 Adleman, L.M. and Heath-Brown, D.R., The first case of 

Fermat’s last theorem, Invent. Math., 79 (1985), 409-416. 

1985 Fouvry, E., Théoréme de Brun—Titchmarsh. Application au 

théoréme de Fermat, Invent. Math., 79 (1985), 383-407. 
1988 Granville, A. and Powell, B., On Sophie Germain’s type cri- 

teria for Fermat’s last theorem, Acta Arith., 50 (1988), 265— 
QT 

IV.2. Wendt’s Theorem 

Wendt indicated in 1894 a determinantal criterion for the existence 

of a nontrivial solution of Fermat’s congruence 

(2218) X?+Y? + Z? =0 (mod q), 

where p,q are distinct odd primes. 

To begin, we wish to exclude from our discussion the following 

trivial case; it also holds without assuming the exponent in (2.1) to 

be a prime: 

(2A) Ifq is an odd prime, ifn > 1 is such that gcd(n, gq—1) = 1 

then there exist integers x,y,z, not multiples of q, such that x” + 

y" +2” =0 (mod q). 

PROOF. By hypothesis, gcd(n, q— 1) = 1, so there exist integers a,b 

such that an + b(q — 1) = 1. Let zo, yo, 29 be integers, not multiples 

of g, such that zo + yo + 2 = 0 (mod q). Then 

xr” = Zo (mod gq), 

Yo" = Yo (mod q), 
zo" = 20 (mod q); 

so (x5) + (yp) + (z5)" =0 (mod q). O 

In particular, if n = p is a prime not dividing g— 1 then (2.1) has 
a nontrivial solution. 
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Wendt’s criterion is expressed in terms of the circulant of binomial 
coefficients. More generally, let n > 1 and let €; = cos 2ri/n + 
V/—1sin2ni/n (for i = 0,1,... ,n—1) be the n nth roots of 1; so 
fo = 1. The circulant of the n-tuple (ao, a;,... ,an_1) of eoriniee 
numbers aq; is, by definition, the determinant of the matrix 

Downe ee es 
(2.2) pn Ont a Se? he Se 

On eae 

We denote it by Circ(ao, a1,... ,,@n—1). The circulant is expressed 

in terms of nth roots of 1 and equally as the resultant of two poly- 

nomials (see Chapter II, §4). Spottiswoode (1853) and also Stern 
(1871) and Muir (1920) proved: 

LEMMA 2.1. Let a9, @1,... ,@n—1 € K, let G(X) = a9 +a,X +---+ 

ee, sear (el cop 1a ey, ee, C2 ve Le nip roots..o; 1...) The 
circulant of ao,Q@1,... ,@n—1 18 equal to 

@irc(ag, Gist: «5 G21) = To €;) = Res(G(X), X” — 1) 

(where Res denotes the resultant). 

PROOF. Let 

OFF 0 0 

Ua 0 eo Hla 0 
A= 

eo 0 

(n x n matrix), so J, A, A?,... , A”! are distinct and A” = I. As is 

easily seen, 

C= aol “1 a,A =F aA? 3800 GAP * 

The characteristic polynomial of A is det(X A — I) = X" — 1. Since 

it has distinct roots & = 1,&1,..-,&-1, then A is diagonalizable, 

that is, there exists an invertible matrix U (with complex entries) 
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such that 
‘ay 0 

E 0 
ig = . 

0 0 guex 

Hence 

G(fo) 90 0 
0 G(é fl 0 

UCUT=| . : t ss . 

0 ee iG (oe) 

where G(X) = agt+a,X+---+a,_1X"~'. So Circ(ao,a1,... ,@n-1) = 

det(C) = det(UCU~) = [<p G(é;). By Chapter II, (4B), we also 
have Circ(ao,a1,... ,@,) = Res(G(X),X"—1). O 

The following result of Wendt is about the circulant of binomial 

coefficients. Accordingly, for every n > 1 we define the Wendt de- 

terminant to be 

as ma ore (s(*) (Soor(,,)). 
TEGO) eee (Xe ( 1X eX then by 

the lemma, W,, = Res(G(X), X” — 1) = [][f25 (4 4+&)" — 1]. Now 
we give Wendt’s criterion (1894); see also Matthews (1895), Bang 
(1935), and an expository presentation by Rivoire (1968): 

(2B) Let p be an odd prime and assume that q = 2kp +1 (with 
k > 1) is also a prime. Then there exist integers x,y,z, not multiples 

of q, such that 2? + y? +z? = 0 (mod q) if and only if q divides Wo,. 

ProoF. By (1A), Fermat’s congruence X? + Y? + Z? = 0 (mod q) 
has a nontrivial solution if and only if the system of congruences 

{ X** =1 (mod q), 
(X + 1)?* = 1 (mod q), 

has a nontrivial solution, or equivalently, the system of congruences 

X** —_1 =0 (mod q), 
(X + 1)?* — X?* =0 (mod 4), 
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has a nontrivial solution. This holds exactly when the resultant of 
the polynomials X** — 1 and G(X) = (X +1)?*— X7* =14(7*)X 4 
()X? +--+ (,,",)X?** is congruent to 0 modulo q; by Lemma 
2.1 this means that W2, =0 (mod q). O 

Now we turn our attention to the computation of Wendt’s deter- 

minant 

(2.4) W, = [1a +&)"- 1. 

The following result was stated without proof by Wendt (1894), and 

proved thereafter also by Matthews (1895), E. Lehmer (1935), Bang 
(1935), and Frame (1980): 

(2C) W,, =0 if and only if 6 divides n. 

Proor. Assume that 6 divides n, and let € = €; = cos2r/n+ 

J/—1sin27/n. Let 1 = n/3, so w = €! is a primitive cubic root of 1. 
Hence 1+w-+w? = 0, therefore 1+€' = —€” and (1+€')” =1. We 
conclude that W,, = 0. 

Conversely, if W,, = 0 there exists 7 such that (1+ €;)” = 1, 
so €;, 1+ €; are nth roots of 1 and since the triangle with vertices 

OT serey 

E; Lg; 

is equilateral, then 6 = 27/6 (or 6 = —27/6) and 1+; is a primitive 

sixth root of 1. But (1+ €;)” = 1 hence 6 divides n. O 

As a corollary: 

(2D) If p and 6mp +1 = q are primes then the congruence 

XP + Y? + Z? =0 (mod gq) has a nontrivial solution. 

Proor. This follows at once from (2B) and (2C). O 
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In view of (2C), it is customary to modify the definition of the 

Wendt determinant when 6 divides n, by putting 

W,, = Ul G(&), 

i=0 

where 

(X +1)" — xX” 

X?74+X+41 

In 1935, E. Lehmer indicated, without proof: 

(2.5) Gla) = 

(2E) Ifd divides n then W, divides W,,. 

PROOF. We may assume that W, 4 0, i.e., 6 /d. We note that since 

d|n then each dth root of 1 is also an nth root of 1. From W, 4 0, 

then 

Wa 277 Cabs )tied Sen 

Wa “i Chitee) 
a4 M : Hee + &) 1}. 

If n = de then 

(14+€;)"-1 
eet = (14+ &)*% +---+(1 + &)o+ Ik. 

Therefore W,,/W, is an algebraic integer, but also a rational number, 

hence a rational integer. ( 

The next property was also indicated by E. Lehmer, without proof. 

A proof (not the one below) appears in Frame’s paper (1980); the 
weaker statement 2” — 1 divides W,, was proved by Bang (1935): 

(2F) Ifn>1 then W,, = (—1)""'(2"—1)u?, where u is an integer. 

PROOF. 

ical 

Wr (Gee) a 
j=0 

where € = cos27/n+ /—1sin27/n. Thus W,, has the factor 2” — 1 
(when j = 0) and if n is even, also the factor —1 (when j = n/2). 
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So 

w= (-1y"(a"=1) TP (a +e)" = 1) 
j#0,n/2 

Let u = [[ocjensel(1 + €)” — 1]. We note that for every 7 4 0, n/2 
we have (1+ € 7)" —1 = [€-4(1 + &)]" —1 = (1+ €4)"-1 50 u is real 
and W,, = (—1)"—'(2" — 1)u?, and it remains to show that u € Z. 
Let o be any automorphism of the field Q(€), so o(€) = €' where 
1<l<nand ged(l,n) = 1. Hence o [((1 + 67)” — 1] = (1+ €*)" — 
where 0 < k < n/2 and jl = +k (mod n) because (1 + €~*)" —1 = 
(1+€*)"—1. If0 <j, 7’ < n/2,let k, k’ be such that 0 < k, k’ < n/2 
and jl = +k (mod n), j’l = +k’ (mod n). We note that if 7 4 7’ 
then k # k’, because if jl = +j7’l (mod n) then 7 = +7’ (mod n) 
and this ould imply 7 = 7’. Therefore, different factors of u have 

distinct images by a, so o(u) = u hence u € Q, being invariant by 
the automorphism of Q(£). But wu is also an algebraic integer, hence 

uEZ. O 

For n even, Frame proved (1980): 

(2G) Ifn=2m and 3 Jn then W, = —3((2” — 1)/3)°u® where 
u is an integer. In particular, if p is a prime, p = 5 (mod 6), then 

W,-1 = —3((2?-! — 1)/3)%u®, where u is an integer. 

Proor. Let n = 2m. Since 3 'n, p = &? is also a primitive nth root 

of 1. From p™ = —1 by (2.4) we have 

2m—12m—1 

= [i]we]ilase= 2 "*). 
j=0 k=0 

If j = m we have Me le cimilarly. eke 
m we have [[7™ (2+ pt?) = 2?” — 1, while if 7 = k we have 

Tey *(1—2p/) = 1-27”. Discounting igs repetition of factors with 

age! summands, and noting that for 7 = k =m we have the factor 

3, then W,, = —3((2” — 1)/3)?v where 

t= Ila iii Ley ea) 

([]’ indicates the product for all (j,k) such that 0 < j, k < 2m — 

1, i 4m, k#m, and j # fi). 
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The geometric mean of 1, p”+’, p™** is €)+* (because p = €°); 
dividing each factor in the above product by the geometric mean of 

the summands, we get 

— le“ T] «@* aid ia a ae ag ruamee h 

The first product is equal to 

I] I] IE" ets I] pilem=2) II ér 

gem kA~m,kFj J#m kA#Am,kAj 

2m—1 

a [eves II aa 

jem j=0 
ah Il (S] ei 9) eheris| iern (2 

j#m 

a II Ej Crse) 

jem 
2m—1 

ke (ane I] ND) 

j=0 

__ ¢(2m—3)(2m—1)2m/2 
g 

= (Fa ee reals > 

The second product is equal to []’(€* + €/ + €4) (where []” is the 
product for all (e, f,g) such that 0 < e,f,g < 2m—1,e,f,g are 

distinct and e + f + g = 0 (mod 2m)). Indeed, since 7 # k, 7 # 

m, k £m, and 3 }'m, letting e, f,g be such that 0 < e, f,g < 2m—1, 

and 

f =m+ 2j —k (mod 2m), 
| e = —j —k (mod 2m), 

g=m+2k—j (mod 2m), 

then e, f,g are distinct and e+ f + g =0 (mod 2m). 

Conversely, for every triple (e, f,g) as indicated, let j,k be such 
that 0 < j,k < 2m — 1, and 

j = f —e—m (mod 2m), 

k= g—e— m (mod 2m), 

SOM Nin ke ean isaak: 

Let u = [](€° + €/ + €%) (where [[” is the product for all (e, f, g) 
such that O0<e< f<g<2m—1ande+f+g=0 (mod 2m)). 
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We show that wu is invariant by every automorphism o of Q(E). 
If o(€) = &, with ged(I,n) = 1,1 <1 <n, then o(f* + €f + £9) = 
€ 4 €/! 4 ¢9! which is a factor of u. If (em yag') = (6.4.9) then 
el, fl, gl cannot be congruent modulo 2m to e’l, f'l, g'l, respectively, 
or to these numbers in any order. So different factors of u have 
different images by o, hence o(u) = u, showing that the algebraic 
integer u is rational, hence u € Z. But v = u® because each factor 
€°+£€! + £9 of v is equal to a factor €° +€/ +€% of u, where (e’, f’, 9’) 
is obtained by permutation of (e, f,g). 

Hence W,, = —3((2” — 1)/3)?u®. O 

Before the next result we need to establish a lemma. 

LEMMA 2.2. Let n be such that 2n+ 1 = p is a prime, let € = 

cos 27/n + /—1sin2r/n, and let P be any prime ideal of the cyclo- 
tomic field Q(€) which divides p, i.e., PAZ = Zp. Then there exists 

a primitive root s modulo p such that € = s* (mod P). 

PROOF. Indeed, let g be any primitive root modulo p, i.e., g mod- 

ulo p has order p — 1 = 2n, so g* modulo p has order n, and the 

set of elements modulo p with order n is {g*’ (mod p) | 1 <j < 
ec 772 1 tei oy, he, SCd( 7,02) e— aod (kan) = land 

3 # k then g% 4 g?* (mod p). By Chapter II, (3F), ®,(g”) = 0 
(mod p) for all such exponents j7. On the other hand, ®,,(€/) = 0 
so ®,(€/) = 0 (mod P) for all j, 1 < j < n, gced(j,n) = 1. Hence 
there exists j such that € = g”’ (mod P), and we just take s to be 

s=+g’ (mod p),l<s<p. O 

Frame also proved the next statement (while Bang had noted in 

1935 that p | W,,): 

(2H) J[f2n+1=p is a prime then pl(r-1)/2) divides W,,. 

Proor. To begin, let € = cos27/n + /—I1sin2m/n. Given u,v, 

1<u,u<n, gced(u,n) = ged(v,n) = 1, for every j, 1 <j <n, such 

thay ced (gen) llety (pia Co 

Let dav = [gcatjny=1 f7- We show that d,, € Z. Indeed, let o be 

any automorphism of Q(£), so o(€) = €' with ged(/,n) = 1. Then 

o(1—€34 — €3”) = 1-€*" —€*" where 1 <k <nandk = jl (mod n), 
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ie., o(f;) = fx. Every factor f, of d, is so obtained, therefore o 

defines a permutation of the set of factors f; of d,,,. Thus 

o(duv)= T] of= TT] f= dun. 
gcd(j,n)=1 gcd(j,n)=1 

This proves that d,,, € Q and since d,,,, is an algebraic integer, then 

d,, € Z. If P is any prime ideal of Q(€) such that PN Z = Zp, if s 

is a primitive root modulo p such that € = s? (mod P) then 

du» = |] (= s%*—5%) “Gnod P), 
gcd(j,n)=1 

so 

dy» = I (1 — s7* — 577”) (mod p). 
gcd(j,n)=1 

For every h, 2 < h < p— 2, and such that h? # —1 (mod p) in 

case p = 1 (mod 4), we define a), b;,,0 < an, b, < p—1 by 

{ Qn = 2h/(h? + 1) (mod p), 
by, = —(h? — 1)/(h? +1) (mod p). 

Then a, # 0,1 (mod p) and b, # 0,1 (mod p). Hence there exist 
(= Uy, UU =U SUCh thAuile= Ut) = p al and 

a, = s“ (mod p), 
b, = s” (mod p). 

We have a? +b? = 1 (mod p) so 1—s?“—s”” = 0 (mod p), therefore 
p divides d,,. 

Ifh, h’ with 2 < h, h’ < p—2 are such that h? # —1 (mod p), h” # 

—1 (mod p) when p = 1 (mod 4), and if h’ = +h or +h (mod p), 
where hh = 1 (mod p) then it is easy to check that a, = +a, 

(mod p) or ay, = +b, (mod p) while b,, = +b, (mod p) or by, = 
+a, (mod p), respectively; hence, with obvious notations, 1 — s?% — 

s*” = 1 — s* — 5”. Conversely, if h,h’ are such that this equal- 
ity holds then either a, = +a, (mod p), b, = +b, (mod p) or 
a, = +by (mod p), b, = +a, (mod p). Examining all possible 
cases, this leads to h’ = +h or +h (mod p). 

If p # 1 (mod 4), the number of possible values for h is p — 3 = 

2n — 2; this yields [(2n — 2)/4] = [(n — 1)/2] factors 1 — s2¥ — 52% 
which are multiples of p. 
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If p = 1 (mod 4), the number of possible values for h is p — 5 = 

an — 4; this yields [(2n — 4)/4] = [(n — 1)/2] (because n is even) 
factors 1 — s*“ — s?” which are multiples of p. 

Thus, in all cases, p!("—))/2! divides ligncacetet Wor | [eed Gt 

where t € Z (since t is an algebraic integer and t € Q); thus plin-2)/ 2 
divides W,. O 

For example, 47!! divides W23 and 10174 divides Wso. 

The next divisibility result concerns Lucas numbers. For the con- 

venience of the reader we shall recall some relevant facts about Fi- 

bonacci and Lucas numbers (see also Chapter V, §3). 

The Fibonacci numbers F,, (n > 0) are defined as follows: 

Fo — 0, F, — ly 

and for n > 2: 

ii i ct ea 

Similarly, the Lucas numbers L,, (n > 0) are defined as follows: 

Lo = oe Ly = i 

and for n > 2: 

Iie — Es, aia eae 

Let a, G be the roots of the polynomial X* — X — 1, so 

14+ 75 
2 

ee 

2 

= Rae 5 a= 

B 
a a= GL sear 

and 

a+ B=1, a—-B=Vv5, aZ=-—1. 

As is known, a is called the golden number (or golden ratio). 

The following lemma is attributed to Binet (1843): 

LEMMA 2.3. For every n => 0: 
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PROOF. We have a2 = a+1, 6? =6+4+1,s0 a" =a" !+a”" and 
RISOs0e = ott forenee 2)e 

Let ad), = (a” — 8") /(@-98)\ 8025 = 10, f= and 

an} ai ioe a2 wee Be on = lee 

TRey el RS = OO tease gt obaleemenc acylase yztine 10 
(for n > 2). Thus, the sequence {7}, | n > 0} coincides with the 
Fibonacci sequence. Similarly, let U, = a” + 6", so Up = 2, U; = 
1 and Una “Uses SS Aiiae! ae egy © ale ae = qQ” age = Ue (for 

n > 2). Thus, the sequence {U,, | n > 0} coincides with the Lucas 
Sequences ml 

For more results about Fibonacci and Lucas numbers, see, for ex- 

ample, the books by Vorob’ev (1961), Hoggatt (1969) or Ribenboim 
(1995). 

Frame proved: 

21 If n is odd then L? divides W,,. 
( nm 

PRroor. By (2C) we may assume that 3 /n. We have 

=~ 
— 

| 
aa 

%S | 
Vain 

i) &, 

——— 

| = -TJa-eaya-e) 
= -(1-a")(1- 6") 
= -1+(a" +") -(-1)" 
7 hes 

n 
since n is odd, and using the preceding lemma. Similarly, 3 (1 — 

€?* _€*) — L,,. Now we note that if 1 < j, k < n—1, then the pairs (j 
mod n, 27 mod n) and (2k mod n,k mod n) are distinct. Indeed, 
otherwise 7 = 2k (mod n) and 2j7 = k (mod n), hence 37 = 3k 
(mod n) and 7 = —k (mod n). Therefore 7 = k and j = n—k, so 
n = 2k is even, contrary to the hypothesis. 

This shows that W,, = L?v where v € Q, and v is an algebraic 

integer, sovuEeZ. 

For example, the squares of the Lucas numbers 

La7 = 6 643 838 879 
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and 

Hs3 = 119218 851371 

(which are known to be primes), divide W147, Wss, respectively. 
Improving on a result of Lubelski (1935) and independently of 

Bang (1935), E. Lehmer indicated in 1935 the following divisibility 
property of the Wendt determinant: 

(2J) If p is an odd prime then p?~?(2?-! — 1)/p divides W,_1. 

PROOF. Consider the matrix C’ whose determinant is W,_1: 

1 | al Deal Dae 
L. 2 p—2 

p—1 1 fk 

p—2 1 

OS p-1 p-1 ; p-1 

D3 p—2 p—A 

p—1 p-1l Dowel l 

1 2 a 

Adding every column of C to its last column, we obtain a matrix C’ 

whose last column has all its elements equal to 

p—1 (ee hs pt =1 1 vee =e ae | 

Adding to each column of C’ (up to the column p — 3) the next 

column, we obtain a matrix C” such that the elements of the first 

p — 3 columns are of the form 

Lemada\aa| Pings lent (te 2 
k Kerr k+1)}’ 

for k = 0,1,... ,p—2. These elements are all multiples of p. Thus 

W,-1 = det C” is a multiple of p?-*(2°-* —1) = pe 2 Gee 1) / Dp) lst 

For a recent related result, see Helou (1997). 
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Frame observed experimentally that if n < 50 and 6 /’n then 

logo |W,,| — n? log) c| < 0.33, 

where 
9 r/3 

loge = | log(2 cos 6)dé, 
T JO 

so log,,c = 0.140305. Thus W,, has about 0.1403 n? digits. The 

knowledge of the size of W,, and of some prime factors of W,, may 

guarantee that the factorization of W,, is already complete. 

In 1982, Boyd showed that the sequence {A,,}, with 

An, = logig |Wnl| — n” logig¢, 

is bounded and has exactly three limit points 0, 5 logio oF 2 logig 2 

corresponding, respectively, to n = +1, +2 or 3 (mod 6). 

The values of W,, (for n = 2k > 20) in the table below have been 
kindly provided to me by J.S. Frame. 

Wendt determinant: 

Wie 
W2 — —3, 

W3 = 28=2?x 7, 
W, = -375 =—3 x 53, 
Ws = 3751 = 11? x 31, 
W. == 0, 

W, = 2® x 29? x 127, 
We = —37 x 5° x 173, 
iy = BE SOU eI AYES VAY 

Wo = —3 x 1x S12 

Wa 123° * 67200 89 x 1997, 

Wi2 = 0, 

Wie 0355387 a7 92% 131765217 8191, 

Ve 2 301298 Be 

Wis = 204% 7x 112 x 317 x 614 x 151 x 2712, 
Wig 3'8x, bi irene 17x OTe 
Wot F306 572 M2312 Ae o1e 

Wo = —3 x 23?! x 675 x 893 x 199° x 6833, 
Weg re ae oS 0) alg ero eee a 10 ba 
Weg 2 Ox Oxo 20 otal 1b onl pene Ores 
Wa 8 a al nA x0 2 ee) (eat oe 

x 449° 65537 
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Ws, = —3 x 103)? x 137!2 x 2398 x 3078 x 4096 x 613° x 35715 

x 43691% x 1310713, 

W3g = —3 x 7° x 191!? x 229!2 x 4198 x 4576 x 6476 x 7616 

x 1483° x 9349® x 1747633 x 52428 7°) 

—319 x 574 x 1115 x 319 x 4199 x 2416 x 28112 x 6418 x 8815 
x 10485773, 

Wag = —3 x 5° x 2318 x 678 x 897! x 199° x 3979 x 6178 x 10138 

x 21139 x 2333° x 32578 x 32578 x 4357® x 15709°, 

Wag = —3 x 47% x 139! x 4616 x 599!2 x 69112 x 8298 x 11518 

x 23478 x 4357® x 1784813 x 27962033, 

Wso = —3 x 11® x 10124 x 151!8 x 2519 x 4018 x 6013 x 1151}? 

x 1301 x 1601° x 1951® x 3851® x 4651® x 5801° x 61015 

964456 19655831", 

ee ee Od Oe meld exo 203 x GLa 
x 521° x 677° x 13015 x 16139 x 27313 x 6709® x 81913 

x 13417® x 20593°. 

= o 
I 

In 1991, Fee and Granville computed the factors of (the modified) 

W,, for every even n < 200 (including when 6 divides n). From these 

calculations, it followed: 

(2K) Ifk< 100, ifp and 2kp+1 are primes, then the first case 

of Fermat’s last theorem is true for the exponent p. 

ProoF. The result follows from the explicit determination of the 

factors of W2, (for 2k < 200) and the verification that the conditions 

of (2B) are satisfied. O 

From the values of Wa, (for 2k = 2,4,8,16) it follows at once 

that Fermat’s congruence X? + Y? + Z? = 0 (mod gq), where p and 

q = 2kp + 1 are odd primes, has only the trivial solution. However 

X3+Y34 Z3 =0 (mod 31) and X*+ Y? + Z? =0 (mod 43) have 
nontrivial solution, because 31 | Wio and 43 | Wi4. 

According to a result of Dickson (1909) (see Chapter X, (2C)), if 

p,q are primes and q > (p—1)?(p—2)* +6p— 2 then the congruence 

(2.1) has a nontrivial solution. Therefore, if g = 2kp + 1 and 6 ) 2k 

then by (2B) q | Wax. 
We conclude this section by referring to statements made by Gan- 

dhi (1975, 1976) if the first case of Fermat’s theorem is false for 
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p. These conditions are expressed in terms of appropriate circulant 

determinants, however the proofs were never published, due to the 

untimely death of Gandhi. 
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1909 
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1968 
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IV.3. Appendix: Sophie Germain’s Primes 

We have mentioned that it is a very difficult problem to know whether 

there exist infinitely many primes p such that 2p + 1 (or 4p + 1, or 

8p + 1, etc ...) is also a prime. A heuristic argument points to the 

validity of a much more general statement, as we shall explain. 

If x is any positive number, we denote by 7(z) the number of 

primes p such that p < z. The famous prime number theorem of 

Hadamard and de la Vallée Poussin (1899) states that 

1 (x) 
im 

zoo ¢/ log x 
Seal 
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which we write also as (x) ~ x/log x. 
Dirichlet’s theorem states that if a,m are relatively prime (pos- 

itive) integers then there exist infinitely many primes in the arith- 

metic progression {a + km | k > 0}. If ma,,(%) denotes the number 
of primes p in this arithmetic progression and such that p < 2, then 

1 
lim ‘Reieretllae) = ; 

a= OO saa (a) y(m) 

that is, 
1 4G 

Tol) ~ Com) loge 
Considering the polynomial f(X) = mX + a, Ta, m(x) represents 

the number of integers n, 1 <n < (x—a)/m such that f(n) is a 
prime. 

More generally, we may consider the following situation. Let 

fi(X), fo(X), ..., fe(X) be polynomials with integral coefficients, 

and positive leading coefficient. Let d; > 1 be the degree of f;(X). 

Assume moreover that these polynomials are irreducible over Q and 

that none is a constant multiple of another. Let N be any positive 

integer and let Q(N) = Qy,.....7,(V) denote the number of integers 
n,1<n<N, such that f,(n), fo(n),...,f,(n) are primes. 

The probability that a large positive integer m be a prime is 

mt(m)/m ~ 1/logm, by virtue of the prime number theorem. 
Since we shall be interested in the values of the polynomials f;(X), 

fo(X),... , f(X), we have to discount the fact that k-tuples of such 

values are not randomly distributed. 

If p is an arbitrary prime, let s, denote the chance that none of 

the integers of a random k-tuple be divisible by p. Then 

ete Ce eae ea 
Pp Pp 

Similarly, let r,, denote the chance that for a random integer n, none 

of the integers f\(n), fo(n),... , fx(m) be divisible by p. If w(p) de- 
notes the number of solutions of the congruence 

TUX) CS rein X= ON (madip): 

then r, = (p — w(p))/p = 1 — w(p)/p. It may be shown that the 
product [],,7,/8p is convergent, say to a limit C = C(f,,... , fx). If 

we agree that this number measures the extent to which the values 
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of fi(X),... ,f¢(X) form a nonrandom k-tuple, then the probability 
that fi(m), fo(m),..., fx(m) are all primes (for large n) is equal to 

1 SRE CST ARRaEERA) 

1 th 
~ C yest on ’ BE TY ears Cae n)h 

since log f;(n) ~ d;logn. Then 

1, ore weer) 
QN)c CF. Segre Do 7 

n=2 
log n)* 

In particular limy_.., Q(N) = co. Thus, we see in a heuristic way 

that there should exist an infinite number of primes p with the re- 

quired properties. 

Now we consider the following special cases: 

(1) fi(X) =X, fo(X) = 2X+; and 
(2) fal X) = Xeon) XH 2: 

Case (1) deals with Sophie Germain’s primes while case (2) refers 
to twin primes. In both cases w(2) = 1 and w(p) = 2 if p > 2. Hence 
the constant is 

122 , pape 
1 

eee Dae C= ip Il 5 = 1.3203236, 
2 ed 

N 1 
WN) 13203280 ee 

2 (log n)? 

This expression had been conjectured by Hardy and Littlewood 

in 1923, for the count of twin primes less than N. It agrees rather 

closely with the actual number of twin primes; see Sexton (1954), 
Wrench (1961), Shanks (1962), and Brent (1975). 

so 
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V 

Interludes 5 and 6 

In this chapter, we give more background material. 

V.1. p-Adic Numbers 

A. The Field of p-Adic Numbers. In order to study divisibil- 

ity properties by a prime p, it is often convenient to consider the 

development of integers in the base p: 

2=a9+a;p+-:-+amnp”, 

with 0 < a; < p—1, p® <a< p™'. 

Hensel also introduced infinite p-adic developments. The new 

numbers so defined are the p-adic integers. He described the op- 

erations of addition and multiplication among the p-adic integers 

and proved a very important theorem concerning the existence of 

p-adic integers which are roots of certain polynomials. 

The p-adic numbers may be considered as being limits of sequences 

of integers, relative to the p-adic distance. These considerations al- 

lowed the introduction of methods of analysis in the study of divisi- 

bility properties. 
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We shall describe here very briefly the concepts of p-adic numbers 

and the results which we shall require to discuss Fermat’s equation. 

In Chapter II, §1, we have defined, for every prime p, the p-adic 

valuation v, of Q. We recall that the set of p-integral rational num- 
bers is 

he 15 |a,b€ Z,b #40, pb, gcd(a, b) = i} U {0}. 

It is a subring of Q containing Z. Moreover, if r € Q then v,(r) > 0 
if and only if r € Z,. 

Z, is called the valuation ring of v,. The only maximal ideal of 
Z,y is equal to Z,»p = {a/b € Z, | p divides a}. The field Z,/Z,p is 
isomorphic with the field F, (with p elements); it is called the residue 

field of vp. 
The valuation v, defines, on the field Q, the function d, given as 

follows. If a,b € Q, then 

d,(a,b) =p-*“-») whena# b, 
US (Gs) = (0, 

It is easy to verify the following properties: 

oe 0) 

d,(a,b) = d,(b, a), 
d,(a,b) = d,(a — 6,0), 

d,(a+c¢,b+c) =-d,(a,b), 

d,(a,b) < max{d,(a,c), d,(b,c)}, 

S7dn GC) iad, (Ose): 

So d, is a distance, compatible with the operation of addition. It is 
called the p-adic distance of Q. 

The completion of Q relative to the p-adic distance is again a field, 

denoted Q, and called the field of p-adic numbers. The nonzero 

elements a of Q, are represented by p-adic developments 

co 

Qo Qaip , 

i=m 

withp0tcerdshsop <1 ten Zealand! a, .0a) iran we ea, p 
(with n > m) then a = lim,_, a, (the limit is relative to the p-adic 
distance). 
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The p-adic valuation may be extended by continuity to a valuation 
d, of the field Q,, which is defined by 

Op (> op) Sm, (la. 0), 

Thus, the values of 3, are also integers or infinity. 

The topological closure of Z, in the field Q, is a ring, denoted by 

ZLp- Its elements are called the p-adic integers. Thus a € Q, i is a p- 

adic integer exactly when 0,(a) > 0. It is also clear that Z,UQ = Lie 

The only nonzero prime ideal of ie is LP, consisting of the multiples 

of p. The residue field of 6, is Z| LpP which is isomorphic to the 

field F,.. 

Ifa,Ge Q,, we say that a divides G if there exists y € Te such 

that ay = @; this means that @,(a) < 4,(@). a € Z, is a unit in 

Z, when a divides 1, i.e., 6,(a) = 0. The set U, of units of Z, is a 
multiplicative group. 

If a, GB, y € Q,, y #0, we write a = B (mod 4) if y divides a — f. 

Similarly, if y € Q,, y # 0 and F(X), G(X) € Q,[X] we write 

F(X) = G(X) (mod 7) when ¥ divides each coefficient of F(X) — 
G(X). 

These congruence relations satisfy the usual properties of congru- 

ences of integers. 

B. Polynomials with p-Adic Coefficients. We discuss briefly 

polynomials with coefficients in the field Q,. 

If f(X) = aX” + a,X"1 +--- +a, € Q,[X], we make the 

definition 0,(f) = mino<i<n{vp(ai)}. If f,g € Q,[X], with g 4 0, we 
define 

a, (4) = 4,1) a0), 

which is well defined. Then @, is a valuation of the field Q,(X), 

whose restriction to Q, is the valuation v,. For simplicity, we shall 

write v,, instead of Up. 

If f,g € Q,[X], we write f = g (mod p”) when v,(f — g) 2 n, 

or equivalently, p” divides each coefficient of f — g. For every ire 

Sy Ue eee Z,(X], we denote by f = f mod p the polynomial 

Yio aX" € F,/X]. 
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We recall now some well-known facts about polynomials in Q, [X]. 

The polynomial f € ZL» [X] is said to be primitive when v,(f) = 0. 

Every polynomial f € Z,[X] may be written as f = af,, where 

aeéZ fir € Z»[X| and f; is primitive. 

(1A) Gauss’ Lemma. If f,g € Z,[X] are primitive polynomials, 
then f -g is also a primitive polynomial. 

(1B) if f €Z,[X] ts primitive and f=g-h with g,he Q,[X], 

then f = f1- 91 for some primitive polynomials fi, 9, € Z,|X]|, such 

that deg g; = deg g, deg h, = deg h. 

The nonconstant polynomial f € Z,[X] (respectively, f € Q,[X]) 
is irreducible in Z,[X] (respectively, in Q,|X]) if it is impossible to 
write f = g-h, with g,h nonconstant polynomials in Z,|X] (respec- 
tively, Q,[X]). 

(1C) fiffe ZX], then f is irreducible in ZX if and only if it 

is irreducible in Q,[X]. 

The nonconstant polynomials f,g € th [X] are said to be relatively 

prime whenever, if h € Z,|X] and h divides f and g, then deg(h) = 0. 

(1D) Jf f € Z,[X] is nonconstant and primitive, and if f does 

not divide the nonconstant polynomial g € Z,[X], then f and g are 
relatively prime. 

(1E) Self, gue Z| X| are nonconstant and relatively prime, then 

there exist polynomials s,t € Z,|X| such that s- f +t-g is a nonzero 

element of Z,. 

(QF) fff,ghe TAX |) if f is wrreducible and if f divides g -h, 
then either f divides g or f divides h. 

(1G) Ifg,h € Z,[X] are nonconstant and relatively prime, if g or 
h is primitive and both g and h divide f, then g-h divides f. 
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(1H) Every nonzero polynomial f € Z,{X], may be written as 
a product f = ag,-::Gm, where a € Zp) and'gi;:.2,9, € Z»[X| 
are primitive irreducible polynomials with n > 0. Moreover, a and 
Jis+++59n are uniquely defined up to a unit in Tipe 

Now we shall consider the resultant and the discriminant of poly- 
nomials in Z,,[X]. 

(11) Let f,g be nonconstant polynomials in Z,[X]. Then the 
following conditions are equivalent: 

(a) There exists a nonconstant polynomial h € Z,[X] which di- 
vides both f and g. . 

(b) There exist nonzero polynomials fi,9, € Z,[X] such that 

deg(fi) < deg(f), deg(g:) < deg(g), and 

Tisai g — 0; 

PROOF. (a) = (b) We assume that f = h- f,; and g = —h-g, 

with f,,9, € Z,[X]; then deg(f,) < deg(f), deg(g.) < deg(g), and 

Gi ey yr G0! 
(b) = (a) Conversely, we assume that there exist polynomials 

f, and g; € Z,[X], such that deg(f,) < deg(f), deg(gi) < deg(g), 
and gf + fig = 0. If f,g are relatively prime, then by (1E) there 

would exist polynomials s,t € Z»[X| suchithat s; fas t=g =Iche 

Te with c # 0. Eliminating g from the above relations, we obtain 

f (sf: —tgi) = cf; where deg(f,) < deg(f), which is impossible. 0 

(id \eeeliorder thay — 0,0" ond G =\)) 4 bpX x? (where 

eit > 0, and f,g © DX) have a common nonconstant factor, it 

is necessary and sufficient that R(f,g) = 0. 

ProoF. It was seen in Chapter II, (4B), that if f,g have a common 

nonconstant factor, then R(f,g) = 0. 
Conversely, by (11) it is equivalent to show the existence of nonzero 

polynomials f; € Zp(X]5.91 2 USA i = SG ae = 

Sor dike tig suclithategr |f tify 9 = 0 (it is not excluded that 

Cy = dy = 0). This relation is equivalent to the following system of 
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m-+n equations in the unknown quantities Co,... ,Cm—1,d0,--- ,4m-1 

(obtained by equating to zero the coefficients of the powers of X): 

dodo + Cobo = 
doa, ae dao ala CoD, + C109 — 

0, 
0, 

dopa SF da, at dyao ae Cobo ar C10; = Cobo = 0, 

This homogeneous linear system has a nontrivial solution in Q, if 

and only if the determinant of its matrix vanishes, or equivalently, 

the determinant of the matrix obtained after exchanging rows and 

columns vanishes; in other words, R(f,g) = 0. Now we finish the 

proof by noticing that if there exists a nontrivial solution in Q,, 

by multiplying by the common denominator of these elements, we 

obtain a nontrivial solution in Z,. O 

(1K) Let f,g € Z,|X] be relatively prime nonconstant polynomials, 

such that v,(R(f,g)) = p. Then every nonzero polynomial h € Z,[X] 
such that v,(h) > p and deg(h) < deg(f)+deg(g) may be written in a 

unique way ash = g,:f+f\-g, where fi, 91 € Tex Up(fi) = Up(h)— 
Ps Up(9i) > up(h)— p, deg(fi) < deg(f), and deg(gi) < deg(g). 

PROOF. Let 

iD == sax", 

1=0 

a Sox", 

Acute 

hee Sai Cpe 

a) 

We want to determine f; = 17) ¢.X™-!-*, g, = Sse OX ain 

Z,|X] such that h = g,- f+ f,-g. Comparing the coefficients of X in 

both sides of the above relation, we obtain a linear system of m+n 

equations in the m+n unknown quantities c;,d;, whose determinant 

is exactly R(f,g). 
Since f,g are relatively prime, by (1J) we have R(f,g) 4 0; hence 

the above system has a unique solution. 
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The coefficients c;,d; may be computed by Cramer’s rule; their 
numerators are linear forms in the e; with coefficients in Zp (because 
ifqern p[X]), and their denominators are equal to R(f,g). From 
vp(ex) > a 20=v,(R(f,g)), it follows that v,(c;) > 0, vp(d;) > 
0, so that fi,9, € Z,[X] and v p(fi) = Up(h) — p, p(gi) = up(h) — 
peat 

(1L) Letge Tk be a nonconstant polynomial. In order that 

there exist a nonconstant polynomial g € Z,[X] such that g? divides 
f, it is necessary and sufficient that Discr(f) = 0. 

ProoF. In fact, if g? divides f, then g divides f and f’, hence 

Discr(f) = R(f, f’) = 0. Conversely, if Discr(f) = 0, by (1J) there 

exists a nonconstant polynomial f € Tx dividing f and f’; by 

(1H), we may assume that g is irreducible. We have f = g-h, hence 
f' =9'-h+g-h’; since g divides f’, it follows that g divides g'-h; from 

deg(g’) < deg(g) we see that g does not divide g’, hence g divides h 
(by (1F)), and so g? divides f. O 

We shall now investigate the behavior of the resultant R(f,g) 
when f,g are replaced by sufficiently close polynomials, relative to 

the metric defined by the valuation v, on Q,(X). 

(1M) fafa mod Le eee ye are nonconstant polynomials and 

On iter ha 2 a, De Oita g) = B, then vp(R(fi, 91) ett; 9) a2 

min{a, J}. 

Proor. Let a € Z, be such that v,(a) = min{vp(fi — f), vp(91 — 9)}; 
then f; = f + ah and g, = g + ak, where h,g € Z,[X]. Thus 

R(fi, 91) = R(f+ah,g+ak). Writing the eliminating matrix between 

f+ah, g+ak, and computing the determinant, we obtain R(f,g)+as, 

where s € ZL is a certain sum of products of elements equal to a or 

to Peeicents of f,h,g,k. Thus 

vp(R(f1, 91) — R(f,g)) = up(a) 2 min{a,B}. O 

(IN) With the above notations, if f, fi € Z,(X| are nonconstant 

polynomials and v,(f — fi) > a, then v,(Discr(f) — Diser(f,)) >a 
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ProoF. In fact, since Discr(f) = R(f, f’), Diser(f:) = R(fi, fi’), 
we have only to remark that v,(f; — f) > @ implies v,(fi' — f’) = a. 

Indeed, if m = max{deg(f),deg(f,)} and f=) 32,44", f= 
ee Uk ee tuen 

m—-1 m—1 

PSP a= Ge ae 
12=0 i=0 

thus v,((m—1)(b;—a;)) > vp(b;—a;) for every i = 0,... ,m—1, and so 
Ue) Jee ind (Or Gs) st Ol | oe Uk fn ey ee | 

We also have at once: 

(10) If fig € Zy(X] and f = f modp,g mod p, then the 

resultant of f and g (computed in F,[X]) is R(f,g) = R(f,g) and 

the discriminant of f (computed in F,[{X]) is Discr(f) = Discr(f). 

We say that the monic nonconstant polynomials f,g € ie [X] are 
relatively prime modulo p when f,9 are relatively prime polynomials 

in F,[X]. Similarly, f is said to be irreducible modulo p whenever f 

is an irreducible polynomial of F,,[X]. Every polynomial f € ZL» [X] 

is congruent modulo p to a product of polynomials in ZL» [X], which 

are irreducible modulo p, and are uniquely defined modulo p. 

With these definitions, we have: 

(IP) Vg © TAG are relatively prime modulo p if and only if the 

resultant is a unit in Zp, 1.e., if and only if v,(R(f,g)) = 0. 

ProoF. By definition, f,g are relatively prime modulo p when f,g 

are relatively prime polynomials in F,,[X]; by Chapter II, (4B), this 

means that R(f,g) 4 0; by (10), this is equivalent to R(f,g) 4 0, 

that is, p does not divide R(f, g), or equivalently, v,(R(f,g)) =0. O 

(1Q) Let f,g € Z,|X] be irreducible polynomials modulo p. Then 
p divides R(f,g) if and only if f = g (mod p). 

ProoF. In fact, p divides R(f,g) exactly when f, g are not relatively 

prime modulo p; hence there exists a nonconstant polynomial h € 

Z,(X| such that f = h-f; (mod p), g =h-g, (mod p); by hypothesis, 



V.1. p-Adic Numbers 151 

we must have f = h (mod p), g =h (mod p), hence f = g (mod p). 
The converse is trivial. [ 

We observe that if f = >>", € Z,[X] and f’ is a multiple of p, 
then f = S030 @pi:X” (mod p). Indeed, the coefficients of f’ are 
ja;; thus if p divides f’, then p divides a; when p does not divide j. 
Therefore, 

f= (x ox (mod p). 
i>0 

In particular, if f is irreducible modulo p, then f’ 4 0 and hence we 

may consider the discriminant of f modulo p. 

(AR) If f € Z,[X] is irreducible modulo p, then p does not divide 
Discr(f). 

PROOF. We write f = f,;+pfe where all the coefficients of f; are not 

multiples of p. Then f’ = f,'+pf’ and by (1N), Discr(f) = Discr(f;) 
mod p. If p divides Discr(f), then p divides Discr(f,) = R(fi, fi’). 

By (1P), there exists h € Z,[X] such that h is nonconstant and h 

is a common factor of ak. ros Fs == IB keh, ie =h-k with 

g,keE 6 [X]. Since f, = f is irreducible, then g = ¢ with c € We. So 

Cc: Sie = f,-k. Therefore 

deg(f,’) < deg(f,") = deg(F,) < deg(f, -#) = deg(f,'), 
which is absurd. [J 

(1S) Let f € Z,[X] be such that f is not constant. Then f has a 
multiple irreducible factor modulo p if and only if p divides Discr(f). 

PRooF. We have f = 9192°::9n (mod p), where g1,92,-.- ,9n are 

irreducible modulo p. Hence, by (1M) and Chapter II, (4D), 

Discr(f) = Discr(gi92--- 9n) 

+] Discr(g:) - T][R(@,9;)]? (mod p). 

By (1R), p does not divide Discr(g;) for 1 <7 <n. Then p divides 

Discr(f) if and only if there exist indices i < j such that p divides 
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R(gi,9;). By (1Q) this means that g; = g; (mod p), concluding the 
proof. 0 

C. Hensel’s Lemma. This very important result, proved by Hensel 

in 1908, is certainly the raison d’étre of the p-adic numbers. It as- 

serts the existence, under appropriate conditions, of p-adic roots of 

polynomials. We shall prove here Hensel’s lemma in its strong form: 

(1T) Let F,g,h € Z,[X] be such that: 

(i) deg(g) = m > 0, deg(h)-= n > 0, deg(F’) = m+n, g_is 
monic and deg(F — gh) < deg(F); 

(i) v(R(g,h)) = p > 0; and 
(iii) v,(F — gh) = a > 2p. 

Then there exist G, H € Z,[X] such that v,(G —g) > a—p, v,(H — 
h) > a— p, deg(G) = deg(g), deg(H) = deg(h), G is monic, H,h 
have the same leading coefficient, and finally, F=G.- H. 

PROOF. We shall prove the following assertion, for 7 > 0: 

(*) Ifg,he TAX deg(g) = m, deg(h) = n, g is monic, deg(F — 
gh) < deg(F), v,(F — gh) > a+ J, and v,(R(g, h)) = p, then 

there exist polynomials g*,h* € ZX ], such that deg(g*) < 
m, deg(h*) <n, Up(g*) > a+ Jj — p, vp(h*) > a+ 7 —p, and 

Ung Hee Gata’ \( ie alte) ees Cretay eae 
Indeed, since v,(R(g,h)) = p then R(g,h) #0. By (1J), g and h 

are relatively prime. 

We note that v,(F — gh) > a+ jap and deg(F — gh) < deg(F) = 
deg(g) + deg(h), and it follows from (1K) that there exist uniquely 

defined polynomials g*, h* € Lp [X], such that the following hold: 

F —gh=h*g +9*h, 

Up(9") 2 Up(F — gh) -p2zat+j-p, 
vp (h) 2 U,( Fa gh) — 9 on 7 ap, 

deg(g*) < deg(g), 
deg(h*) < deg(h). 
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Therefore 

vp(F = (9g +9" )(h + h*)) = up((F — gh) — (h*g + g*h) — g*h*) 
= v,(g*h*) 

> 2(a+j-—p) 

=e = 2p) +04. 23) 
SO) 

We apply this result, beginning with g = gy, h = ho, j > 0, and 

letting g1 = go + 93, hi = ho + h3. Then we apply the result for 

91,41,j = 1, obtaining g. = gi + gf, hy = hy +h* and so on. 

We have to note that 

Up(R(gj+1) hj+1)) = vp(R(g;, hy) = p 

for every 7 > 0, because 

Up Et G5445 gn) — Jt(9;,h3)| = min{v,(9 ), vp(h')} 

BNA a lace {> Pad Ut 

as follows from (1M). 
Thus, we have the sequences of polynomials (g;);+o and (h;);>0 

such that deg(g;) = m, deg(h;) = n, each g; is monic, h,; and h have 
the same leading coefficient, and finally 

Veiga 9)) 2 a JP, 

Up(hy41 = h;) Ee +] —1He 

Thus (g;);>0 and (h;);>0 are Cauchy sequences of polynomials of 
degree m,n, respectively. This means that if 

Gio SEG 
i=0 

h; = Se XG 

i=0 

the sequences (b;;);>0, (cij)j>0 (for every 7), are Cauchy sequences 

in Q,. Since Q, is complete, let b; = limb;;, c; = lime;, and G = 

yore0 WX", H = Yi GX. 
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Then v,(G — g;) > a+ J — p, because 

G— 9; = jim » da) 
41=0 

and 

Up (sa:] oe a4 = (0, 

i=0 

for every s > 1. Similarly, v,(H —h;) => a+ 3 — p for every 7 = 0. 

Finally, 

up(F = GH) = »,[(F — 9;hj) + (9; — G)H + 9;(h; — 2) 
min{v,(F — g;h;), ¥p(9; — G) + v,(H), 

VG ig Valid) 

2 a a) — Pp) 

for every j > 0. It follows that F = GH with G monic, and H,h 

having the same leading coefficient. © 

V 

Now we give Hensel’s lemma in its more customary form: 

(1U) Let F,g,h € Z,[X] be such that: 
(i) deg(g)-= m > 0, deg(h) = n > 0, deg(F) = m+n, g is 

monic and deg(F — gh) < deg(F); 
(ii) g,h are relatively prime modulo p; and 

(iii) F = g-h (mod p). 

Then there exist polynomials G, H € Z,|X] such that G = g (mod p), 
H = h (mod p), deg(G) = deg(g), deg(H) = deg(h), G is monic, 
H, h have the same leading coefficient, and F =G.-H. 

PrRooF. This is an immediate corollary of the preceding result. In- 

deed, by (1P), v,(R(g,h)) = 0. Since v,(F — gh) > 1, the above 
result may be applied. 

Another commonly encountered form of Hensel’s lemma concerns 

the lifting of roots modulo p. 

(1V) Let F €Z,[X] with deg(F) > 1, let a € Z, be a simple root 

of the congruence F(X) =0 (mod p). Then there exists b € LZ, such 
iat D= Gand i (b) — 0: 
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ProoF. By hypothesis, F = (X — a)h (mod p) where h(A) # 0 
(mod p). So X —a,h are relatively prime modulo p. By (1U), 
Nfl oe GH, with G monic, deg(G) = 1, G = X — a, thus G = X —b 
with b € Z,, b =4@, and therefore FO 0... fl 

We shall apply Hensel’s lemma to the polynomial X?~! — 1: 

(1W) [fp is a prime then Lp contains p—1 (p—1)th roots of 

1. More precisely, for every j =1,2,...,p—1 there exists a unique 

element w; € Z, such that w?~' = 1 and w; =j (mod p). 

PROOF. For every j = 1,... ,p—1, j?- | =1 (mod p), so X?-!-1= 
ATION —j) (mod p). Thus 1,2,... ,p—1 are all the roots of the 

congruence, and they are simple. By (1V), for every 7 there exists 

w, € Z, such that wy 

For the uniqueness, we observe that if w € De, w?-t=1,andw= 

k (mod p), then w must coincide with one of the roots of X?~' — 1, 

say w = w,; then j =w; =w =k (mod p),soj =k,ie,w=wx. O 

*=1 andw; =j (mod p). 

Let p be a prime and let (Z/ p)* denote the multiplicative group 

of nonzero residue classes modulo p. Let 2 denote the multiplicative 

group of (p — 1)th roots of unity in Z,. 

As a corollary, we have: 

(1X) The mapping which associates to each nonzero residue 

class 7 modulo p the (p — 1)th root of unity w; in Lp such that 
w; = J (mod p), establishes an isomorphism between the multiplica- 

tive groups (Z/p)* and Q. Moreover, w, is a generator of Q if and 

only if g is a primitive root modulo p. 

ProoF. Indeed, if 1 < j,k,h <p—1 and jk =h (mod p), by (1W) 

it follows that w,;w, =w, (mod p). Since w; = Jj (mod p), the map- 

ping j modulo p +> w; is an isomorphism. The last assertion is 

trivial. O 

(1Y) With the above notations: 

(1) iF P—1/r then Voocqw” = 0; and 

(2) af p—1|r then cau =p—l. 
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Proor. (1) Let g bea primitive root modulo p, so w, is a generator 

of the multiplicative group 22. Then 

ie oa jpASvaye 

: 1—wt"™ 
wEQ j=0 9g 

when p— 1 Jr. 
(2) Ifp—1|r then w = 1 for every w € 2, hence do <qw” = 

p-l. O 
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V.2. Linear Recurring Sequences of Second Order 

Let A, B be nonzero integers such that D = A?-4B #0. Let Ro, Ri 

be given integers and for every k > 2 let R, = AR,_; — BRy_2. 

li fAv=919 B= 1-1! and ho = 0,-R; = ly then Ay-isithe kth 

Fibonaces number, Ii A = 1) B =—1 and Ry = 2, Ry = 1, then 

Ry, is the kth Lucas number. These sequences of numbers have been 

briefly considered in Chapter IV, 82. 

We shall now indicate several elementary properties of the se- 

quence of numbers (R;),>0. For our purpose, we shall assume that 

Ro =0 and R, = 1. There are analogous results when Ry = 2, R; = 

A. 

Part (1) of the following lemma was given by Siebeck (1846); it 
is a generalization of Binet’s result for Fibonacci numbers (Chapter 

IV, Lemma 2.3). In 1878, Lucas published a classical paper on this 

subject; see also Lehmer (1930). For further references on recurring 

sequences, see Dickson (1920, Vol. I, pp. 393-411). 
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LEMMA 2.1. With above notations and hypotheses: 

(1) Ifa, are the roots of the equation X2 — AX + B= 0, that 
1s, 

Pe tay Hae g —- An vA = 4B 
oo 9 ’ ee 9 ’ 

then for every k > 0: 

ak — gk 
i= mea. 

(2) If ist h = 1 then Rus = Ri Ras = BRR 

(3) (a” + 6")? = DR? + 4B". 

(5) AR, + (a” + B") =2Rrs1 forh > 0, 
AR, — (a + B") = 2BRp_, forh> 1. 

(6) Ifk > 1 is odd then 

vane k k—2h—1 ph fey Chg Atm es 1) 
oe ts Ny ie 

h=0 

(k-1)/2 ie 
OF as a B*) = 3 (3) Ak-2h ph. 

h=0 

(7) Ifk >1 is odd and n> 1 then 

(Sr = eae ek h F(k—-2h—1)/2 PBk—2h _ 7(k—-1)/2 pk x Br P&-2h-V/?2 k-2h 
Raz = D Ree x =( al 

Proor. (1) From a?— Aa+ = 0 it follows that a*t? = Aa*t? — 
Ba and similarly 6*+? = AG*t! — BB*. Noting that a # G since 

A? — 4B #0, by subtraction and division by a — 3, we obtain 

kt? _ gk+2 7 kt! _ ght at — BF 

0. (apa) ay 

Let Ri, = (a* — B*)/(a — B) for every k > 0, so Ry yo = AR i 41 = 

BR, for k > 0. Since the sequences (Rx)x>0, (Fy )k>0 Satisfy the 

same recurrence relation and Ry = Ro = 0, Ri = R, = 1, then 

R, = Ri, = (a* — B*)/(a —k) for every k > 0. 
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(2) 
eh enews eet it 

(a* — BAY(ah*! - B+) — a(at-! — B-)(a" — 6") 
(a—B) 

Big) 
a2 ai 2048" eae 7 (a8 9 et see + 7") 

da = AB 

since (@—="0)1="D, a0i=)B- 
(4) Let h = nk. Ifn = 1 it is trivial and we proceed by induction: 

Ronee = Jiheyl ao oa 7 Bippevits 

h h\2 2 2h hah 2h Os : (Qe aD ee 20. On ime) 

| 

is a multiple of R,. 

(5) We have A=a+{, so by (1), 

AR, + (a+ 6") 
h pe 

= ene h 4 @gh 

at! — a3’ + a*B — B+) 4 abt 4 Bh — arg — grt 
= ae, 

ghtl — ght 
—— 2 Ee SS NGS ei 

Similarly, 

AR, — (a + 6") 

at — gh ' ; 

= LonP i een ge ao cai) 

r alt! — 93h + ah — ght! — ght] _ a gh — at B + ght! 
= eae 

fel 2S An—1 
= 200— 8 = 23th oy 
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(6) Let k >1 be odd. From 

2a=A+VD, 

28 = A-VD, 
by raising to the power k, and subtracting, 

(k—1)/2 rh 
paid Ca a B*) = ye ie ts ,)aee pes ; 

hi) 

Dividing by 2(a — 8) = 2VD, we have 

‘ (KM/2 7 
Daa 2 = Ak-2h-1 A 

‘are 6 ue ' ? 
h—U 

Similarly, by raising the expressions of 2a and 2 to the power k, 

by subtracting and dividing by 2, we obtain 

(k—1)/2 k 
De ae “20 = De ( Za 

h=0 

(7) By Chapter VII, (1D), we have the identity 

(k—1)/2 k(k—-h-1 k ees k nag ee JO TAPE OC AA ray Oe at) ( ies aaa Xd Ait Va cae 

h=1 h 

We take X =a”, Y = —G", and since k is odd, 

ee ee eae iecal qn = (6 ae = (a” aan \k du ey As (aB)""(a” ame 

nate WON ees 

Dividing by a — @, noting that aG = B and a— 6B = VD then by 

(1) we have 

Fine = DEP RE Ys E 
a n—-1 

Oakey (i Ais ‘ Brh pR-2h-V/2 Pk-2h_ 

Now we investigate the divisibility properties of the terms of the 

recurring sequence (R;)x>0- 
If m > 1 and if there exists an index k such that m divides R,, 

we denote by r(m) the smallest such index. It is called the rank of 

appearance of m in the sequence (Rx) x>0- 
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LEMMA 2.2. (1) If m > 1 and gced(m, B) = 1 then there exists 
the rank of appearance of m. 

(2) If m> 1 and gcd(m, B) = 1 then m divides R, if and only 

if r(m) divides k. 
(3) If m,n > 1, ged(m, B) = ged(n, B) = gcd(m,n) = 1 then 

r(mn) = Icm{r(m),r(n)}. 
(4) If p is an odd prime, p ) B, then R, = (D/r) (mod p) (where 

(D/p) denotes the Jacobi symbol). 
(5) If p is an odd prime, p ) B, then r(p) divides p— (D/p). 
(6) If p is an odd prime, p | B, if k = v,(Rrw) and e > k, then 

r(p°) = p**r(p). 
(7) Ifk>1,h>1 then Renzi = Ri, (mod R?). 
(8) Ifk>1,h>1 then Ryn =kR,Ri,; (mod R?). 

PROOF. (1) Consider the set of pairs {(R;, mod m, Ry_; mod m | 
k = 1, 2, ...}. Since there exist only finitely many couples of residue 

classes modulo m, there exist integers k,l, with k < 1 such that 

R, = R,; (mod m), 
Ry; = R)_-1 (mod m). 

Since BR,_2 = AR,_,—R, then BR,_2 = BR,_2 (mod m) hence 

Ry-2 = Ri-2 (mod m), because gcd(m, B) = 1. Repeating this 
argument, it follows that 0 = Rp = R,_, (mod m), so there exists 

an integer |—k > 1 such that m | R)_;,,. Hence there exists a smallest 

integer r(m) such that m | Rpm). 
(2) First we note that for every k > 2, if m divides R, then 

gcd(m, Ry_1) = 1. Otherwise there exists a prime p dividing m, R;, 

and R,-1. From R, = AR,-1 — BR,_2 and gcd(m, B) = 1, it follows 

that p | Ry». Repeating the argument, we would conclude that 

p | Ry =1, which is a contradiction. 
Now let S be the set of all indices k such that m | R,; by (1), 

S #0. We show that ifk,h € S then k +h € S. Indeed, by Lemma 
2.1(2), m|k+h. 

Similarly, if k,h € S,k < h, then h—k € S. In fact, R, = 

Rrz(h—k) = oA ae oe leWegien Wane dn) hence m | Ievaye gaa ay, But 

gcd(m, B) = 1 and, as shown above, gcd(m, Ry_1) = 1, hence m | 
Rye 

This suffices to show that S' is the set of multiples of its smallest 

element, namely r(m). 
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(3) We have m | mn and man | Rr(mn) 80 ™ | Re(mny hence 
r(m) | r(mn); similarly r(n) | r(mn) hence | = lem{r(m), r(n)} 
divides r(mn). 

Conversely, m | R,(m) and r(m) | 1 hence m | R,; similarly n | R;, 
hence from gcd(m,n) = 1 then mn | R,, that is, r(mn) | L. 

(4) By Chapter II, (3.3), we have 

a? — GBP 
RK, = ar 

Since D—))/? = (D/p) (mod p) then R, = (2) (mod p). 

(5) Ifp| D then (D/p) =0 and R, =0 (mod p). Let (D/p) = 1; 
we show that R,_; = 0 (mod p) hence by (2), r(p) | p—1. Indeed, 
by Lemma 2.1(5), and by (4) above, 

=(a— B)P + pf = DPV? + pf. 

2BR,-1 = AR, — (a? + 6?) = A-—(a? +a") (mod p). 

By Lemma 2.1(6), 2?~'(a? + G?) = A? (mod p). Hence 

2BR,_; = 2?BR,_,; = 2? 'A— A? =A-— A” =0 (mod p). 

Since p / B, p # 2, then R,_; =0 (mod p). 

Now let (D/p) = —1; we show that R,,; = 0 (mod p), hence by 
(2), r(p) |p +1. Indeed, by Lemma 2.1(5), and by (4) above, 

2Rpi1 = AR, + (a? + 6?) = —A+ (a? + 8?) (mod p). 

By Lemma 2.1(6), 2?~!(a? + 6?) = A? (mod p), hence 

2he = 2 Rea PAGAN A+ AP = (mod p). 

Since p # 2 then R,,,; =0 (mod p). 

(6) Let Rp») = p*t, with p /t, k > 1. By Lemma 2.1(7), we have 

form > 13 

= m™—1)/2 pp” 
Ry(p)pm tf De Rew) 

(Sy m m 
Pp po ed — 1 r(p)h m= 2h—1)/2 pp  —2h 

a Ds =( hi ja DY trop) 
peel 

For h = (p™ — 1)/2 the summand is equal to pr BMee U2 Re 

and its p-adic value is m+ k, since p / B. 
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If0<h < (p™ —1)/2 then 

Do Dg lees Van, co\h A (peer iy/2 Pee mek o(E( flay jae IBY Rew) 

> v»( 5B) | =m + (p™ — 2h)k — up(h). Ah Te) 

However, ifm > 1 and0<h < (p™—1)/2 then p™ > 2h+0,(h) +1. 
Indeed, 2h = p™ — p*r with p /r, 0 << s < mand if s=0 thenr > 1; 

so 2h+v,(h)+1=p™—p*r+s+l < p™ because s+1 < p’r (since 

p # 2). Hence, 

m+ (p™ — 2h)k — u,(h) > m+0,(h)\(k-1) +k >m+k. 

We have also 

Tee aide Je Aa Sata 

when m > 1 (because p # 2). Thus, for m > 1 we have uv, (R-(p)pm) = 
m+k. This is also true when m = 0. 

Taking m = e—k > 0 then v, (Ry()pe-») = € 80 p® | Rr(pyp-—-» and 
therefore, by (2), r(p*) | r(p)p**. Since p® | R, pe) then r(p) | r(p°). 
Hence r(p°) = r(p)p™ with 0 < m < e—k. If m < e—k then 
Ul le(ppe p= ie + kh <6, 80.p | Heap hence Tp \i- r(p)p and 
this shows that r(p*) = r(p)p*-*. 

(7) The proof is by induction, being trivial when k = 1. We have 
by Lemma 2.1(2): 

Reesayntr = Reeh+i)+h 

= Renti hans — BRenRn 

= Rengiltnss 

= RES! (mod Fi) 
by induction and since R;, divides R,;, (by Lemma 2.1(4)). 

(8) The proof is by induction, being trivial when k = 1. We 

have, by Part (7), by Lemma 2.1(2) and (4), and by induction: 

Resin = Rengn = RaRengi — BRn-iRen 

=, R wy Dh ikh, A 

= R, Rei [Ras — BeRn-1| 

= RAR (K+ Ris = (k+1)R,RE,, (mod R?), 
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noting that 

Ray = RypR. — BR,-) = -—BRp-1 (mod=A,). al 
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VI 
Arithmetic Restrictions on 
Hypothetical Solutions 
and on the Exponent 

Let p be an odd prime and assume that x,y, z are nonzero pairwise 

relatively prime integers such that x? + y? + z? = 0. 

In this chapter we indicate congruences and divisibility properties 

satisfied by expressions involving the numbers z,y,z,p. In some 

instances, we will be able to reach a contradiction, proving that 

Fermat’s last theorem (or the first case) holds for certain exponents 

p. In Section 3 we focus on a conjecture of Abel, which has not yet 

been completely established by a direct proof. 

VI.1. Congruences 

Let p be an odd prime and assume that z, y, z are nonzero relatively 

prime integers such that z? + y? + z? = 0. For easy reference, we 

recall results from Chapter III, §1. 

If p / xyz then there exist nonzero integers r,s,t,7r1,81,¢, such 

that 

spy=?, (a ty )/(ety—t,  2=—th, 

(1.1) Yate Tae CRE es) =T1) Cb et fe I 

zto=s?, (2? +aP)/(zta)=s1, Yy=—Ssi, 
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p /rstr,s,t; and r,s,t,r1,81,¢; are pairwise relatively prime. More- 

over r? + s? +t? £0. 
If p /xy but p | z, then there exist nonzero integers r, 5,t,71, 81,1, 

and n > 2 such that 

(122) 

Cope, (x? + y?)/(a + y) = ptt,” Z=—-—D"th, 

year, (yr +2"\(@+y) =r, @=—rm, 
pty= 9", (P+ar)/(n+y)=si, y= —98, 

p} rstr,s,t, and r, s,t,71,5,,t; are pairwise relatively prime. We 

have r? + s? + pP?—lyP £0. 
Moreover: If p / xyz then r; = 1 (mod 2p”), s; = 1 (mod 2p’), 

and t; = 1 (mod 2p’). If p| z, p /zy then r, = 1 (mod 2p), s; =1 
(mod 2p), and t; = 1 (mod 2p”). If p /ryz then 

GS ape sei 

(23) y= —s" +k, 
Bae so ie 

where k = (r? + s? + t?)/2. If p | z, p xy then 

Seta 

(1.4) Y= ath 2 Lie 

z= —pPr—l¢ep a k, 

where k = (r? + s? + p?™" 14?) /2. 
We begin with an easy congruence, soon to be reinforced. From 

xz? =x (mod p), y? = y (mod p), z? =z (mod p) then —z = —z? = 
x? +y? =a2+y (mod p), so z? + y? = —z? = (x + y)? (mod pp”). 

The first result is due to Fleck (1909). It was given by Lind in a 
weaker form, in 1910. It was rediscovered by Frobenius in 1914 and 

again by Vandiver (1914), Pomey (1923) and Pérez-Cacho (1958). 

(1A) Let p be an odd prime, and let x,y,z be nonzero relatively 

prime integers, such that x? + y? + z? =0. 

(1) Ifp does not divide x then z?~! =1 (mod p’). 
(2) Ifp xyz then (a4 + y)? = x? + y? (mod p*). 
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PROOF. (1) Ist Case: p does not divide yz. As recalled above, 
r; = 1 (mod p*). Hence = —rr; = —r (mod p?) and x? = —r? 
(mod p®). 

By symmetry, we have also y? = —s? (mod (OP) aud ee Se a 
(mod p*). Since x? + y? + z? =0 then r? + s? +t? =0 (mod p?). It 
follows from the above relations (1.3) that z = —r? (mod p*). Hence 
x? = x (mod p®) and z?~! = 1 (mod p’). 

2nd Case: Assume that p divides z, hence p does not divide y. 

As recalled above, t; = 1 (mod p’), hence t? = 1 (mod p’). 
On the other hand, pn — 1 > 4, so x = —y (mod p*) and pt? = 

ea) ie are ye enya! fy aca? smd |p") 
hence z?~' = t? = 1 (mod p’). 

(2) We have 0 = 2? + y?+ 2? =x+y+2z (mod p’), hence 
xr+y =-—z (mod p®). Then (2+ y)? = —2? = x+y? (mod p*). O 

With methods from Class Field Theory, as a consequence of the- 

orems of Furtwangler, Vandiver proved (1914, 1919): 

(1B) With above notations: x? = x (mod p?), y? = y (mod p*), 
z? =z (mod p’), andxr+y+z=0 (mod p’). 

The result which follows is again due to Fleck (1909). Partial as- 
sertions were rediscovered by Pomey (1923), Vandiver (1925), James 

(1934), Niewiadomski (1938), and Inkeri (1946). 

(1C) Let x,y,z be nonzero relatively prime integers such that 

a eae oO) 

(1) IfpVayz thenxz+y+z is a multiple of 6 and of rstp’ and 

r+s+t is a multiple of p’. 

(2) Ifp|z thenaz+y+z is a multiple of 6 and of rstp® andr +s 

is a multiple of p, while r +s +t is not a multiple of p. 

PROOF. It follows from the relations (1.1) (respectively, (1.2)), that 

in both cases r,s,t divide x +y+z. Also, x+y+z is even and 

x? = x (mod 3), y? =y (mod 3), z? =z (mod 3), hencex+y+z= 

x? + y? + z? =0 (mod 3). 
In the first case, it follows from (1A) that z? = x (mod p®), y?=y 

(mod p?), z? = z (mod p’), hence g + y + z = 0 (mod p*). Since 

p /rst then rstp® divides x + y + z. 
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As it was recalled above, r; = 1 (mod p?), s; = 1 (mod p’), t; = 
1 (mod p?). It follows from relations (1.1) that 2 = —r (mod p’), 
y = —s (mod p”), z = —t (mod p’), hence r+ s +t =0 (mod p’). 

Assuming that p | z, then p / xy, hence it follows from relations 

(1.2) that p” divides z and x + y (with n > 2), hence p* divides 

x+y+z; since p /rst then p’rst divides x + y+ z. 

As recalled above, r; = 1 (mod p), s; = 1 (mod p) so by relations 
(1.2),  =—r (mod p), y = —s (mod p). Hencer+s=—(r#+y) = 
z=0 (mod p). Thusr+s+t=t#0 (modp). O 

The next proposition was proved, in the first case, by Spunar 

(1929) and James (1934); a simpler proof was given by Segal (1938). 

(1D) Let x,y,z be nonzero relatively prime integers such that 

ee ye 22 — 0. 

(1) Ifp/ayz thenr+s+t#£0. 

(2) Ifp|z thenr+s+p"t £0 and alsor+s+t#0 (where n 
was defined in (1.2)). 

ProorF. (1) Assume that p /ryz and r+s+t=0. Since gcd(r, s, t) 
= | we may suppose, for example, that r,s are odd while t is even. 

Then r? + s? = (y+z)+(z+2) =x2+y+2z = t? — 2tt, (by relations 
(1.1)). Hence 

rP sP P Pp 

a meee ie seria Pane 

Mas t 

The left-hand side is equal to r?~! —r?-?s +---—rs?-* + sP-!, hence 

it is the sum of p odd numbers, so it is odd. On the other hand, 

2t,; — t?~* is even, which is impossible. Hence r+ s+t + 0 in the 

first case. 

(2) Ifp|z then p xy and by relations (1.2), r? +s? = (y+z)+ 
(z+2)=a2+y+4+ 2z = pP"—'t? — Qptt,. Hence, ifr+s+p"t =0 
then Rye Vou, 

= S = 0 i yal 

rt Satl ort ry ar 

Since p /t; and n > 2 then p does not divide (r? + s”)/(r+s). On 
the other hand, by Chapter H, (3R)(4), gcd(p,r+s) = gcd(r+s, (r?+ 

s?)/(r+s)). By (1C), p | r+s, hence p divides (r? +s?)/(r+s), which 
is a contradiction. From (1C), since p /r+s+t, thenr+s+t40. O 
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In connection with this result, Raclig considered in 1944 the fol- 
lowing conjecture, where p is an odd prime: 

(R’,) If a,b,c are nonzero integers and pabe divides a? + b? + c? 
thena+b+c=0 ora?+b?+c? =0. 

Raclis showed: 

(1E) Let p be an odd prime. If (Ri,) is true then the first case of 
Fermat’s theorem is true for the exponent p. 

PROOF. Assume that x,y,z are nonzero pairwise relatively prime 

integers, not multiples of p, such that 2? + y? +z? = 0. Let r,s,t 

be defined as in relations (1.1), so r,s,t are nonzero integers. We 

remarked after (1.1) that r? + s? + ¢? £0, and by (1D), r+s+t# 

0. By (1C), p divides r+s+t. By (1.1) and (1.3), r,s,¢ divide 
r? + s?+t?, and since p,r, s,t are pairwise relatively prime then prst 

divides r? + s? + ¢?, showing that (R;) is not true. O 

The validity of (Rj) is very questionable. (Ry) and (Rs) are false: 
i oti 0 — C — Jeandt pe. )a=2 33,003 2.) ¢ = <2!' provide 

counterexamples. 

Similarly, consider the following statement: 

(Ri) Ifa,b,c are nonzero integers and pabe divides a? +b? + pr” "cP 
(for some n > 2) thena+b+p"c=0 ora? + b? + pPr'c? =0. 

Then: 

(1F) Let p be an odd prime. If (R}) is true then the second case 

of Fermat’s theorem is true for the exponent p. 

Proor. Assume that z,y,z are pairwise relatively prime integers, 

such that p | z and z?+y?+z? =0. Let r,s,t, and n be defined as in 

relations (1.2), so r,s,t are nonzero integers, n > 2. Then by (1D), 

r+s+p"t £0, and by the remark after (1.2), r? +s? +p?” 't? # 0. 

However, as already shown in (1C), r+s =0 (mod p), so p divides 

rP + sP + p?”—14P, By (1.4), r,s,t divide r? + s? + p?”~*¢? and since 

p,’,s,t are pairwise relatively prime then prst divides r? + s? + 

p14. This contradicts the assumption (7). O 
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In 1946, Inkeri generalized (1A). He also proved the corresponding 

result for the second case, with a more powerful method from Class 

Field Theory. 

(1G) Ifp is an odd prime, n > 1, if x,y,z are nonzero relatively 
prime integers such that x?” +y?" +z?” =0, and if p does not divide 

x then x?-! =1 (mod p*"*?). 

PROOF. Since x,y, 2 are pairwise relatively prime, we may assume, 

for example, that p /y.We have 

=a?" = yP” + 2?" = (y +z) I] We Gaeoy —2°""*) 
nu 

By Chapter II, (3C)(2), the factors on the right are pairwise rela- 

tively prime, so y+ z= a?" where a|z, p /a. Similarly, x +z =?" 

where 6 | y, p /b. 

If p /z, we have similarly x + y = c?” where c| z, pc and (x? + 

y”)/(a +y) = d? where d|z,p)dand gcd(c,d) = 1. However, if 
p|z, by Chapter II, (3C)(3), z+y = p*c?, (x? +y?)/(x@+y) = pd” 
wierere iz, d'|*2,epe/ cep /d, zcd(ejd) =a Ie 

We show that if q is any prime dividing d (whether p | z or p /z) 
then g = 1 (mod p”*'). Indeed, since q | d then q | z?+y?, q|z,q# 
p, and q /c, hence q x+y. So 

y =a? (mod q), 
{ x = b?" (mod q), 

hence q Ja?” +". But a?” +b?"”’ = a? + y? =0 (mod q). There- 
fore q is a primitive factor of the binomial a?””’ + b?"”’. By Chapter 

II, (3G), q=1 (mod p”t’). It follows that d= 1 (mod p”*'), hence 
d?” = 1 (mod p?"*?). 

To conclude the proof, we examine separately the two cases. 

Ifp fx then (2?+y?)/(a+y) = 1 (mod p?"*') hence x? +y? = x+y 
(mod p*"t'). By symmetry, y? + 2? = y+z (mod p?"*') and a? + 
z? =x+2z (mod p””*'). Adding up these congruences, dividing by 
2, and subtracting the second one, we obtain 2? = x (mod p?”*1), 
hence x?! = 1 (mod p?"t"), 

ligpalmz,. lethts( 2) a= the ieso weePidin=— Ep hike tec Gey, 
Chapter II, (3C)(4), v,(a + y) = p"k — n, so x = —y (mod p*?"—”), 
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Set 4 
pd? = aor ss = gP-} = ge ty +... — cy? ? =}. y? 

= px?! (mod SON 

But kp" —n > 2n + 2, because p > 3 (otherwise the hypothesis is 
not satisfied); hence x?~' = d?” = 1 (mod p?”+?), 

The next group of results will involve congruences of the type 

(1+) =1+2" (mod oo"). 

It is convenient to precede the discussion with the following easy 
result, which is given explicitly by Ferentinou-Nicolacopoulou (1965): 

LEMMA 1.1. Let p be an odd prime not dividing the integer a. 

(1) Ifn >m>0 then a?” =a?” ™ (mod p"-™*?), 

(2) Ifk >1 then a? — a?" * S ap*-1(g?-) — D\anod p52 \ 

If p also does not divide a+ 1: 

Gf ethene lao. eile) oF 
= p*-! (a+ 1)? — a? — 1] (mod p**4), 

(4) If k > 2 then (a +1)” =a” +1 (mod p't!) if and only if 

(Geri aa? 3 (mod p’): 
(5) Ifk >1 and (a+1)” =a” +1 (mod p**”) then (a+1)” 

ar © le(mod p*)) 

=i 
— 1] 

PRooF. (1) a?” =--: = a? = a (mod p), hence raising to the 
power p” ™: 

Geen an (ined "pal )): 

(Q\e oP ar 0? “fo? 2 GAT a? = 1 bp then 

Cae eu mUumodsy i), 

hence 

ke 

(a?-1)? —1=bp* = (a? '—1)p** (mod jee 

Since a? =a (mod p) then 

k k=1 

Gl af = a(d-ee- 2) pen #(mod-p’ a): 
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(3) By (2) and the hypothesis, p does not divide a + 1: 

(a+1)"—(a+1)" =(at+1)” ((a+1)?*—-1) (mod p**’) 

and similarly 

Qeeeae © etapa (ae ei) Gnodep! 

Therefore, by subtraction, 

| 
_ Qa at — ~~ 

3 
j=) 

as) 
ps (Geel)? = oP — 1 

(4) First note that if k > 2 then a?” =a?‘ =a? (mod p?) and 
also 

Thus 

Sr aC ae eal 

= (a+1)? —a? —1 (mod p’) 

Tf 

(a+ nial —aP —1=0 (mod p**') 

then also 

(otal! ee gee 1 = 0 (mod p’), 

so (a+ 1)? — a? -1=0 (mod p’). By (3), 

(Grisly? des aly o-sl =0— (modip Gay 

The converse is proved in the same way. 

(5) By hypothesis, (a+ 1)? = a? +1 (mod p*t') hence also 
(ot l)e = oP 441, (mod oye" a 

In particular, as was noted by Birkhoff and was published by 

Carmichael in his second note of 1913, if p does not divide a, nor 

a+1, then (1+a)? = 1+a? (mod p’) if and only if (1+a)” =1+a” 
(mod p*). 

The following result was given by Kldsgen in 1970: 

(1H) Let p be an odd prime, andm > 1. The following conditions 
are equivalent: 
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(1) There exist integers x,y,z, not multiples of p, satisfying the 
congruence 

xP + yP" + 2?" =0 (mod p™*?). 

(2) There exists an integer a, 1 <a < (p—3)/2, such that 

1+a?" =(1+a)?” (mod p™t), 

Moreover, if any two of the numbers x,y,z are congruent modulo p 

then 2P"-1 = 1 (mod p™*?),. 

PROOF. We need only to show that (1) implies (2), since the other 
implication is trivial. Let z’ be an integer such that z’z = 1 (mod p). 

Let a = z'x (mod p), —b = 2’y (mod p), where 1 <a<p—1,1< 
b<p-—1. Then 

m 1p™ 

a =z 2 (mod:p™*?), Spee a aaa? | (mod p™**), 

so a?” +1=0"" (mod p™+!). Ifb=a+t (mod p) then a?” +1= 
be" = (a+t)? =a+t (mod p) sot =1 (mod p), and a?” +1= 
(a+1)”” (mod p™*"), withl<a<a+1<p-1. 
If a= (p— 1)/2 thena +1 = (p+ 1)/2 = —(p—1)/2 (mod p) so 

(p= 1)" 4 2 = (p= 1)?" (mod p™*"*) 

hence 2°” = 2 (mod p+!) and we take a = 1, since 1""> +1=(1+ 
1)?" (mod p™*?). If (p—1)/2 < a < p—2 then taking a, = p—1—a 

we have 1 < a, < (p—3)/2 and 

Peo eal ae fi(mody 4): 

For the last assertion, we may assume, for example, that x = y 

(mod p), the other cases being similar. In the course of the proof, we 

had a = 2/x = z'y = —b (mod p), b=a+1 (mod p) hence 2a = —1 

(mod p), so a = (p—1)/2. Therefore 2°°-! =1 (mod p™*"). O 

An immediate corollary of this result is the following. 

If the first case of Fermat’s theorem fails for the exponent p, 

that is, if there exist integers x,y,z, not multiples of p, such that 

a? + y? + 2? = 0, then we also have x? + y? + z? = 0 (mod p’). 

There exists a, 1 < a < (p—3)/2, such that 1 +a? = (1 +a)? 
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(mod p?). Carmichael (1913) and Meissner (1914) obtained the fol- 
lowing more precise results (the statement for the first case is also 

given by Gandhi, in 1975). 

(11) Let x,y,z be nonzero relatively prime integers such that x? + 

ye Ze = 0. 

(1) Ifp xyz there exists an integer a, 1 < a < (p—3)/2 such 
that 

(1a) 1 40” (modip’), 

or equivalently, (1 + a)? =1-+a? (mod p’). 
(2) If p | xyz there exists an integer a, 1 < a < (p—3)/2, such 

that (1 +a)? =1+a? (mod p’). 

Proor. (1) By (1A), 2? =a (mod p*) so 2” = 2? = x (mod p’). 
Similarly y’” = y (mod p?) and z”” = z (mod p’). Hence, by (1C), 
a? +y? +2" =a2+y+z=0 (mod p*). 

By (1H) there exists a, 1 < a < (p—3)/2, such that (1 +a)" = 
1 + a? (mod p*) and by Birkhoff’s remark following Lemma 1.1, 

(1+ a)? =1+ a? (mod p’). 
(2) If p | xyz, we may assume, for example, that p/ xy, p | 

z. According to (1C), © + y+ z= 0 (mod p’). Then (x + y)? = 
—zP = x? + y? (mod p?). Since x # 0 (mod p), y # O (mod p), 
there exists an integer b, 1 < b < p—1 such that y = bx (mod p). 

Then y? = b?x? (mod p?) and (2+ y)? = 2?(1+b)? (mod p?). Thus 
x?(1 +b)? = x?(1+ 6?) (mod p?). Since p /x then (1+ b)? =1+4 0? 
(mod p’*). 

As in (1H), if 1 < 6 < (p—3)/2 we take a = 3, if (p—1)/2 < 
b < p—1 we take a = p— 1 — b and if b = (p—1)/2 then we take 
alee 

We remark that the above criterion for the first case is useless 

when p = 1 (mod 6), as pointed out by Birkhoff (in Carmichael’s 

second note, 1913). For this purpose, we establish the following easy 

lemma: 

LEMMA 1.2. Let p be an odd prime. Then p = 1 (mod 6) if and 
only if p # 3 and there exists an integer t, 1 <t< p—1, such that 
t?+¢t+1=0 (mod p). 
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PROOF. Let p = 6k + 1, let g be a primitive root modulo p. Let t 
be such that 1 <¢<p—1andt=g** (mod p). Sot #1 (mod p), 
but ¢° = 1 (mod p). Hence t? +¢+1 = (t8 —1)/(t—1) =0 (mod p). 

Conversely, if t?+t+1=0 (mod p), then (2#+1)? = 4#?4+4¢+1 = 
4(t?+t+1)—3 = —3 (mod p). So —3 is asquare modulo p 3. Hence 
1 = (—3/p) = (p/3) so p=1 (mod 8), hence p=1 (mod 6). O 

Now we use the following fact established by Cauchy in 1841: if 

p = 1 (mod 6) then the polynomial pX (X + 1)(X?4 X +1)? divides 
(X +1)? — X” — 1 (see Chapter VII, (2A)). 

Thus, if p = 1 (mod 6), by the lemma there exists t, 1 < t < p—1, 

such that t? +¢+1=0 (mod p). It follows that (1+ th =1+ 4 
(mod p*) and by a remark of Birkhoff, (1 +t)” =1+#” (mod p’). 
Proceeding as in the proof of (1H), there exists a, 1 < a < (p — 3)/2, 
such that (1+a)” =1+a? (mod p?). 

This establishes the assertion that if p = 1 (mod 6) then the cri- 

terion of (11) is useless in the first case. 
Wagstaff verified in 1975 that for every prime p < 100000, p= -—1 

mod 6, the congruence (1 + x)? = 1+ 2” (mod p?) has no solution 

in integers a,1 <a < (p—3)/2. In this way, it was proved that the 
first case is true for such exponents. 

In the same year of 1975, Gandhi had independently suggested 

that such computations be performed. (11) may be rephrased as 

follows: 

(1J) Let g be a primitive root modulo p. 

(1) If 1493” +g*” £0 (mod p?) for all indices j,k =1,...,p—1 

then the first case of Fermat’s theorem holds for the exponent 

D. 
(2) If1+g??+g*? £0 (mod p’) for all indices j,k =1,...,p—1 

then Fermat’s theorem holds for the exponent p. 

ProoF. (1) If the first case fails for the exponent p, there exists 

a,1 <a < (p—3)/2) such that (1 Bed)? el of (mod p ). 

Note that a ~ 0, —1 Piste p). Let j,k be indices such that a = g? 

(mod DP); sat +a) = g* (mod p). Then a” = Sa (mod p®), (1+ 
aj? = —g' (mod p°*) and therefore 1 + gi” + gi”? = = 0 (mod p’*). 

(2) If Fermat’s theorem fails for the exponent p, there exists a, 1 < 

a < (p—3)/2 such that (1+ a)? = 1+? (mod p*). We conclude 
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similarly that there exist indices j,k such that 1 + g/? + gk? = 0 

(modip?). 

In 1950, Trypanis announced without proof the following strength- 

ening of Carmichael’s result. It was rediscovered by Ferentinou- 

Nicolacopoulou in 1965 (we present her proof) and generalized by 

Klosgen in 1970 (see (1J)). 

(1K) [Tf the first case of Fermat’s theorem fails for the exponent 

p> 5, there exists an integer a, 1 <a < (p—5)/2, such that 

(tia)? = 1 a? mod 9°), 

or equivalently 

(Uta \Pe= 1a?) (mod ps): 

PROOF. Assume that x, y, z are positive integers, not multiples of p, 

such that 
zP ae y? = zZP. 

Let t be the order.of p modulo z, so t is the smallest positive integer 

such that 

p' =1 (mod z). 

We write p' — 1 = dz, for some integer d > 0. Clearly p does not 

divide d. Let m = dz,n = dy, hence p does not divide m,n and 

m? +n? = (p’ —1)?. 

So m,n, —(p'—1) satisfy Fermat’s equation. By (1C), m+n = p’—-1 
(mod p?). 

Let us note that m,n are less than p’ — 1 and since (m+n)? > 
m? +n? then m+n > p'—1, sop’ <<m+n+1 < 2p’. This implies 
that t > 4, because if t < 3 then 

m+n=p'—1 (mod p'), 
that is, m+n-+1=0 (mod p’), which is not possible. 

Since m+n = —1 (mod p*) then (n+ 1)? = —m? (mod p*). Also 
from m? + n? = (p' — 1)? we deduce that 

n?+1=-—m? (mod p‘**), 
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therefore n? + 1 = —m? (mod p°), and combining with the previous 
congruence, 

(n+1)? =n? us (mod p‘). 

By (1A), m?-? = n?-! = (pt—-1)P-1 = 1 
—m (mod p?) we have 

(mod p*) and from n+ 1 = 

(n+1)?* =m? t=n?'=1 (mod p’). 

As is known, there are y(p*) = p?(p — 1) invertible residue classes 
modulo p®, and they form a multiplicative cyclic group. If the residue 

class of w modulo p? is any generator of this group, from 

n?-*=1 (modp*) and (n+1)?'=1 (mod p*) 

it follows that the orders of the residue classes n mod p® and (n+1) 

mod p® divide p — 1; so there exist positive integers h,k, 0 < h, k < 

p — 2, such that 

n=w (mod p*) 

and ; 
nm+1l=w*? (mod p’). 

Let b= w" (mod p). Then 

n=b" =b (mod p) 

and 

‘P" =w* (mod p), Te Ae) 

so w* = b+1 (mod p) and we deduce that 

n?=b? (mod p*) 

and h 
(n+1)?=(b+1)? (mod p’). 

Since (n + 1)? =n? +1 (mod p%*) it follows that 

(Gi? =b +1 (modp). 

Let us note that p does not divide b nor b+1. If 1 <b < (p—5)/2 

we take a = b. If b = (p — 3)/2, from 

51)" = ERAN +1 aes 
we deduce that 

—1 =—3" +2” (mod p‘), 
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hence we may take a = 2. If b = (p— 1)/2 then 

p? ” p? 

(2=*) = (2) ee iermod py): 

hence 

=p e226 (mod ps) 

so.we takela, =x12 lisp + 1)/2°< b < p—, leita: = p—1 1b; so 

1<a< (p—3)/2 and 

(ql) tab? 1 = (be 1) =1 pee ‘mod'y): 

By Lemma 1.1(4), it follows that 

(a+ ph =@? 4-1 (mod p). | © 

Let us note that according to Lemma 1.1(5), (1K) is in fact a 
strengthening of (11). 

From these results, we obtain as an immediate corollary the one 

indicated by Gandhi (1976): 

(1L)_ [If the first case of Fermat’s theorem fails for the exponent p 

then there exists an integer b, not a multiple of p, such that (1+b)? = 
1+ b? (mod p’). 

Proor. By (1J) there exists a, not a multiple of p, such that 

(1280) = fea "mod! p*): 

By Lemma 1.1, 

(1+a)?=1+a? (mod p’). 

Raising to the pth power: 

(1+a)” =(1+a")’ (mod p’), 
so 

(Wear tea (mod p’*). 

Letting b = a? then (1+ b)? =1+0? (mod p*). O 
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Brci¢-Kostié proved in 1952 a result of the same kind, under some 
special conditions on the prime exponent p. Klésgen proved in 1970 
the following generalization of (1K): 

(1M) hick eae b if L,Y,z are integers, not multiples of the odd 
prime p, such that x? + y?” + z?" =0, then 

a? Ae yP 52 eal —a() (mod pan); 

or equivalently, there exists an integer a, 1 < a < (p—3)/2, such 
that 

eR SE hates), 

PROOF. By (1G), z? = x (mod p*"*'). Raising to the power p” 
ae” = 2" (mod p*"+1). Again, 2° = a?” = 2?" (mod p***1) 
and repeating this procedure, 2?” = x?” (mod p?"*'). Similarly, 

3n n } 3n Pi 

y? =y? (mod p*"*') and z? =z? (mod p*"*"). Hence 

ey ge Sa ay ee = 0 (modtp"*). 

The last assertion was proved in (1H). O 

Taking n = 1, we obtain (1J). 
Johnson investigated (in 1977) whether the congruences of Carmi- 

chael and Trypanis may be further strengthened, modulo every power 

p"*? (n > 1). This is a typical situation to be handled by p-adic 
methods. 

leet 04 ie denote the unique p-adic integer which is a (p — 

1)th root of unity and is such that a; = j (mod p), for every j = 

1,2,...,p—1 (see Chapter V, (1W)). 

(IN) Let p be a prime, p > 3, and let a be an integer such that 

p does not divide a nora+1. Then the following conditions are 

equivalent: 

(1) for everyn >1: (l+a)" =1+ a? (mod p™™); 

(2) a+ 04 = Giza; and 
(3) a2+a+1=0 (mod p). 

PRooF. The p-adic development of a, is of the form a, = a+ paP, 

with pa € Lp and p, is uniquely defined by a,. We show that for 
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every n > 0 we have the congruence 

(1.5) Gna 0 op pees Munod aia): 

For n = 0 it is trivial. We assume that (1.5) is true for n. Then from 
a?! = 1 it follows that 

A, = (a,)? = (a? Seog a)! 

n+2 yp" (p—1) 
= ie + Pap 

n+2 = qP™ + Pap eco (mod p 

since a? °—) = 1 (mod p). 
Now we show the equivalence of the statements (1), (2), (3). 
(1) > (2) For every n > 1,1+a? =(1+4a)” (mod p™”). 

Hence by the above congruence (1.5): 

[jee = lea pe = (tea)? ee pap ins (Gmodsp, i. 

On the other hand, aj4, = (1+)? + p1+ap"*! (mod p"*?). Hence 
1+ q = Q14_ (mod p”*') for every n > 1. From the uniqueness of 

the p-adic development it follows that 1+ a, = Qi4,. 

(2) > (1) We have 

n= (1 ae a)?" eis pipe (mod prin 

and 

Ue ee) een (OCa 9 ale 

By hypothesis, @14¢ = 1+, so (1+ a) + pizap = 1+ (a+ pap). 
By the uniqueness of the p-adic developments, 9,4, = Pa, hence 

(1+a)" =1+a” (mod p"*?). 
(2) > (3) The p-adic (p — 1)th roots of unity constitute a mul- 

tiplicative cyclic group. Let a; be a generator. We consider the 

subfield Q(a;) of Q,. It is a Galois extension of Q. Let o be the 

automorphism such that o(a;) = a;*. Since a, = (a;)* (for some 
exponent k) then o(a,) = (a;)""=a,*. Similarly o(a144) "a7 45. 

From the hypothesis 1+ a, = a14,, we deduce by applying o that 

1+a;,'=aj,,- Hence 

AaAi+a + Ata = Qa, 

so 

Aq +0%+1t+a,=a, 
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and 

a+a,+1=0. 

Since a, =a (mod p), it follows that a? +a +1=0 (mod p). 
(3) — (2) Since p 4 3 and a? +a+1=0 (mod p) thena #1 

(mod p). Multiplying with a — 1 we have a> = 1 (mod p). Then 
(a2)° = 1 (mod p). But (a3)?! = 1, so a? = 1, which is the unique 
(p—1)th root of unity in Lp congruent to | modulo p. Since a, £ 1, 
it is a primitive cubic root a 1, and therefore 

a2 +a,+1=0. 

So a, + 1 = —a? = —a? =a +1 (mod p), and therefore a, + 1= 

Qa+1, the unique (p—1)th root of 1 in Z, which is congruent to a+1 
modulo p. © 

Let us note that in view of Lemma 1.1, condition (1) above is 
equivalent to: 

(1!) For everyn>1:(1+a)"" =1+a?"" (mod p"t?), 

According to Lemma 1.2, if p > 3 there exists an integer a, 1 < 

a < p—1, satisfying the equivalent conditions of (1N) if and only if 

p=1 (mod 6). 
As a corollary, we have: 

(10) [fp is a prime, p=5 (mod 6), then there exists an integer 
Hee 0 such that tf me no and.a=1,2....;p)— 2,then 

(lay? 41a? “(mod p72). 

Proor. By Lemma 1.2, if a = 1,2,...,p—2 then a? +a+10 

(mod p). By (1N), for every a there exists an index n(a) such that 

eles, (a) nla} }-2) (lick a) ead ann 

By Lemma 1.1(5), if n > mo = max{n(a) |a = 1,2,... ,p — 2} then 

(1+a)" #1+a” (mod p"*’) 

(mod p 

for every. a= 1, 237) Opa 



182 VI. Arithmetic Restrictions 

It is interesting to find out whether the following implication is 

true: 

(1) Uf ais ant integer, a = 12.2 4p 2,,and\(l a) Vera. 
(mod p?) then a? +a+1=0 (mod p). 

Indeed, if (I) is true then the first case of Fermat’s theorem holds 
for every exponent p= 5 (mod 6). Because, otherwise by (1) there 

exists a, 1 < a < p—2, such that (1+a)? =1+a? (mod p*). Hence 
by (I), a2-+a+1=0 (mod p) and therefore p = 1 (mod 6), contrary 

to the hypothesis. 

Arwin showed in 1920 that there exist integers a and primes p 

such that (1 +a)? = 1+ a? (mod p?) but a? +a+1 #0 (mod p). 
So such a strengthening of the implication (I) is false. 
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V1.2. Divisibility Conditions 

Let p be an odd prime and assume that xz, y, z are nonzero relatively 

prime integers such that x? + y? + z? = 0. In this section we shall 

indicate some divisibility conditions which the integers z, y, z or some 

of their combinations must satisfy. 

The following proposition was given by Pérez-Cacho in 1958. How- 

ever, statement (2) had already been proved by Massoutié in 1931; 

a simpler proof was also given by Pomey in 1931. 

(2A) Let p be an odd prime number and assume that there exist 

nonzero pairwise relatively prime integers x,y,z such that x? + y? + 

8 = (0) 

(1) If 3 does not divide xyz then x = y = z # 0 (mod 3), the 
integers x? — yz, y? — xz, z* — xy are divisible by 3, but not 
by 9, and if q is a prime, q 4 3, dividing one of the numbers 

a? — yz, y* — £2, z?7 — xy, theng=1 (mod 6). 
(2) If p =—1 (mod 6) then 3 divides xyz. 

PROOF. (1) Since 3) ryz then z,y,z are congruent to 1 or to 
—1 modulo 3. From (+1)? + (+1)? + (+1)? = 0 (mod 8) the only 
possibility is that c = y = z # 0 (mod 3). Therefore x? = yz 
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(mod 3), thus 3 divides x? — yz, and similarly 3 divides y? — LZ, 22 — 
ry. 

We note that one, and only one, of the integers x,y,z is even. 
Chus tera yescy? fA nzlz? Ay. 

We show that 9 /z?—ay. We have x?? + 2? y? +a?2? = 0 and zy = 
(ry — 2° )eb 27iso = (a7? oP 2?) Py? = [(ay 22) 4.22)= p(ey— 
z?)z2P-) + 2?P (mod (z? — ry)*). Noting that x,y,z are distinct 
(since 2 is not a pth power), we have 

Qs(a2?, 2?) = 27? + oP z? + 27? = p(z?—azy)2z2®-) (mod (z? — zy)?). 

Since 3 | x? — z?, by Chapter II, (3B)(6), we have v3(Q3(z?, z”)) 
= Us(d)— 1; Thus 9 fey: 

Now let gq be a prime dividing z? — zy, q 4 3 (the argument is 

similar if g divides x? — yz or y? — xz). Then q } z (otherwise q | 
z and q|z or q|y, contrary to the hypothesis). Let z’ be such that 
zz' =1 (mod q). Multiplying with z’”? we have (x?z'?)? + (a?z!”) + 
1 =0 (mod gq). By Lemma 1.2, g=1 (mod 6). 

(2) If3 /xyz and p /z (the argument is similar when p /z or p /y) 
then 

2p __ »Pa)P 
Q,(z2, zy) = eee e 

27 — xy 
2p P »P 2p 

= ae = pz°? = p (mod z? — zy). 

Also 22 — xy = 27? — xPy? (mod p). If p/ z? — zy then from the 
above congruence, p = 1 (mod z* — zy) so p=1 (mod 3), by (1). If 
p | 22 —zy, by (1), p=1 (mod 3). O 

Pomey claimed in 1931 to have shown that for any exponent p, 

if x,y,z are nonzero and x? + y’ + z? = 0 then 3 divides xyz. He 

also claimed in 1934 that 5 divides xyz. However, his proofs were 

erroneous (see Brauer, 1934). 
Inkeri has proved in 1946 the following statement: 

(2B) [fp is an odd prime, p # 1,9 (mod 20), if x,y, z are nonzero 

integers such that 2? + y? + z? =0 then 5 divides xyz. 

ProoF. By hypothesis, p # 5 and we may assume that x,y,z are 

relatively prime. 
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If5 /xyz then x”, y’, 2” are congruent modulo 5 to +1, +2. Chang- 

ing notation, if necessary, we may assume that z? = y? or — y? 

(mod 5). If we had x? = —y? (mod 5) then z? = —a? —yP = 0 
(mod 5), contrary to the hypothesis. Therefore, «? = y’ (mod 5). 

Let h be an integer such that ph = 1 (mod 4). If p= 3 (mod 4) 
we may take h = 3. Raising the above congruence to the power h, we 

deduce that x = y (mod 5). Since z? = —a? — y? = —2y? (mod 5) 

then again 22? = 4y?? = —ax?y? = (—axy) (mod 5) hence raising to 
the power h, z? = —xry (mod 5). In particular, since x = y = +1 or 

+2 (mod 5) then z* = +1 (mod 5). 
We examine now the integer z?? + x?y?, which is necessarily odd, 

since exactly one of the integers x, y, z is even. 

We show that if g is a prime, g # 5 and q divides z?? + x?y? then 

q = +1 (mod 5). Indeed, we have the relation (2x? + 3y?)? — 5y?? = 

A(ax?P + 3xPy? + y??) = 4(z2? + xPy?). So for such a prime q, we 
have the congruences (2x? + 3y”)? = 5y?? (mod q). So 5 is a square 
modulo qg. By the quadratic reciprocity law, 

Hee (2) = (2) thus g=+1 (mod 5). 

It follows that any factor k of z?? + x?y? which is not a multiple of 

5 must be congruent to +1 (mod 5). In particular, we take 

fae eee 2(p—1) _ 2(p—2) 2(p—3) 25 > AMD. p-1 Basia z Zz Ly Z (xy) + (xy)P. 

Since 2? = —xy (mod 5) then k = pz?"”-!) = p (mod 5) because 
z* = +1 (mod 5). Thus k # 0 (mod 5) and therefore k = +1 
(mod 5). 
We conclude that p= +1 (mod 5). 
We have still to show that p = 1 (mod 4). If we assume that 

p =3 (mod 4) then 3p = 1 (mod 4) hence z = 2°? = (—2)3y3? = 2y 
(mod 5). Considering the relation (2z? + 3y?)? — 5y?? = 4(z2? + 
3y?z? + y?P) = 4(x?? + y?z?) we deduce as before that every prime 
factor g # 5 of x”? + yz? must be congruent to +1 (mod 5). Hence 

every factor k of x?? + y?z?, k #0 (mod 5), must be congruent to 
+1 (mod 5). 

In particular, taking k = x? + yz, if p = 3 (mod 4) we have 

y = —2z (mod 5) hence 2? = y* = —2yz (mod 5) thusk = 2?+yz = 
—yz #0 (mod 5). Therefore k = +1 (mod 5). However, on the 
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other hand k = x? + yz = y? + 2y” = 3y? = +2 (mod 5), which is a 
contradiction. This shows that p= 1 (mod 4). 

Therefore, p = 1 or 9 (mod 20), contrary to the hypothesis, show- 
ing thatiol ty22 

Pérez-Cacho proved in 1958: 

(2C)  Ifp is an odd prime number, if x,y,z are nonzero relatively 
prime integers such that x? + y? + z? = 0 then: 

(1) ifq #5 is a prime factor of (x? — yz)(y? — zx)(z? — zy) then 
q = +1 (mod 10); and 

(2) none of the numbers x? — yz, y? — zx, 2? — ry is a multiple 
of 25. 

Inkeri also proved in 1946 the following result: 

(2D) Let p be an odd prime number, and assume that x,y,z are 

relatively prime nonzero integers such that x” +y”" +z?” = 0 (where 

mezid)< Then: 

(1) 5 divides xyz(x — y)(x — z)(y — 2). 
(2) 7 divides ryz(x — y)(a — z)(y — z)(x? — yz) (y? — vz) (2? -- zy) 

(if p > 3). 
(3) 11 divides ryz(x — y)(x — z)(y— z) (az? + yz) (y? +. 2z)(2z* +2y) 

(if p > 5). 

PrRoorF. First we note that if / is a prime and p Jl — 1, if a,b are 

nonzero relatively prime integers then / | a+b if and only if! | a? +0”. 

Indeed, if a or b is a multiple of |, it is obvious. 

Let | /ab. 
It is clear that if 1 | a+b then I | a? + b?. Conversely, if | | a? +b? 

but 1 /a +b then 1 is a primitive factor of a? +b? and by Chapter I, 

(3G), 1=1 (mod p), which is a contradiction. 
Let u=2z?,v=y? ,w=2z? ,so we haveu+v+w = 0 and we 

need to show (in view of the above remark, because p > 11): 

(1) 5 divides uvw(u — v)(u — w)(v — w). 
(2) 7 divides www(u—v)(u—w)(v—w) (uw? —vw) (v? uw) (w* —uv). 

(3) 11 divides 
uvw(u — v)(u — w)(v — w)(u? + vw) (v? + uw) (w? + uv). 
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Letitia 547, oral le 

Since gcd(u,v,w) = 1, we may assume, for example, that I / v. 

Let uv’ be such that v’v = 1 (mod 1). Hence multiplying with v’ we 

have t+t’ = 1 (mod 1), where t = —v’u (mod J), t’ = —v’w (mod I). 

Let 

(=a 

T= t= 1 

Tesi, 

Ti cise 

iS 

Ti tte 

Wee er 

pert pies 10 

SOB ee 

Then 

vT, = —u (mod J), 

vl, = —u—v=vw (mod J), 

vT3 = —u+v (mod l), 

vl, = —2u—v = —u+w (mod J), 

vTs = —u—2v=w-—v (mod J), 

Ole be wustU = we 

= v’— uw =w’? — vu (mod J), 

vT, = w-—vu-v’? =u’? +vw (mod J), 

vTs = ww +0u-v*? = -v? — uw (mod I), 

vTy = u? + 3vu +0? = w* + uv (mod 1). III 

(1) Let 1 =5, then it is easy to verify: if 

(mod 5) then 5| 7}, 
(mod 5) then 5| 75, 
(mod 5) then 5 | Ts, 
1 (mod 5) then 5 | Ts3, 
2 (mod 5) then 5 | Tu, 

) 

a HE TN UN TN TI 

hence 5 divides uwuw(u — v)(u — w)(v — w). 
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(2) sLett 97} then itis easyito verify: ift= <3, —2, —1, 0, 1,23 
(mod 7) then 7 divides T;, Ts, T3, T,, T2, Ts, Ts, respectively. Hence 
7 divides uvw(u — v)(u — w)(v — w)(u? — vw)(v? — uw) (w? — vu). 

(Ayelet l= 11 thenutt = —5, 4, =3. 9 a) ‘0s sas tans 
(mod 11) then 11 divides T,, T;, Ts, Ts, T3, T,, T2, Ts, F7yTs, To, re- 
spectively. So 11 divides uwww(u — v)(u — w)(u — w)(u? + vw) (v0? + 
uw)(w?+uv). O 

Let us note that the argument breaks down for / > 11. Indeed, in 

this case if t = —2 (mod 1) then the values modulo ! of T; (1 <i < 9) 
are distinct from 0 and have absolute value at most equal to 11. 

Concerning divisibility by 4, we indicate a result of Pierre (1943), 
preceded by a lemma on Jacobi symbols. 

LEMMA 2.1. Let a,b,c be pairwise relatively prime odd integers such 

that 

ie) Vea) amas) be) acl Nay he 

Then at most one of the numbers a,b,c is congruent to 3 modulo 4. 

Proor. Assume that a = b = 3 (mod 4). Then by the reciprocity 
law for Jacobi’s symbol: 

i= (5) (Zoran (2) <(9 9) 
b b b 

veel 
eG) 

Hence (a/b) = (a/c) = (b/c) = (b/a). However 

2) = (G)crsmiemn=-(9) 
which is a contradiction. (1 

jo | 

(2E) Let p be an odd prime number, and let x,y,z be nonzero 

relatively prime integers such that 2? + y? +z? =0. Then 4 divides 

one of the numbers x, y, Z. 
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Proor. We may assume z even, while x, y are odd; we also assume 

z = 2 (mod 4) to derive a contradiction. 

First Case: p / xyz. 

By (2.1), 

ZF ae 

Bap IB 

Pe ee Tee ae 

—2Qx?-? + ¢?-! (mod 4). 

( 

s6= 

mod % hence s? = —22?-? +1 
3 (mod 4), an therefore sj = 

P\/(z+y) =3 (mod 4), sor; = 

Since x is odd then 2?~! = 1 
Sy Ci Ee Moe eee) Se 
(mod 4). Similarly, r? = (z? + y 
(mod 4). 

By Chapter II, (3A), (r,/sit1) = ($1/riti) = (1/5171) = 1, hence 
by Lemma 2.1 at most one of the numbers r,, $1, t,; may be congruent 

to 3 modulo 4, which is a contradiction. 

ww oo Ill 

Second Case: p | xyz. 
First we consider the case when p | z. As in the first case, s; = 3 

(mod 4), r; = 3 (mod 4). 
By Chapter III, (2A), the odd integers r,, $;, pt; satisfy (r;/pt,s;1) 

= (s,/ptyr1) = (pt: /ris,;) = 1. This contradicts Lemma 2.2. 

Now we assume that p / z and, for example, p | x. Proceeding 

as before, by (1.2) we have pr? = 3 (mod 4) and since r; is odd 
ateyn Tepe 1 = 1 (mod 4), so pr; = 3 (mod 4). Moreover, s; = 3 
(mod 4) and by Chapter III, (2A), the odd integers pr, 1, t; satisfy 
(pri/siti) = (si/priti) = (ti/pris,) = +1, and this contradicts 
Lemma 2.1. 0 

In 1910, Lind claimed that 9 divides x + y + z, but his proof 

was insufficient. As a consequence there are several inequalities and 

equations in his paper which are questionable (see Dickson, 1920, p. 

769). 

After these divisibility results by small numbers, we turn our at- 

tention to divisibility results by expressions built from the numbers 

x,y,z which are hypothetical solutions of Fermat’s equation. 

In 1913, Niewiadomski showed: 
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(2F) Let p be an odd prime number, and let x,y,z be nonzero 
relatively prime integers, such that x? + y? + 2? =0. Then x2P+) + 
yPt) + 2Pt) is divisible by (x + y)(y+z)(z +2). 

PROOF. We have 

g2Ptl 4 yt 4 22+) ( Lr+ry Yr2 ola: 
P,,P »P 

Be Ue UP se Ze Se) are 

as may be easily verified. Hence 

cag wee a etl ee Uae ee eee ee) 

(x + y)(y + 2z)(2 +2) (y + z)(z +2) (x + y)(z +2) 
(Ps yh) (yea 28) 
(x+y)(y + 2) 

and this number is an integer. 0 

The following result of Rameswar Rao (1969) is also very simple: 

(2G) If p is an odd prime number, if x,y,z are nonzero pairwise 

relatively prime integers such that x? +y?+z? = 0, thenx+y divides 

d? where d = gcd(x+y, z) (similar statements hold by symmetry for 
gr+z,y+z). 

PrRooFr. From x + y+ z = 0 (mod p), there exists k # 0 such that 

x+y+z= kp. Since p is odd then x + y = kp — z divides both 

xP + yP = —z? and (kp)? — z? so kp — z divides (kp)?. Since d = 
gcd(kp,z), we may write kp = ud, z = vd with gced(u,v) = 1. But 
u—v divides both u?d?~' and v?d?—* hence (u—v)d = x+y divides 
ad. O 

The following result, which appeared in a paper by Simmons 

(1966) was attributed to G. Reis; the assertion (1) was proved again 
by Rollero (1981): 

(2H) Let p be an odd prime number, and let x,y,z be pairwise 

relatively prime positive integers such that x? + y? = z?. Then there 

exist uniquely defined positive integers k,a,b such thatx = k+a, y= 

k+b,z=k+a+0b. 

Moreover: 
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(1) pab divides k?. 
(2)xgcd (a, b\ieaal: 
(3) Ifa #1 then gcd(k,a) £1; if p a then ged(k, a) # a. 

(4) Ifb #1 then gcd(k, b) 4 1; if p //b then gcd(k, b) # b. 

PROOF. We may assume 0 < x < y < z. Sincez< 2+, let k be 

defined by x +y = z+k. From y < z we have k < x < y. Let a,b 

be defined by x =k+a,y=k+b. Soz=k+a+b. 

It is clear that k, a,b are uniquely defined: if z = k’+a’', y= k’+0’, 

and z = k’+a’ +)! then 0 = (k—k’) + (a—a’) = (k—k’)+ (0-0) = 
(k —k') + (a-—a’)+(b-0') sok=k',a=a',b=b'. We have 

(2.1) (k+a)?+(k+6)? =(k+a+6)?. 

It is easily seen that ged(k + a,k + b,k +a+ 6) = 1 because 

gced(z, y, z) = 1. Therefore k+a, k+b, k+a+6 are pairwise relatively 

prime. 

Since (k+a+b)? = (k+a)?+p(k+a)?—'b+---+b? then (k+b)? = 
Dike) sep Dehence ke pk? 0D 5) ic) e207 tae Dame 
p(k +a)?~-'b+---+ 6? so 

k? = pbl(k + a)?! — bP] + °) [(k + a)?-? — RP? ]B? 

tv ( 4 Jar 
p-1 

Each bracketed expression is a multiple of a, thus k? is a multiple of 

pab. Ifa # 1 then gcd(k, a) # 1, ifb A 1 then ged(k, b) 4 1. We have 
gcd(a,b) = 1 for if a prime q divides a,b then it would also divide k, 
hence k + a, and k + b. 

If p a then gcd(k, a) # a otherwise k = al, | an integer, and from 

(2.2) we have, after dividing by a, 

GP P= pba? (0+ TP Pale e Ce AU aD a cae Be 

+++ 4+ phe, 

Hence a divides pb?-'. But p /a hence a divides b?~!, a contradic- 
tion. Similarly, if p /b then ged(k,b) #6. O 
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Let p be an odd prime and assume that 2, y, 2 are nonzero pairwise 
relatively prime integers such that x? + y? + 2? = 0. 
| Fleck (1909, 1910) began a more systematic study of divisibil- 
ity properties of the following numbers (built from the hypothetical 
solution (x, y, z)): 

A=y tyz+ 27, 
Bi Gg are as 

C=2' +ay+y’, 

A; = x? — yz, Ap = z* + yz, 

B, = y* — 22, Bo = y? +22, 

Ci = 27 —- zy, Cy = 22+ 72y, 
S=azr+yt+z, T= —(cy+yz+z2), 

Uys, 2 se yee 

Let r,s,t be defined as Barlow relations (Chapter III, §1). 

(21) With the above hypotheses and notations, there exist nonzero 

integers G, M, J, K, L, J,,. Ky, 14 such that 

(1) 
_ f -rstp?GM (in the first case), 
~ | =rstp?GM_ (in the second case). 

ee — GOO Gl Aw— Gd, Bi ae Gig, Ci = 
GI. 

(3) G is the greatest common divisor of S and the six expressions 

above. 

(4) J, K, L, Ji, Ki, Li are pairwise relatively prime. 

(5) The prime factors of J, K, L are of the form 6hp + 1. 
(6) The prime factors of J;, K,, L, are of the form 6hp? + 1. 
(7) 2? = yy? = 2°? (mod GJKLJ, K,1}). 

In 1979, Inkeri gave corrections to some proofs of Fleck and ob- 

tained further results along the same lines. 

We conclude the section with a result of Pollaczek, obtained in 

1917. No elementary proof is known for it. Pollaczek’s proof was 

based on congruences obtained by Kummer in 1857, which should 

hold if the first case of Fermat’s theorem is assumed false for the 

exponent p. Kummer’s proof of these congruences involves a detailed 
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consideration of arithmetical properties of the cyclotomic field Q(¢,), 

where ¢, is a primitive pth root of 1. It is therefore not included in 

this book. 

Here is Pollaczek’s result: 

(2J) Let p be an odd prime number and assume that there exist 

pairwise relatively prime nonzero integers x,y,z, 2? + y? +z? = 0. 

Then A=ytyzt+2?, B=z274+224+27, andC=22+z2y+y" are 
not divisible by p. 

1857 

1909 

1910 

1910 

1913 

Bibliography 

Kummer, E.E., Einige Sdtze tiber die aus den Wurzeln der 

Gleichung a* = 1 gebildeten complexen Zahlen, fiir den Fall 

dap die Klassenzahl durch > theilbar ist, nebst Anwendungen 

derselben auf einen weiteren Beweis des letztes Fermat’schen 

Lehrsatzes, Math. Abh. Konigl. Akad. Wiss. zu Berlin, 

1857, pp. 41-74. 

Fleck, A., Miszellen zum grofen Fermatschen Problem, Sit- 

zungsber. Berliner Math. Ges., 8 (1909), 133-148. 
Fleck, A., Bemerkung zum grofen Fermatschen Problem, Sit- 

zungsber.~*Berliner Math. Ges., 9 (1910), 50-53. 

Lind, B., Uber das letzte Fermatsche Theorem, Abh. Ge- 

schichte Math. Wiss., no. 26, 1910, pp. 23-65. 

Niewiadomski, R., Question 4194, L’Interm. Math., 20 

(1913) 76; 

1917 Pollaczek, F., Uber den grofen Fermat’schen Satz, Sitzungs- 

1920 

1931 

1931 

1934 

1934 

1943 

ber. Akad. Wiss., Wien, Abt. Ha, 126 (1917), 45-59. 

Dickson, L.E., History of the Theory of Numbers, Vol. II, 

Carnegie Institution, Washington, DC, 1920; reprinted by 

Chelsea, New York, 1971. 

Massoutié, L., Sur le dernier théoréme de Fermat, C. R. 

Acad. Sci. Paris, 193 (1931), 502-504. 

Pomey, L., Nouvelles remarques relatives au dernier théoréme 

de Fermat, C. R. Acad. Sci. Paris, 193 (1931), 563-564. 

3 et par 5), C. R. Acad. Sci. Paris, 199 (1934), 1562-1564. 

Brauer, A., Review of the above paper by L. Pomey, Jahrbuch 

Fortschritte Math., 60, II (1934), 928. 
Pierre C., Sur le théoréme de Fermat a” + b" = c”, C. R. 



V1.3. Abel’s Conjecture 195 

Acad. Sci. Paris, 217 (1943), 37-39. 
1946 Inkeri, K., Untersuchungen tiber die Fermatsche Vermutung, 

Ann. Acad. Sci. Fenn., Ser. AI, 33 (1946), 60 pp. 
1958 Pérez-Cacho, L., Sobre alcunas cuestiones de la teoria de 

numeros, Rev. Mat. Hisp.Amer., (4), 18 (1958), 10-27 
and 113-124. 

1966 Simmons, G.J., Some results pertaining to Fermat’s conjec- 
ture, Math. Mag., 39 (1966), 18-21. 

1969 Rameswar Rao, D., Some theorems on Fermat’s last theorem, 

Math. Student, 37 (1969), 208-210. 
1981 Rollero, A., Un’osservazione sull’ultimo teorema di Fermat, 

Atti Accad. Ligure Sci. Lett., 38 (1981), 3-9. 
1979 Inkeri, K., On some expressions associated with Fermat’s last 

theorem, J. Reine Angew. Math., 311/312 (1979), 178-190. 

V1.3. Abel’s Conjecture 

Abel stated in 1823 that if x, y, z are nonzero relatively prime integers 

SuchuhOdus) ede <2 and xo y= 2" )(n >92), theninonetol 
Z,Y,z are prime-powers. No direct proof of this statement has ever 

been discovered. However, we shall see that it is correct when n is 

not a prime number or when n = p is a prime not dividing xyz. 

This last assertion will not be proved in this book, since it requires 

analytical methods. 

Many partial results, obtained by various authors, are summarized 

in Table 7. 

In 1887, Mansion claimed to have shown that if the exponent is 

an odd prime that x is not a prime. His proof was erroneous. In 

1891, Lucas published a proof that if n is arbitrary then x cannot 

be a prime-power; but his proof was incomplete, as pointed out by 

Markoff in 1895. In 1955, Moller established a theorem containing 

all the above results. However, the proof on page 27 of his paper 

was insufficient. We give below a simpler and correct proof: 

(3A) Letn> 3 be an odd integer with r distinct prime factors. If 

1<a<_y are relatively prime integers anda =y"+z",b=y"—2", 

then: 

(1) a and b have at least r distinct prime factors; 
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(2) Ifa has exactly r distinct prime factors then a = 2° + 1° (so 

hen ee yaad 
(3) If b has exactly r distinct prime factors then y=ax+1,b= 

(x +1)" —2”. 

TABLE 7 

Year Author Exponent n >2 Result i 

1857 Talbot arbitrary (I) y, z are not primes 

(II) if x is a prime then 
Bae UN 

1884 Jonquiéres arbitrary (1) and (II) 
1887 Borletti odd prime z is not a prime 

even L,Y, z are not primes 

1901 Gambioli arbitrary (II) z not a prime-power 
not a power of 2 

1905 Sauer arbitrary y, 2 are not prime-power 

1932 Mileikowsky arbitrary y, 2 are not prime-power 

not a prime (III) x not a prime-power 
1949  Izvekoff arbitrary (1) 
1952 Bini odd z not a prime-power nor 

equal to nq, q prime, 4 n 

odd prime z is not a multiple 

of n, z is not equal to 

%192°*- qr where q, 
< qo <---> <q, are prime 

and qi > 24192 °+-Gr- 

PROOF. (1) Let p,..., p, be the distinct prime factors of n. Since 

y 0 1 0,oy Chapter IL 3B)(G) sym c = (ieee er) ey eee) 
is a multiple of (y + x) |T;_; Q,,(y, x). By the same result, Part 
(2), the integers Q,,(y, =x) (for i =1,...,r) are pairwise relatively 
prime. 

We observe that 2 + y?' > a+y and (x2? — y?)/(x — y) = 
oPi-} 4 Pim Ay t..-4+ yPi-) > 1, So each Q,,(y, Fx) has at least one 

prime factor. Hence, a,b have at least r distinct prime factors. 

(2) Let m be the product of the r distinct prime factors of 

n, som |n. First we show that n = m. We have a = (y™ + 
z™)(y” + 2")/(y™ +2™). By (1) and the hypothesis, y” + 2™ has 
exactly r distinct prime factors, which are the same as those of a. If 
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mn >m then a has no primitive factors. By Chapter II, (3J), we have 
a = 2° +13, son =3 = ™m, which is a contradiction. Thus n = m 
1.e., n is the product of r distinct primes. 

Let r= 1,n=p,soa=(y+2)Q,(y, —x). By hypothesis, a is 
the power of some prime q. Since q divides y+ and Q,(y, —2) > 1 
then by Chapter IT, (3B)(4), q = p; by Part (6), Q,(y, —x) =p. By 
Chapter II, (3D), then p = 3, y= 2, c= 1. 

Let r > 1, n = ph, p being a prime, p /h; so h is the product of 
r —1 distinct primes. From a = (y” + 2")Q,(y", —x"), by (1) and 
the hypothesis, y" + x” has r — 1 or r distinct prime factors. By 

induction on r, if y” +2" has exactly r — 1 distinct prime factors 

Poche 1s, Y — 2,2 — 1.250 1 — op (with p> 3), r8= 2, and 
23? + 1 = (2? + 1)Q3(2”, 1). 

If there exists a prime q ¥ 3, such that q | 2? +1 then by Chapter 

II, (3B)(6), vg(Q3(2?,-1)) = v,(3) = 0, so q / Q3(2?,-1). Since 
r = 2 and 3 | 2? + 1 then Q3(2?,—1) is a power of 3; again by 
Chapter II, (3B)(6), Q3(2?, —1) = 3, so by Chapter II, (3D), 2? = 2, 
which is impossible. 

If 2? + 1 = 3° then 3° = 1 (mod 8), because p > 3. Thus s = 2s’. 

See ey ee ret (371) hercers* oP 3g ole 
with p—c > c > 0. Taking the difference 2 = 2?~°—2° = 2°(2?-*°-1), 
so c= 1, p— 2c = 0, i.e. p = 2, which is impossible. 

If y” + 2” has exactly r distinct prime factors, then each prime 
factor q of Q,(y",—2z") divides y” + 2”. By Chapter I, (3B)(4), 
then g = p; Q,(y”, —x") > 1, therefore it is a power of p; by Part (6) 
of the same proposition, Q,(y”, —xz”) = p and by Chapter II, (3D), 
poy a ote = Wesco fi = In 3, concluding, the-proof. 

(3) Ifb6 = y”—z” has exactly r distinct prime factors, by Chapter 

II, (3B) (2) and (3), y"—2x” is a multiple of (y—z) [Tj_, Qp,(y, x) and 
the integers Q,,(y,z) > 1 are pairwise relatively prime, hence by the 

hypothesis, they are prime powers. If y—z > 1 and q is a prime 

dividing y —z then there exists i such that q | Q,,(y, x). By Part (4) 
of the same proposition, g = p; and by Part (6), Q,,(y,z) = pi. By 

Chapter II, (3D), p; = 3, y = 2, x = —1, which is a contradiction. 

This proves that y=2- lL 0 

’ 

As a corollary, we have: 

(3B) Let n> 3 be a positive integer having r distinct odd prime 

factors. If0 <x < y < z are relatively prime integers such that 



198 VI. Arithmetic Restrictions 

x+y" = 2”, then z,y have at least r +1 distinct prime factors and 

x has at least r distinct prime factors. Moreover, if x has only r 

such factors then n is odd and z—y = 1. 

Proor. By Chapter I, n is not a multiple of 3, nor a power of 2, so 

r>1. Let n = 2%m, with u > 0 and m odd, having r distinct prime 

factors. Let 2) = 2" , j=" | Zu =z pe olnce 2 a ye 
andy” =yi"= 27 — y™ and since m= 3 and 2.— 2, > 1, it follows 
from (3A) that z",y", hence also z,y, have at least r + 1 distinct 

prime factors. 

pimilarly. 2 — @iu—12, — yy, so © . hencesalsov, hassatleast 

r distinct prime factors. If x has only r such factors then by (3A), 
Ca lene? 1 SO th Oeet ee an odd seule 

More explicitly: 

(83C) Letn>2, andlet0<a2<y< z be relatively prime integers 
SUCIMUILGLME. 1 = Culver. 

(1) y,z are not prime powers; and 

(2) if x is a prime power then z =y+1 and n is an odd prime. 

PROOF, (1) _If 2¥or7y is? a*prime power, so)1s\z" =.7"-y", or 

y” = z"—2”. By (3B), n is a power of 2,n > 4, and this contradicts 

Fermat’s theorem, which is true for such exponents. 

(2) Ifa is a power of a prime q then by (3B), z = y+ 1 and 
n= p°,e>1, pan odd prime. We show that e = 1. 

Ife > 1 then since 2?—y? > 1 and Qp--1(z?, y?) = (2? —y?)/(z?— 
y”) > 1, it follows from 2? = z?° — yP” = (2? — yP) - Qye-1(2?, y”) 
that both factors in the right-hand side are powers of q, greater 

than 1, hence multiples of g. By Chapter II, (3B)(4), q divides 

gcd(z? — y?, Qpe-1(2”, y?)) = ged(p**, 2? — y”), hence q = p. 
On the other hand, since z= y+ 1 then’ 2? —"y?" = "py? Ss 

ities sie oat Gab +1, so p = q does not divide z? — y?, which is 

a contradiction. 0 

Moller proved the following complement to (3A): 

(3D) Ifm is odd, m > 3, withr distinct prime factors, if0 <a <y 

are relatively prime integers, then b = y?™ — x?” has at least 2r +1 
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distinct prime factors. 

PROOF. b = (y™ —2)(y™ + a”) and since gcd(z,y) = 1 then d = 
ec U ec ye ao) = dor 2. 8ByyGA)eg™— a" and 4 2" 
have at least r distinct prime factors. Since m > 3, by (3A), y”+2” 
has at least r + 1 distinct prime factors. 

If y™ —a™ has exactly r distinct prime factors, by (3A), y = «+1, 

thus y” — x” is odd. Hence d= 1 and b has at least 2r + 1 distinct 

prime factors. If y™ — a2” has at least r + 1 distinct prime factors, 

since d = 1 or 2, then b has at least 2(r + 1) — 1 = 2r + 1 distinct 
prime factors. © 

In particular, if m is odd, m > 3 with r distinct prime factors, if 

0<a<y< zare relatively prime integers such that 2?7"+y?” = 22” 
then x, y have at least 2r + 1 distinct prime factors. This was shown 

by Moller in 1955. Combining with (3B) it follows, with the above 
exponent 2m, that x,y, z cannot be prime powers. 

Inkeri showed in 1946 that if0 <a < y < z,ifpisa prime number, 

p) xyz and z? + y? = z?, then z—y > 1. Hence by (3C), z is not 
a prime power. This provided a direct proof of Abel’s conjecture in 

the case when p / xyz. No direct proof is known, when p | ryz, that 

x is not a prime power, so no direct proof that z > y+ 1 has been 

devised. 
In 1886, Catalan examined the implications of this eventuality. 

(3E) Let p be an odd prime number, and let 0 < x < y be integers 

such that x? + y? = (y+1)?. Then: 

(1) py(y+1) divides x? — 1. 

(2) p/'z,p|2—1. 
(3) Ifq is a prime dividing y+1—<a then q divides x — 1. 

(4) gced(a+y, y+1—2)=1. 
(5) gced(2z — 1, 2y+-1) =1. 
(6) x is the only integer such that 

(py? )"? <a < (ply+1)1)””. 

Proor. (1) The polynomial (Y +1)’ —-Y?—1 is a multiple of p, Y, 

and Y +1, hence 2? —1 = (y+ 1)? —y?—1 = py(y+1)h, h an integer. 
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(2) Since p| x? —1 then p/z. From z? = x (mod p) it follows 

that p| ax —1. 
(3) y? = (y+1)? — a2? = (y+1-—2)k, where k is an integer; 

hence if q|y+1—2 then g|y,soqg|az—-1. 
(4) Ifq is a prime dividing x+y and y+1-—<2 thenqg|a2—-1 

so q | y, hence q | x; but from x? + y? = (y+ 1)? it follows that 
gcd(z, y) = 1, a contradiction. 

(5) Ifq is a prime dividing 2x — 1, 2y + 1, then it divides their 

sum 2(2 + y) and their difference 2(y — x + 1); but q is odd, so 

q|y—x+1,q|2+1, which is a contradiction. 

(6) We have 

(Ue) e eye 
(y+ Lia y 

=(y+1)P'+(y+l)? ?yt---+ (yt Dy? 7? +y" "7 

a? = (y+1)P-yr= 

hence 

DY i Slee SEY ata) 
and this yields the inequalities of the statement. 

Finally, we note that if x,;, 22 are integers such that 

i) = = 1 

(pps HP <n, <ae< (p(y +1)?>’) e 

then 

PtPat) eye) 
Wi == and XL2 | — <y+1, 

Pp Pp 

hence 

1/(p—1) 1/(p—1) 1/(p—1) AG 496 Hb 
(x2 SS To) (=) <9 (=) == abil (=) <M 

Pp Dp Dp 

But 1 < 22 — 2, and p = (p?)'/” < (py?-!)1/P < a, since by (2); 
prea learn rye T heretore lt <"(74/ p)? ) tand soulee rye 
z1)(x1/p)'/-), which is a contradiction. 0 

We now shall use Barlow’s relations of Chapter III, §1, with an 

obvious change of notation, since we consider the relation z?+y? = z? 

(with 0 < x < y < z) instead of x? + y? + z? = 0. In particular, we 
use the integers r,s,t defined in those formulas. 

In 1964, Dittmann proved the following facts: 
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(3F) Let p be an odd prime, and let0 < x < y be antegers such 
that x? + y? = (y+ 1) (hence x,y are relatively prime). Then: 

(1) Ifp|y+1 then v,(—s + 1) = »,(y +1) - 1. 
(2) Ifp|y then v,(t — 1) = v,(y) — 1. 

PROOF. (1) Let z=y+1 and z—2z = —s?, so s 4 —1. By Chapter 
III, (1C), n = v,(y +1) > 2 and p” divides z and x + y. So p” 
divides 22 — (x + y) = z-2+1=-—s?+1. Since s? = s (mod p) 
then p|—s+1. Let v,(—s+1) =1>1. By Chapter II, (3B)(6), we 
have n < v,(—s? +1) =1+1,sol>n—1. 

If v,(—s+1) > n then by the fact just quoted above, v,(—s?+1) > 

n +1, hence p"** divides —s? + 1 = 2z — (x+y). By (1.2), p?""! 
divides x + y, hence p”*' divides 2z, so p"*! | z = y+1, contrary to 
the hypothesis. This shows that v,(—s +1) =n-—1. 

(2) Let v,(y) =n, so by Chapter II, (3B), n > 2 and by (1.2), p” 
divides y and y+1—ax = 2y—(a+y-—1). So p” divides r+y—1 = t?—-1. 

Since t? = t (mod p) then p divides t—1. Let v,(t—1) =1 > 1; then 
by Chapter IT, (3B)(6), n < vp(t#? — 1) =1+1, hence! > n-1. 

If u,(t — 1) > n then v,(t? — 1) > n+1 so p™*' divides t? —1 = 
2y —(y+1—<2); but p?”—' divides z— 2 =y+1-—~Z, therefore p"*? 
divides 2y, so p"*! | y, which is a contradiction. 0 

The situation covered in the preceding result cannot yet be ruled 

out by a direct proof. With other methods, it may be shown that 

under the hypothesis of (3E), necessarily p divides y or y + 1. 
In his thesis, Dittmann has also studied the possibility of a solution 

of Fermat’s equation, with y = x + 1. He showed: 

(3G) Ifp is an odd prime number, if there exist positive integers 
0<a2 <z such that x? + (x4 +1)? = 2, then: 

(1) p| &(@ +1). 
(2) Ifp|x+1 then —r = [—p”"'/?s] andr =1 (mod p). 
(3) Ifp| a then —s = [—p”~!/?r] + 1 and —s = 1 (mod p). 

Proor. (1) Ifp)z(x+1), by Chapter III, (1C), z- 2 = —s? and 

z—(x+1) =—-r? sol =r? — s?, which is impossible, since r,s are 

not zero. 

(2) Ifp|a2+1 then p/ xz, so by Chapter III, AC)\maa°= 

Bish, oe oan) Sr ence ss per st sos | 
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(mod p) and —r? < —p?"~1s?, so —r < —p"~!/Ps. 

If-—n< —p"s/?s — 1 then r > p"7/?s--11, hence r? > p?" 1s $15 

which is a contradiction. This shows that —r = [—p"~1/?s]. 
(3) Ifp| 2x then p} (x +1)z, so by Chapter III, (1C), z-2 = 

=st) 2 3 (@ el) ree hence Mi p's re — seo 5 = 1 

(mod p) and —s? > —p?"~!r?, hence —s > eg aie 

If —s > —p""1/Pr +1 then s+1 < p"~!/Pr, hence s? +1 < pP"?r?, 
which is a contradiction. This shows that —s = [—p”~!/?r] +1. O 
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V1.4. The First Case for Even Exponents 

In this section, we give Terjanian’s proof (1977; see also 1978) that 
the first case of Fermat’s theorem holds for even exponents. It suffices 

to consider exponents 2p, where p is an odd prime. The proof will 

require only elementary considerations, so it is surprising that it was 

not found beforehand. 

Several authors had considered Fermat’s equation with even ex- 

ponents, however their direct proofs are now all superseded by Ter- 

janian’s; yet we shall quote, and in a few cases prove, some of these 

statements. 

To begin, in a letter to Gauss (1804), Sophie Germain stated with- 
out proof that if p is a prime, p= 7 (mod 8), then X?-'4+ Y?"! = 

Z”-' has no solution in nonzero integers. 

In the first of a long series of papers on Fermat’s theorem, Kum- 

mer proved (1837) the following result, which was rediscovered by 

Niedermeier in 1943 and again by Griselle (1953) and Oeconomou 

(1956). We follow Griselle’s proof: 

(4A) Letn > 2 be an integer. If there exist nonzero integers x, y, z 

such that x2" + y2" = 22” and gcd(n, xyz) =1, then n =1 (mod 8). 

Proor. By Fermat’s theorem for the exponent 4, we may take n 

odd, n > 3. We may also assume that 2, y, z are pairwise relatively 
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prime positive integers, and that x is even, while y, z are odd, by the 

remark at the beginning of Chapter I, §1. Then 

2” pas gen ol ae 

= (22 = y?) (22D 4 y2 2-2) 4. 4 y2lr-2) 22 4 y2n-D) 

= (2 —y")-Qn(2’, 9"), 

with the notation of §1. By Chapter II, (3B)(4), 

ged(z” — y?, Qn(z”, y*)) = ged(z* — y’, n). 
If p is a prime dividing n and z? — y? then a fortiori p divides z, 

contrary to the hypothesis. Thus z?—y? and Q,,(z”, y”) are relatively 
prime. 

So z2 — y? and Q,,(z”, y”) are 2nth powers. Moreover, z* — y? is 
even so Q,,(z?, y”) is odd. Thus there exists an odd integer k such 
that 

22(n—1) ie zoe aye i ete hae Soe ae yr) os k2”. 

Each term of the above equality is an odd square, so it is of the form 

(2a+1)? = 4a(a+1)+1=1 (mod 8). Thus, we have the congruence 
n=1 (mod 8). O 

From this result, it follows: 

(4B) The set of primes p such that the first case of Fermat’s 

theorem holds for the exponent 2p is an infinite set. 

PRooF. According to Dirichlet’s theorem for primes in arithmetic 

progressions, there exist infinitely many primes p satisfying each of 

the congruences p = 3 (mod 8), p=5 (mod 8), p=7 (mod 8). For 
each such prime p the first case of Fermat’s theorem holds for the 

exponent 2p, by virtue of (4A). 0 

We note the following strengthening of (4A); statement (1) is due 

to Niedermeier (1944), while (2) was given by Grey (1954): 

(4C) Let p be an odd prime and assume that there exist nonzero 

relatively prime integers x,y,z such that x7? + y?? = 2? : 

(1) If 3p does not divide x,y,z then p=1 (mod 3). 
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(2) If 2p does not divide x,y,z then p = 24a4+1 (for some inte- 
ger a) and 12a +1 has no factor congruent to 3 modulo 4. 

Another improvement over (4A) is the following ((1) was proved 
by Niedermeier in 1944, while (2) was given by Long in 1960) 

(4D) Letm> 3 be an integer and assume that there exist nonzero 
integers x,y,z such that x°™ 4 y?" = z2™. 

(1) If m = p is a prime and if 5p does not divide x,y,z then 
p = +1 (mod 5). 

(2) If gcd(m, xyz) = 1 then m =1 or 49 (mod 120). 

As a corollary: 

(4E) If n = 2m has last digit 4 or 6 (when written in dect- 
mal notation), then there exist no nonzero integers x,y,z such that 

ecnmsche 1 and a eyez 

PROOF. We have m = +2 (mod 5), hence m # 1 or 49 (mod 120) 
and the result follows from (4D). O 

Long (1961) extended his method and proved: 

(4F) Ifp is a prime, p=—1 (mod 10) and if there exist relatively 
prime integers x,y,z, prime to p and such that x? + y?? = z??, then 
p is a square modulo 11, and consequently p = 49, 169, 289, 529, or 

889 (mod 1320). 

Oeconomou proved in 1956 the following results, involving the 

Legendre symbol: 

(4G) Letn> 1 be an odd integer and assume that there exists an 

odd prime q such that: 

(a) ged(q—1,n) =1. 

(b) (n/q) = -1. | 
(c) If0 <m< (q—1)/2, with n = m (mod (q — 1)/2), ifa,6,¢ 

are integers such that a?” + b°™ = c?” (mod q), and 

Oe G29} 2 Aen? 

(4°) =1 (—*) =1 (¢ =) =1, 
q q q 
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then abc = 0 (mod q). 

Then there exist no relatively prime nonzero integers x,y, z such that 

ged(n, xyz) =1 and 27” +y?" = 27”. 

There are numerous possible choices of g,m satisfying the condi- 

tions. For example: In any of the following cases, the first case of 

Fermat’s theorem holds for the exponent 27: 

(a) n =—1 (mod 3). 
(b) n = +2 (mod 5). 
(c) (n/11) = —-1 and n = 4 (mod 5). 
(d) (n/19) = -1 and n=4 or7 (mod 9). 
(e) (n/23) = —1 and n = 2, or 3, or 4, or 10 (mod 11). 
(18 (710/29) = = 1 and 23.3, orb, or.9.,0r 11 s(modil4) etc ae 

In this way, Oeconomou proved that the first case of Fermat’s 

theorem holds for all even exponents less than 200 000 (with the 

possible exceptions of 108 722 and 188 018). 
Gandhi proved in 1966: 

(4H) Let p be a prime, p > 5. If x,y,z are pairwise relatively 

prime integers such that x?~' + y?-! = z?-! then z is odd, and p 
divides the one among the integers x,y which is even, hence p does 

not divide z. 

PROOF. Since p—1 is even, by the remark at the beginning of Chap- 

ter I, §1, z is odd and x,y have different parity, say x is odd, y is 

even. 
If p / xy then x?~* = y®-' = 1 (mod p) while 2?’ = 0 (mod p) 

or = 1 (mod p). Thus 2 = 2?! + y?-' = 0 or 1 (mod p) which is 
impossible. Let us assume that p | x, py — this will lead to a 
contradiction. Let m = (p — 1)/2. We have 

gP-! = zp a. ye! = (x a y™)(2™ a ye 

Then the two factors in the right-hand side are relatively prime, since 

they are both odd. Therefore each factor is a (p — 1)th power: 

{ Gas ay a= Gate 

m mM — —i oie, oie 

hence x = ab and also 2z™ = a?~'+6?—!. But p| x and ged(a,b) = 1 
so p divides one and only one of the numbers a,b. Hence, 2z” = 
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1 (mod p) and squaring this congruence, 4 = 1 (mod p), which is 
impossible. 

This proves that p divides y. Hence p does not divide z. 

In 1969, Raina proved: 

(41) Let p be a prime, p > 5. If x,y,z are positive pairwise 
relatively prime integers such that x?~! + y?-! = z?-! then z is a 
quadratic residue modulo p. 

PROOF. Only one of z, y is even, the other is odd. Suppose y is even. 

By (4H), z is odd and p divides y. 
Peete) al eeeeromy (ae) (y*)— (2) it atollows by 

Chapter I, (1A), that there exist positive integers a,b, of different 

parity, such that gcd(a, b) = 1 and 

gm = a? fe ee 

i= 2a. 

ZU eb: 

Suppose first that b is odd, so a is even. Since gcd(2a,b) = 1 then 

there exist integers hk, k such that 

26 = he: 

Da = kin 

Therefore 4z” = h?-1+4k?-!. Ifp| kthenp /hso4z™ = 1 (mod p). 
Hence, squaring this congruence, 16 = 1 (mod p) so p = 5, which is 

not possible because the equation X* + Y* = Z* has no solution in 
positive integers (Chapter I, (2C)). 

So p) k and since p | y then p| h. Therefore h?~' = 4a 
(mod 16p) and z-))/? = k?-! = 1 (mod p). 

Suppose now that b is even, while a is odd. Proceeding in the 

same way, we show that z‘~))/? = 1 (mod p). Thus z is a quadratic 
residue modulo p. 

2 

The next result in Raina’s paper is vacuous since its hypothesis is 

never satisfied (namely, z cannot be a prime, by (3C)). 

In 1955, Becker published a paper in which he asserted that Fer- 

mat’s theorem is true for all even exponents 2m > 2. However, his 

proof is definitely wrong. 
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Now we shall give the proof of Terjanian’s theorem, which con- 

tains all the above results as corollaries. Once more, we shall consider 

the quotient Q,(z,y) = (2" — y”)/(z — y) where n is an odd natu- 
ral number and z,y are nonzero distinct integers (not necessarily 

positive). 
For the convenience of the reader, we recall that if m,n are nonzero 

odd integers, n > 0, gcd(m,n) = 1, then the Jacobi symbol (m/n) 
is defined. If m > 0 then (n/m) is also defined, and the following 
reciprocity law is satisfied: 

(4.1) (=) = (—1)™-D/2x(n-)/2 (=) . 

10) ™m 

Moreover, 

(4.2) (=) a4 

(4J) Let y,z be distinct nonzero odd integers such that y = z 
(mod 4) and gcd(y,z) = 1. Let m,n be odd integers, m > 1, n > 
Iseecd (7141 i=) eel hen: 

(1) Qn(z,y) =m (mod 4), and in particular Q(z, y) is odd. 
(2) The Jacobi symbols (Qm(z,y)/Qn(z,y)) and (m/n) are well 

defined and equal. 

Proor. (1) Let z=y+4t. Then 

Mey Sy my ml my) m2 
On 7 = (ye ] UE atstagli"5) |eimanesSe tag 

= my” | =m (mod 4), 

because m — 1 is even, y is odd, so y™~' = 1 (mod 4). 
(2) First we note that since gcd(m,n) = 1 then the Jacobi 

symbol (m/n) is well defined. Similarly, from gced(y,z) = 1 and 
Chapter IT, (3B)(2) it follows that gcd(Qin(z, y), Qn(z, y)) = 1; since 
Qn(z,y) > 0 then the Jacobi symbol (Q,,(z, y)/Qn(z, y)) is also well 
defined. 

The equality of the Jacobi symbols is proved by induction on k = 

min{m,n}. It is trivial when k = 1. Let k > 1, so m 4 n, because 
ecd (1,1) Ie 
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Ifm > n then there exist an odd integer r, 0 <<r<n= k, and an 
integer q such that m = gn +r, or m= qn-—r. If m= qn+r then 
m —r is even, so by Chapter I, (3B)(1), 

(ee) * (een) cS (Ba) ~ (~) -_ (=) 
Oa Qn(z,y) Qn(z,y) n oe 

If m = qn—r then m —n and n—r are even, so by Chapter II, 

(3B)(1), induction and the properties of the Jacobi symbol, 

corr lecnerin) 
Beh) (ada GER 

- GuceyD ik 

Since Q,,(z,y) =n (mod 4) by Part (1), then (Q,(z,y) — 1)/2 = 
(n — 1)/2 (mod 2), hence by (5.2), (—1/Q,(z, y)) = (—1/n). Thus 

ep ls) Glee: 
Now, if m < n, by the reciprocity law (4.1) for the Jacobi symbol 

and the above proof, 

(24) = (=1)(Qn(20)-0/2x(Qnle9)-0)/2 (Fe) 

= (-1enerene (2) (2). o 
m n 

Terjanian’s result now follows very easily: 

(4K) Let p be an odd prime. If x,y,z are nonzero integers such 

that 22? + y?? = z?P then 2p divides x or y. 

PROOF. There is no loss of generality to assume that z, y, z are pair- 

wise relatively prime. Also, x, y cannot be both odd, since the expo- 

nent 2p is even (see remark at the beginning of Chapter I, §1). Let 

x be even, so y, z are odd. Then 

ZP — y?P 
; 2) 2p 22 2 2 

Ue a EE ao) py? ; 
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By Chapter II, (3B)(4), 
PH Yo) 

2 oe Y be 
ged (2 = img ea | = ons 

If the greatest common divisor is p then p divides x?” so 2p divides 

1 
We show now that it is not possible that z? — y? and (27? — 

y’?)/(z? —y?) be relatively prime. If they are, they must be squares. 
But 

yep — y?P zP — yP zP + y? 

2 ye = z—y x ae SO OA iy) 

and these two factors are relatively prime because gcd(y, z) = 1 and 

y and z are odd. So Q,(z,y), Q,(z, —y) are also squares. Since p is 

not a square, there exists an odd prime q such that p is not a square 

modulo q. 

Assume first that z = y (mod 4). By (4.1), 

l= (2) = at 
q Q,(z,y))” 

which is an absurdity, because Q,(z, y) is a square. If z # y (mod 4) 
then z = —y (mod 4), hence again 

=(0)- (8) 
which is again an absurdity. This concludes the proof. 

In 1981, Rotkiewicz showed the following strengthening of Terja- 

nian’s result: 

(4L) Let p be an odd prime. If x,y,z are positive integers such 
that x7? + y?? = z??, then 8p* divides x or y. 

PROOF. We may assume that x,y,z are pairwise relatively prime 

and that x is even, while y, z are odd. Then by Terjanian’s theorem, 

2p divides x. 

Now we show that 8 divides x. We have gcd(z? — x?, 2? + x?) = 1 

because gced(z, z) = 1, x is even and z is odd. Since y?? = 22? —4?? = 
(2h =a?) (zea then 2h a [22 2?) (2 
where a is an odd positive integer. Since p | z then p /z so p /z—2. 
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By Chapter II, (3B)(5), ged ((z? — x?)/(z— x), z—a) = 1, hence 
(z? — 2’)/(z — x) = b’, with b an odd positive integer (because z 
is odd). Hence b? = (2b, + 1)? = 4b,(b; + 1) = 1 (mod 8) and 
zP-) + gP-2¢ + 2P-3z2 = 1 (mod 8), because x is even. But z being 
odd, we have again z?~' = 1 (mod 8), so z?-3a(z +2) =0 (mod 8). 
Hence y = 0 (mod 8), because z,z +a are odd. 

The proof that p* divides x follows from the result of Vandiver, 

(1B). We have also z? + 2? = c’?, where c is an odd positive in- 
teger. By Vandiver’s theorem we have z? = x (mod p*). Since 

p|az and p> 3 then p® divides z, showing that 8p* divides z. © 

In 1950, Gut adapted ideas of Kummer and Mirimanoff and used 

methods of class field theory to derive a criterion, involving Euler 

numbers, for the first case of Fermat’s theorem with exponent 2p. 

Of course, this result is now obsolete. 

In conclusion we mention explicitly the following easy fact, which 

will be used later: 

(4M) If x,y,z are nonzero relatively prime integer, n > 3 and 

Gey 2 ee then.. | cy and 3 | cy. 

ProorF. If x,y are odd then x?” + y?” = 2 (mod 4); now z must be 
even and 22” = 0 (mod 4), which is absurd. If 3) ry then 2?” = 
7 ==) (mod'3) but 2°” = Ovorsl \(mod!3),-so1?" 42" 22" is not 
true. (J 
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Vil 
Interludes 7 and 8 

This chapter deals with polynomials which are intimately related 

with Fermat’s equation. 

VII.1. Some Relevant Polynomial Identities 

We give here some algebraic identities which are applicable in the 

study of Fermat’s equation. Many of the early attempts to prove 

Fermat’s theorem were based on some polynomial identities. 

To begin, we indicate the following identity, which was used by 

Lamé in 1840; see also Lebesgue (1847), Mention (1847), and Catalan 
(1885); Gauss (1863) gave the special cases when n = 3, 5, 7; see also 

Rebout (1877), and Brocard (1878): 

(1A) If X,Y,Z are indeterminates and n is odd then 

RY eae XY Eye Ve EX aL)" 
(n—1)! X*y75 72k. 

(25 + 1)! (2j + 1)! (2k + 1)! = 4nKZ ys 
it+jtk=(n—3)/2 

t,j,k20 
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PROOF. By writing explicitly the nth powers of the left-hand side, 

we have: 

OEMEATAL MOEN E = AIO e EAP = (hen aye 
| 

= eyez - (n= (-1)'- (0 sieeaLbl cl 

Since n is odd and a+6b+c=7n then one or three of the integers 

a,b,c are odd. If only one is odd then 1 — (—1)? — (—1)’— (—1)* = 0. 
Thus, we have to consider only the summands with a = 22+ 1, b= 

2j+1,c=2k+1,soi+j+k =(n-—3)/2 and 1—(-—1)*-(-1)?- 
(—1)° = 4. We deduce at once the identity of the statement. 

As a corollary, we have (see Werebrusow, 1908): 

(1B) If X,Y,Z are indeterminates and n is odd then 

4 
XG 7\% a Se nee aa (X+Y)(¥ +2Z)(Z+X) 

(n—1)!(X + Y)"(Y¥ + LN Ie 

- (28 + 1)!(25 + 1)!(2k +)! 
i+j+k=(n—3)/2 

i,j,k2>0 

PROOF. We write the identity of (1A) with U,V,W in place of 

A,Y,Z, respectively, where U =(X-+Y)/2,V = (Y + Z)/2, W 
(Z + X)/2. Then 

Tey, Sor ra 
ie Vee 
perl oe 

mi diay ct Nip 

hence (1A) becomes 

OC GATAP RSE AG ae 
4 

= atk TY Vy Ze x) 

eitss (n — 1)! (X+Y)?*(¥ + Z)?i(Z+x)2* 
weSion Gi DEQ) + IlOr+ DI el 
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A special case is the following: 

(1C) If X,Y are indeterminates and n is odd then 

(Xx +Y)" =X ie va 

(n—1)! 

i+j+k=(n—3)/2 (2% ty 1)! (23 a 1)! (2k + 1)! 
2,j,k>0 

(X ae Vasey Xue 

PROOF. It suffices to replace Z by 0 in the identity (1B). O 

Already in 1837, Kummer used the following identity for (X + 

Y)"—(X"+Y"), see also Mention (1847), Vachette (1861), Barisien 
(1906), Boutin and Gonzalez Quijano (1907), Bini (1907), Rose 
(1907), and Bachmann (1910): 

(1D) If X,Y are indeterminates and n > 1 then 

(Xa) (XY) eS Spieniae (3 hin ‘ KEY ROaAY, att 

ea 1 tol 

(by convention, the terms in the above sum are zero when 2i > n). 

PROOF. We show by induction that the identity 

= ni{n-i-1)\...., = n “= n es Ig OVE XY 2 a Xe ve keys th ee ( ) 

is true. For n = 1,2 it is trivial. Then 

ae Xn) XY ) ae XY (XO ay 2) 

= (X 1) 

= n(n-i-1)\ a el \ ee EVE Xceay n+1—21 +2 2 ( ions (X +Y) 

Say GAC TAY Or 
es Ty eae a en Y ; ; Dae: 

= ye 1 (" 2 ‘ snore) —=2 

= 
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=(X+Y) 4 So(-ia Xv (X + Ye, 
oi 

where c; = n+ 1 and if 7 > 2, then 

_n n—-t~—1 ee n—-i—-1 _ Fe I n—-1 9 

es ae at es ae 7 ae) eee ae 

In 1885 (and again in 1886) Catalan indicated another form of the 

identity (1B): 

(1E) If X,Y,Z are indeterminates and n is odd, then 

(X+Y+Z)"—xX"-Y"—-—Z" as pr-3 + H pr-* + H. pr-5 

(X+Y)(Y+Z)(Z+X) ; ; 
(2) 

gape t ERS 2,3) /2 

where P= X+Y+2Z = H,; more generally, ifi > 1, H; is the sum 

of all monomials of degree i, coefficients 1, in the indeterminates 

XOY 2? and He 3 is the sum of all monomials of degree (n — 

3)/2, coefficients 1, in X?,Y*, Z? (so it has degree n — 3), that is, 

Hie i H(n—3)j2(X?, Me 2’). 

PROOF. We have 

To ld CS ide a0 EO ae 
men X+Y ) a7 X+Y 

= (POE Po 7 Pig ar 1 a) 

lA vate en he VX Ge ya), 

But, by Euclidean division, since Y + Z = P— X: 

PR a Ee ie ee ae ae 
Y+2Z 

= PO" Hi X, 2) RO A(X, 2) Pe ee eX 
ite 4 ZXr-2 WS bo 4+ 77-1 

a Y+Z ; 
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where H;(X, Z) is the sum of all monomials of degree 7, coefficient 
1, in the indeterminates X, Z. Therefore 

Qi 
Weak 
CREA GOR) Ro ay (XZ) Poe Aneo(X, Z)) 

= . wits 43 AW aie cx (ee a Zaye a (ys ae YANO 

Qe = 

| 

a 

$9: OE Osea id ising | 

= (Pe? PAX, 2)" Ha(X, Z)P* 4h. + A o(X, Z)) 

VASE (Y eA UGE AZ) X Reem 
~it (Nete4 2) VA hie: a. Z2yn-4 OF wets Ue AY 

By Euclidean division, 

Pe Hike 2)P™ aX, 2)P™ (XK; Z) 

Z+xX 
= pr-3 = H,P" + ae Hyp? Staats He: 

YEP + HX, Z)Y9 + Ha ZV 4 + Hol % Z) 
) 

Z+xX 

where H, is as indicated in the statement. Then 

_ Qe 
oie FX 

pr-3 + Hears a Hep? on yeraee Fiabe 

1 = n—3 n—4 
VAs SNE OC VA WE Tox ZY tag + XZ) 2(X,Z) 

the AST Ag KO 2X 

BA ey oe ea 
= ee ~ Vi A at WANG = RE eye ee TRING 

But 

Z+xX 

A3(X, Z) eX H?(X,Z), 

Zt+xX 

Hs(%2Z) _ x04 x22 4 74 = HX, 2), 
Zt+xX 
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etc. Hence 

QteeP es! Hy Pia ae oe Hage aun 
HHO X, ZV ES iH (x, Z)Y? | He (X12) 

1 
Wi, FO 

PH og eZ) aX Y= 

+(¥?-YZ+Z?)xn4—... 
= (Vee 2 ae ea) 

Ne [Yate A Xe AYe eX) oe 

The expression in the brackets is equal to 

NeXt te Va 7aX ware (YZ Yas Xe 
AVES YO ZL) XIE Y Zo 22 1 Yen een a de 
TA NVA OMEN ETAL ma Me ene TENGE 44 UNE) 
EEE oa NAW ER BO AYIA SEA RG exci 

SY AY ee 

BK a Xp a (Ye Zo) Xe ee) a 
al 42724 Ge ih, (ae, 4Y?Z3 4 Zea 

ae (Yi 3 et SY Gee aie ait Tah 

Sat Ne RX Ne SM STC V2) XO meni (ee ane 
+H (¥, 2X8 + HY (Y, Z)ZX°7 + + AE gy) oY, ZZ. 

Hence 

Oz = pr-3 UO 5 bg ee 43 Hy P's? Se eet Hae ae yr-3 ahs 

HYP (X, Z)Y¥"-§ + HX, ZV"? ++ + HE 9 o(X, Z) 
ie (2) n— 2 EH EO Se LOLA IAD? ah con LEE ne 00 A) 

eg Pe Pie ere ee 2 ae, 

since each of the above last two lines is equal to Hes jy OU 
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VII.2. The Cauchy Polynomials 

In his proof of Fermat’s theorem for the exponent 7, Lamé (1839, 

1840) made use of a polynomial identity of degree 7. In the analy- 

sis of Lamé’s paper, Cauchy and Liouville indicated a more general 

polynomial identity (1839), of which the following ones are special 

cases (Cauchy, 1841): 

(X+Y)?— X®-Y® = BXY(X+Y)(X?4+ XY+Y?), 

(X+Y)'—-X7-Y" = 7XYV(X4+Y)(X?4+ XVY4+Y’)?. 

In this way the study of the polynomial (X + Y)" — X" — Y” was 
initiated. 

If n > 3, n odd, then this polynomial is a multiple of X,Y, X +Y; 

moreover, if n = p is an odd prime, then it is also a multiple of p. 

(2A) Letn = +1 (mod 6). The exact power of X?+ XY +Y? 
dividing (X +Y)" —(X"+Y™") has exponent 

Fie 1 when n=-—1 (mod 6), 
~ | 2 when n=1 (mod 6). 

PROOF. We shall show that (X + 1)" — (X"4+1) = (X74 X + 
1)°H,,(X) where e is as indicated, H,,(X) € Z[X] and X?4+X-+1 does 
not divide H,(X). By homogenization, we deduce the statement 

(2A). 
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Let G,(X) = (X +1)" — (X" +1) and let w = (-1+ V—3)/2 be 
a primitive cubic root of 1, hence w? + w+1=0. Then G,(w) = 
(a+ 1)" — (w™ +1) = —(w™ + w" +1) = —(w9* — 1)/(w" — 1) =0. 

So G,,(X) is a multiple of the minimal polynomial X2 + X + 1 of 
w. Explicitly, by division, G,(X) = F(X)(X? + X +1) + (aX +b) 
where F(X) € Z[X] and a,b € Z. So 0 = G,(w) = F(w)(w? +w + 
1) + aw + b = aw + b, hence a = 0 (otherwise w = —b/a € Q, which 
is not true) and also b = 0. 

Next, (X* + X + 1)? divides G,,(X) if and only if w is a double 
root of G,,(X), that is, w is a root of the derivative G,,'(X) = n((X+ 
Dee tte n (lal)? Sw 1} = OM Since We 1 4) w?, 
this is equivalent to (w"~! — 1)w”~! = 0, that is, w"~! = 1. Finally, 
this holds if and only if 3 divides n — 1, son = 1 (mod 6). 

We show that (X? + X +1)? does not divide G,(X). If it did, 
then n = 1 (mod 6) and moreover X? + X + 1 divides G,,"(X) = 
n(n—1)((X+1)""-?-X"-?). So G,,"(w) = 0, hence (w+1)"-? = w"-? 
ender") "Therefore w" <2 = —landaw?r?) = 1 rThis 
implies that 3 divides 2(n — 2), so n = 2 (mod 3), hence n = —1 
(mod 6), which is a contradiction. O 

We may therefore write: if n = +1 (mod 6) then 

(2.1) 
ey Se ay) = eer Xe OX YeR 2) (X,Y), 

and ifn = p> 3 is a prime then 

(2:2) 
ae ee (Xe ey) aX Vi Xe Y Xe eX vee C(I: 

where E,(X,Y) = pC,(X,Y) and e = 1, or 2, according to n = 

—1, or 1 (mod 6). 
There are numerous proofs of the above result (or variants of it) in 

the literature, to wit by Cayley (1878), Glaisher (1878, 1879), Muir 

(1878), Catalan (1884, 1885, 1886), Lucas (1888, 1891), Barisien 
(1906), Taupin and Retall (1907), Ursus and Grigorieff (1907), Can- 

dido (1907), and Bréi¢-Kostié (1952). 
In 1878, Glaisher expressed the above result in the following form: 

(2B) If n is odd then (X —Y)"+(Y —Z)"+(Z—X)" is divisible 
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by 
3 OSE NO 06 Ata Ame.) || 

If n = —1 (mod 6) then the above polynomial is also divisible by 

(xX -Y/+(Y¥ -Z)P+(Z-X)’]. i 
2 

Ifn =1 (mod 6), then it is divisible by 

1X —Y)*+(Y -Z)*+(Z-X)’]. 

Proor. Let A,B be indeterminates and let n > 3 be odd. Then 

AB(A + B) divides (A + B)” — A” — B”. 
Let A= Z-Y, B= X-ZsoA+B=X-Y. Then AB(A+B) = 

(Z-Y)(X-Z)(xX-Y) = AMOS =) teks 20" telek = divides 

(X —Y)"4+(Y —Z)"+(Z-— xX)”. Next, 

A?+AB+ B? = (Z-Y)?+(Z—-Y)(X —Z)+(X -Z)? 

Sy = 2) ee) ee 
and 

(A? + AB + B?)? [(Y — Z)? + (Z-— xX)? +(X -Y)?? 
[(Y — Z)*+(Z- X)*+(X -Y)*). 

Hence by (2A) if n = —1 (mod 6) then 3[(X — Y)? + (Y — Z)? + 
(Z — X)*] divides the given polynomial while if n = 1 (mod 6) then 
s((X —Y)*+(Y — Z)*+(Z—X)*] divides the given polynomial. O 

The following special result was explicitly given by Catalan (1884, 

1885), Gérono (1885), Nester (1907), Welsch (1909), and Brocard 
(1910): 

(2C) Let p be a prime number. 

(1) If (X+Y)?—xX?—Y? = pXY(X+Y)P?, where P € Z|X, Y] 
then D3 | OT Df, ee = NC ee Yee ye 

(2) If 2?-! —1 = pN? where N is an integer then p = 3, N = 
TROT? ah AN feat 
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PROOF. We establish the two statements simultaneously. First we 
observe that p # 2. Taking X = Y = 1 we have 2? — 2 = 2pN?, 
where N = P(1,1) € Z. 

If p = 3 then N = 1. We assume now p # 3. We have (2(-))/2 + 
1)(2®-))/? 1) = pN?. The two factors in the left-hand side are odd, 
hence they are relatively prime. So, one of the factors is a square, 

while the other one is p times a square. 

But 2@-/2 — 1 = 3 (mod 4) since (p — 1)/2 > 2, so 2-0/2 —1 
is not a square. Hence 2°~!)/? +1 = M?, M being an integer. Since 

20-D/2 — M?-1=(M —1)(M +1), it follows that M—1,M+1 
are powers of 2. But (M@+1)-—(M—1)=2,soM—-1=2,M=3 
and necessarily p = 7, N = 3. Therefore 

Noy eae ay 
pra DaUOK AIR nT ea ere 

The polynomial C,(X,1) will be simply denoted by C,(X) and 

called the Cauchy polynomial for the prime p > 5. If p = 6k +1 then 

C,,(X) has degree 6(k — 1). We note the following special cases: 

C5(X) = 1, 

C,(X) = 1, 

Gail XX? 4 BX? 4 TX OK? AX? BX al 

Sx PEPYS 2 RLY (Xe ee) iF 

Ci3(X) = X°4+3X°4+8X4* + 11X94 8X743X 41 

= OX XY ey) OXY OLY I. 

These expressions in terms of XY(X +Y) and X°+XY+Y? will 

soon be generalized for arbitrary values of p. 

The Cauchy polynomials satisfy the following properties, where 

p = 6k + 1 (see Mirimanoff (1903), Klosgen (1970)): 

(2D) 
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k —1 disjoint sets, each composed of six distinct roots 

i) il Z PS 74 
2 it = (lee) ne ’ \. 

iz ! ree ae z 

PROOF. (1) Since 

(Soar et Se) Sy 
CA) vex x fa x ST 

(withte =-lor 2) then ©, (1 /X) 0X °F 7*t7C, Oe From 

» J Jawhen p=6k —1, 

© =) 2 when p=6k+1, 

ittollows. that. Co(.X) = A°"—UC. (1X): Similarly C(x) = C,(=1 
—X). 

(2) Since C,(X) is a monic and symmetric polynomial then 
GC, (0) MAlsonbya (lL) Cal ai aC Ol 

(3) Ifz> 0 isa real root of C,(X) then (z+1)? = z? +1, which 
is impossible. If z < —1 is a real root of C,(X) then —(1+ z) > 0 
would be a positive real root of C,(—1 — X) = C,(X), which is a 
contradiction. Similarly, if -1 < z < 0 is a real root of C,(X) then 
1/z < —1 would be a real root of C,(X), which is impossible. 

(4) Let z be any root of C,(X). By (1) it follows that 1/z 
and —(1+ z) are roots of C,(X), hence —(1+1/z) = —(z+1)/z, 
—1/(1 + z) and — z/(z +1) are also roots of C,(X). The sets of 
roots considered above are either equal or disjoint. Indeed, if 

1 1 1 
teM,={z,2,-A+2), a “=| 

z ean ee z 

it is easy to verify that M, = M,. 

Let z be an imaginary root of C,(X), and suppose it is a double 

root; this happens if and only if z is a root of C?. Since 

1 
CACO SOIR Mere 6), (=) CMA AES (=) 

and Ci(X) = —Ci(—1— X), it follows that 1/z and —1— z are also 
double roots, hence each element of the set M, is also a double root. 
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From (X +1)? —X?—1= pX(X +1)(X?+X +1)°C,(X), taking 
derivatives we have 

(ee eee CX Xe 1) V'GEX) 

FAX 1)(XP 4 X 19°C (X). 

Hence (z + 1)?-! = z?-1, so (1+ 1/z)’" > = 1, that is, 1+ Viziisra, 
(p — 1)th root of 1, so |1+1/z2| = 1. 

Beginning with the double root —z/(1+ z) (instead of z), we 
deduce that 1+ (—(1+ z)/z) = —1/z is also a (p—1)th root of 1, and 
|1/z| = 1. Thus, the triangle with vertices 0, 1,€ = —1/z has sides of 
length 1, so it is equilateral, therefore € is a primitive sixth root of 1. 

po €7—£+1=0, and €° = —1. Then’ —(z41)/z = —1—1/z2 = —1+é 
satisfies 

(—1+€)? =-14 3€ — 3679+ & =—-14 3€ —3£43-1=1, 

so its minimal polynomial is X? + X +1. Since —(z + 1)/z is also a 
root of C,(X) then X?+X +1 divides C,(X), contradicting (2A). 0 

Mirimanoff also investigated in 1903 whether each polynomial 

C,,(X) is irreducible, and he conjectured this to be true. Klosgen 

(1970) has verified with a computer that if p < 31, the Cauchy 

polynomial C,(X) is an irreducible polynomial of Z[X]. Since the 
maximum of the coefficients of C,(X) grows very fast with p, the 
test was not continued any further. 

We report without proof the following results, due to Helou, 1997: 

If n > 3, n odd, then for every prime p, the polynomial C,, modulo 

p is reducible over the field with p elements. Moreover, if n is an odd 

prime and for some prime p, C,, modulo p has at most three factors, 

then C,, is irreducible. Helou attributes to Filaseta the proof that 

Co, is irreducible for every odd prime p; a proof is given by Helou in 

his paper (1997). More results about the Cauchy polynomials are in 

the paper by Terjanian (1989). 

We shall need another expression for the Cauchy polynomials. 

More generally, we shall express S,(X,Y) = (X+Y)"+(-1)"(X"+ 

Y”) as a polynomial in U = X?+ XY + Y? and V=XY(X +Y). 

There are two methods to achieve this result. 
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We may consider the polynomial of degree 3 in the indeterminate 

T, with coefficients in Z[X, Y], whose roots are X + Y,—X,—Y: 

F(T) =(T+X)(T+Y)(T-X -Y) 

= qe AF Gy Ee ae aoT ap Ga. 

with 

a,=X+Y-(X+Y)=0, 
ag = XY —X(X+Y)-YV(X+4Y) =-CC+XY+Y?), 
a3 = —XY(X +Y). 

Then S,(X,Y) = (X + Y)" + (-1)"(X" + Y”) is the sum of the 
nth powers of the roots of F(T’). We shall use the following classical 

expression, due to Waring (1782), for the sum 

Dy eee, (i Os aan) 

of the roots of a polynomial 

k 
T* +a,T*"' +--+ a, = []( - 24). 

i=l 

The special cases n = 1,2,3,4 were known to Girard (1629); see 
also Saalschiitz (1906). The proof may be found in Serret (1885), 
Lucas (1891), Perron (1951). A modern algebraic proof was given 

by Rédei (1952, 1959). Another proof, using power series, is given 

by Cesaro and Kowalewski (1904). 

LEMMA 2.1. With above notations: 

Ee oll ea tee On) in 

where {(a,+---+ax)'}n as the sum of all monomials (i!/(21!--- i,!))x 
ay ---a,* (with i; +---+%, =1,0<%,...,%,) having weight equal 

to n, that is, 41 + 272 +---+ ki, = 7. 

The next result was proved for even exponents by Ferrers and 

Jackson (1852; see reference in Dickson’s History of the Theory of 

Numbers, Vol. II, p. 747); the proof for arbitrary exponent appears 

in Todhunter’s book (1861). It was proved again by Muir (1879), 
using the above lemma. Kapferer (1949) rediscovered it, with the 
same proof, when n is a prime. In 1969, Carlitz and Hunter gave a 

proof with the method of power series. 
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(2E) Letn> 2, letU = X?+XY+Y?, and let V =XY(X+Y). 
Then 

— nm if 3r—n+317n—2r—2 

me On Beer fps 2 a 

(summation for max{0, (n—3)/3} <r < (n—2)/2, with the conven- 
tion that if n is even and r = (n— 2)/2 then the coefficient of the 
summand is equal to 2). 

PROOF. FIRST PROOF (Muir). By the above lemma 

Oars) bt (ae) (Ya) 

oe xs a + a3)'}n 
—- 

= i ig ine to!4 ! 

219+3i3=n 

, } Ie) 
— n)-(-1)' SE (%2 = ) GE ie 

i=1 g+ig=1 tants: 
219 +313 =n 

Se ea i(aas) 
iq! i3! 

(sum for all 72,73, such that 0 < ig, 73; 1 < ig +%3; 2t2 +373 = n). But 

—ay = U, —a3 = V and 

Coston lly ail ea 
ig! a3! 13 ei 

(valid when iz 4 0 or iz £ 1). Let 12 +43 -1 =r, hence n—2—2r = 

(2i2 sb 373) = 2(t2 =f 13 = 1) —-2= 13. Therefore 12 = 3r—n+3 and 

(X + Y)"+ (—X)"+ (-Y)” 

+ yr n a [3r-nt3yn—2r—2 

os z n—2-—2r\n—3-2r 

the sum being extended for max {0, (n — 3)/3} < r < (n—- 2)/2. 

Moreover, if n is even and r = (n—2)/2 then the corresponding 

summand has coefficient 2 (since iz = n/2,i3=0). O 
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SECOND Proor (CARLITZ & HUNTER). This proof does not 
require Waring’s lemma. We consider the identity 

Z x y 
TeIqie ) hose Tae 

(X 4Y + Z)-2XY 4YZ+ZX)W +3XYZW? 
1—-(X+V 42)W + (XY 4YZ4ZX)W?—XYZW 

Let Z=—-(X +Y), so XY +YZ+ ZX = —-U, XYZ =~=V and 

changing signs: 

(2.3) 
Ce Ae own Ohne pr TU eA 

14+ (X+Y)W 1-XW 1-YW $ 1-UW2+VW3 

The formal power series expansion of 1/(1 — UW? + VW?) is 

1 1 

1—UW #VW3 1 =W2(U— Vw) 

= Ss w?(U VW) 

= a Ww?" Daan) (") uvew" 

= Scorn (,7,,) oor 
(this last sum is actually for n/3 < r < n/2; by convention the other 

summands are zero). The left-hand side of (2.3) is equal to 

Se cas sat yrtAt pi. (—1)"(X ar Ne) Wee 

n=0 

The right-hand side of (2.3) is equal to 

ea ENG 2 r U3rti-n n—2r 

dA ) d (ash a 

co 

a -{ nt+2y7nt2 5 r 3r—ny7n+1—2r 

i ) a (es o Me 
n=0 r=0 
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— (—1)"*' wr! 9 G U3rti-n n—2r 

dX x rm 2r Ms 

+> (-1) wr ya( Le a [73rti-nyn—2r 

T=0) + nm=1 nl 

—2UW + 3VW? - 2Uu°?w3 

_ = +1 r 2h =| nt+lyynti nm 3r+1l—ny7n—2r 

dU ) a ee) M4 

—2UW + 3VW? - 2U°w? 

= = ieee a r 
ay, =. Ra 2 3r+2—nyz7n—-1—-2r 

dS ) a t —2— a 4 “ : ser (iia aw g 

| 

because 

r T n+2 Tr 
2 3 of sakes Las 
fees Ceres oe a ieae| 

(for n > 3). On the other hand, the left-hand side of (2.3) is equal 
to 

s(x a oy he Chain ie Oke | 
n=0 

= e+e tex + yyiepwe, 

Comparing the two sides of (2.3), as computed above, yields the 

statement. ( 

We note the following special cases. Taking an odd exponent, 

(2.4) Oe “4 cae ist X2kr1 » yrkri 

2k+1 ig at [[3"—2k+2 7 2k—2r—1 

De (on 3-2,) 
2(k-1)<r<k-1 

If p is a prime, p # 2,3, letting p = 6k £1, we have (see F. Lucas, 
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1897, and Kapferer, 1949): 

(2.5) CSA C9 y ao OOO 8G? OP 

(p—7)/6 Des = 1 peasynenrt 
y iy D— = “V 2 

‘ oy ( 21 F 7 

when p= 1 (mod 6), and 

(2.6) Ce 4a. Ca £0). 0 40, © = O10. Gum. 0 Ano a) 

(p-s)/6 (P83 _, +s SEY, 
D == Sei p—95 1V7 1 

‘ » ( 24 lan 2i+1 

when p = —1 (mod 6). If the exponent is even, we have 

(2.7) (X +Y)**¥ + X7* 4 y?* 

La k ip 3r—2k+3172k—2r—2 

“| bs ln dae)” 4 (2k—3)/3<r<k-1 

In 1879, elaborating on previous papers of Glaisher (1878, 1879), 

Muir found the following recurrence relation and divisibility proper- 

ties of the polynomials S,,(X, Y): 

(2F) 
COE VES RCN, Vie Uso sen CAM Ys) == oes Ye ot tie OF 

QMO IO) = RAC WAG, AO VALOIS gl 7) 
JODihe 3. 

(3) 7 2 = 0 Gnod 6) then U,V )S,(X, ¥). 
If n= 1 (mod 6) then U?V | S,(X,Y). 
If n =2 (mod 6) then U | S,(X,Y). 
If n =3 (mod 6) then V | S,(X,Y). 
If n =4 (mod 6) then U? | S,(X,Y). 
If n =5 (mod 6) then UV | S,(X,Y). 

Proor. (1) Let n = 2m. By (2.4) and (2.7) and noting that 

2m r—l af 2m+1 r—l 

2m — 2r\2m —1— 2r 2m+1— 2r\2m — 2r 

"3 2m+3 r 

2 NO Or 
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it follows that 

V Som (Gx, a) -: USom4i(X, vey a Som+3(X, aN 

Taking n = 2m + 1 and proceeding similarly, we deduce that 

V Som4i(X, Mea mie USom+2(X, 2) = Donat (Xt ue) 

and this proves (1). 

(2) 
from (1 

(3) 

Noting that S.(X,Y) = 2U and $3(X,Y) = 8V, it follows 
) that 

Cr Ke See Xe 5 (Xe 4) Se OX, Y,) 
= 6|VS,_3(X, Y) + US,_-2(S, Y)] = 6S,,(X,Y). 

This follows immediately from (2.4) and (2.7). 0 

Using an extension of Waring’s formula, MacMahon indicated in 

1884 some more algebraic identities of the same family. 

1629 

1782 

1839 

1839 

1840 

1841 

1848 
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VIII 
Reformulations, 
Consequences, and Criteria 

In this chapter we give a variety of results, a good indication of the 

wide search for solutions of Fermat’s problem. There are reformula- 

tions into equivalent problems, also a number of consequences of the 

truth of Fermat’s theorem as well as statements which follow from 

the assumption that the theorem is false for some exponent. 

VIII.1. Reformulation and Consequences of Fermat’s Last The- 

orem 

In this section, we shall indicate some propositions which may be 

proved if we assume the truth of Fermat’s last theorem. Among 

these propositions, some imply, conversely, the truth of Fermat’s 

last theorem. 

A. Diophantine Equations Related to Fermat’s Equation. 

There have been many instances where certain diophantine equations 

were compared to Fermat’s equation. We describe in succession the 

results originated with Lebesgue, Christilles, Perrin, Hurwitz, and 

Kapferer. We also discuss briefly the equations of Frey which played 
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a central role in the recent approach and solution of Fermat’s prob- 

lem by Wiles. 

Al. Lebesgue 

The first result of this kind in the literature is due to Lebesgue in 

1840. It was proved again by Terquem in 1846 and rediscovered by 

Pocklington in 1913: 

(1A) Jf Fermat’s last theorem is true for the exponent n > 3 then 

the equation X?" + Y?" = Z? has only trivial solutions. 

PROOF. Suppose that x,y, z are nonzero positive integers such that 

xr" + y2” — z?. It is easily seen that we may assume without loss of 
generality that x,y,z are pairwise relatively prime. Moreover, x, y 

cannot be both odd, otherwise z* = 2 (mod 4), which is not true. 

So, for example, x is even, y is odd, hence z is odd. 

Let @ = 2%z’, with a > 1, 2’ odd, 2’ > 0. Then (z+ y")(z-y”) = 
z2 — ym = 72n — 22an7/?" We note that gcd(z + y”, z— y”) = 2, so 

Ds TSA ee. 
fae y” = eee 

with r, s odd, positive, gcd(r,s) = 1. 

Adding and subtracting, we obtain 

z= ren = J2an—2 o2n 

{ sate = ren Bas 92an—2 g2n = Ce 2 22a Sle 4 Patan 159 8 

Since ged (rr? 1204 st, peasegee ten) =) then 

Toe Oe et stece Te i U 
fm eee ee et een): 

Therefore 
ie ae uy” a SOL el = esas 

By hypothesis, we must have u = 0, hence r” = 2°"~!s” is odd, 

so an = 1, which is a contradiction. 

As a corollary, Liouville proved in 1840 (see also Terquem, 1846): 

(1B) If Fermat’s last theorem is true for the exponent n > 3 then 
the equation X?" — Y?" = 2Z” has only trivial solutions. 
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PROOF. Suppose that x,y,z are nonzero integers such that x2?” — 
y?” = 22”. Let t= y?" +2", sot—z" = y*" and also t+ 2" = 22”, 
Hence ¢? — z?” = (xy)?", so 2?" + () eee 

By (1A) we must have t = 0, and then necessarily z = 0, xy = 0, 
which is a contradiction. [J 

A2. Christilles 

The next result was proved by Christilles in 1967. We begin with 
a lemma: 

LEMMA 1.1. The equation X3+Y%+4 Z° =3XYZ has a solution in 
nonzero integers x,y,z if and only ifxa+y+z2z2=0 o0rrz=y=z. 

PROOF. We have the identity 

(1.1) X°+Y°4+Z3-3XYZ 

= (X+Y+Z)(X?+Y7+27?-XY —-YZ-— ZX). 

If x,y, z are nonzero integers then x? + y? + z3 = 3xyz if and only if 
cr+yt+z2=Oorz’?+y?+2=scyt+yzt 20. 

However, for any integers x, y the equation Z* — (x4 +y)Z + (a? + 
y? — cy) = 0 has solutions z = ((x + y) + (x — y) V/—3)/2, which are 
integers exactly when xz = y, and in this caseex=y=z. O 

(1C) Letn>3. The following statements are equivalent: 

(1) Fermat’s last theorem is true for the exponent n. 

(2) The only solutions in nonzero integers x,y,z of X°*+Y°" + 
Zea OL Ore De Y =e: 

Proor. (1) — (2) Assume that 2,y,z are nonzero integers which 

are not all equal and such that 1°” + y?” + 2°” = 3a2"y"z". By the 

lemma we have 2” + y” + 2" = 0. 

(2) — (1) Suppose that x,y,z are nonzero integers such that 

xz” +y" +z" = 0; then z, y,z cannot be all equal and by the lemma, 
gn - Ne a 2z3n = Bry". oO 

Christilles has also indicated in the same paper the following suf- 

ficient condition for Fermat’s theorem: 
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(1D) sadbet nsBlfiX PMV Seo kb YE Zee a) 

has no solution in nonzero integers, then Fermat’s last theorem 1s 

true for the exponent n. 

PROOF. Suppose that z, y, z are nonzero integers such that 2” +y”" + 

Zo) ihen 

—3on ae (2"+y")° = oo py? 4 bay 03” 44") +1027" y?2" (2 +"). 

So 

ple Synod age = ay” la?” + 43" — Bay" 2" + 2 yz |. 

By (1.1) and the hypothesis x3” + y3” + 29°" = 3a"y"z", hence 
gem + yor 4 28m — Satyr gn(22n _ oryl with «x,y, z # 0, proving the 
result. 

A3. Perrin 

Perrin showed in 1885 the following fact concerning the cubic Fer- 

mat equation: 

(1E) The following statements are equivalent and true: 

(1) Fermat’s last theorem is true for the exponent 3. 
(2) For every n > 1 the equation 

(2) DTD I A eDOCS, 

has no solution in nonzero integers x,y,z, not multiples of 3. 

Proor. (1) — (2) Suppose that there exists an integer n > 1 and 
nonzero integers x,y,z, 3 / xyz, satisfying equation (1.2). Let 

O23" yzterra)s 
b= y(8" 22 — y"), 
C= 322 (Gites: leet 

Since x,y,z # 0 and 3 / xyz then a,b,c # 0. From (1.2) we have, 
taking the square and the cube 

Cyt ely TOK see TeX OU mee: dake Ax 32% g7 472? 
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and 

a? ae y° ais 39n—3 9 it 32% y? ity ony” ai 33n 76,3 

ay) x 337g ytz3 am Oe0e ee ae 36n—1,,.3 ,6 as ee ye 

Sas rye 

Next we have 

a? = (8S yae? Ad ay Una ge ate SL es ca i) 

b3 = Tad Cake ots — Bua Test pcre dibs Sa yt z a uy), 

ross == 3 hes(ao ys _ pre epee vi 3. rae on acer ag 

Adding these equalities, taking into account (1.2) and the preceding 

relations, leads in a straightforward manner to 

ae? +b°>+c3 =0. 

(2) — (1) Suppose that there exist nonzero integers a,b,c such 

that a3 +b? +c? = 0; we may assume a, b,c pairwise relatively prime. 

From the identity 

(X+YV4+ZP=X24+V24+ 774+3(X+YV)\VY+Z)\(Z+X) 

it follows that 

(a+b+c)* = 3(a+b)(b+c)(c +a). 

But a+b, b+c, c+a are also pairwise relatively prime; for example, 

if a prime p divides a+ b and also b+c then since p divides a+b+c 

it would divide c and a, contrary to the hypothesis. 

Hence, one of the factors, say a + b, is a multiple of 3, and neces- 

sarily there exist integers n > 1, x, y, z such that 

i) = ara 

bt C=2. 

and 3° syz =a +0-—-¢. Hence 

Pape Ge 2 2 Gi Dec) = 2 Xad yz: 

Finally, z, y, z 4 0 (if, for example, z = 0 thena = —bsoa= —b= 

+1 which implies c = 0) and also 3 /ryz because a+ b, b+c,c+a 

are pairwise relatively prime. [1 
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A4. Hurwitz 

In 1908, Hurwitz considered the diophantine equation 

(1.3) XA YAY OE Zee Zi Xe 0; 

where m > n > 0 and gcd(m,n) = 1, without loss of generality. He 

proved: 

(1F) The above equation has only the trivial solution if and only 

if Fermat’s theorem is true for the exponent m? — mn - n?. 

PROOF. Let z,y,z be nonzero integers such that xy” + y™z” + 

z™x”" = 0. We may assume gcd(z, y, z) = 1. 

Let t= "gcd(y, 2), v = ecdiz, 2). wi — ecd(a, 4). Lhen u,v, ware 
pairwise relatively prime. Hence vw divides x and we may write 

x = £\vw, 7, an integer. Similarly y = y,wu, z = z,uv with y,, 2% 

integers. Moreover, x1, 41, 21 are pairwise relatively prime. Substi- 

tuting in the equation and dividing by u"v"w” we have 

Ge TE SAT IE EIS Sa AAT aa AL 

busi) tame dividesia (Uy, tao atl 8 But @Cd( tate nl eed (tiv) eel 
and gced(u,z) = 1, hence gcd(u,z,) = 1. So u”~” divides y?. On 
the other hand, y? divides z’z}u™—"v™. Since y; is relatively prime 
tO 2, 241, and v theniy,; divides u™ “. Hence yf = tu". 

Inthe same Way git) en 2 et ee ince gcd (gn. a) eal 

thenigcd(m. 17.) =, ence aia Wi enya eo 2a a 
for some integers wu, U1, w; such that u = +u?, v = tuy, w = tu”. 
It follows that 

Ue Liem PEO mete: H UVTI S URES Atl Ree etn 

ie De ne nem =), 

: . ui 2 2 2 
Multiplying with) a, 38 0,3 2 wre 

mn +n? is odd, we obtain the equation 
, and noting that m? — 

ema ant ate Gai eon =f (EEN) Rees = 0. 

Conversely, if the nonzero integers u,v, w satisfy the relation 

yr a mntn? + ym ~mntn? ae wr amntn? at 0, 
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multiplying with wv" w™", we obtain 
a 2 s u™ +n yrraymn ae yr tr? ymnaymn ati wm th mn,mn __ 0. aU 

Letting 

rL=v"'w"™, 

7) = Wea, 

zZ=u"v™, 

we obtain zy" + y™"2" +e"2"=0. O 

As a special case, letting m = 3, n = 1, it follows that 

XY YO ve ZY, = (0) 

has only the trivial solution. 

A5. Kapferer 

In 1933, Kapferer published a proof that Fermat’s last theorem is 

true for the exponent n > 3 if and only if the equation 

(1.4) Penh 337 iP 

has no solution in nonzero pairwise relatively prime integers 7, y, z. 

The proof of Kapferer contained a flaw, partly corrected by Riben- 

boim (communicated to Inkeri). Inkeri found and proved (correctly) 
the results which we give below. Comments by Gandhi and Stuff 

(1975) on this matter were inaccurate. 
We begin with the special case n = 3, which was given by Fueter 

(1930): 

(1G) The equation 

(1.5) Vine = Sexpoe Xe 

has no solution in nonzero integers x,y,z with gcd(y, z) = 1. 

Proor. Assume that z,y,z are nonzero integers such that 

gcd(y,z) = 1 and 
oo 2 Tip ie aban t 

Let 
u = 6723 + y, 

v = 672° — y, 
Wi —n072. 
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Then u,v,w € Z, w # 0. We show that u#0,uv #0. Ifu=0 

then 6223 = —y, so y 4 +1. If p is a prime dividing y, then p | 6z. 
So p | z, which is contrary to the hypothesis that gcd(y,z) = 1. 

Similarly, v = 0. 

Finally, u? + v? = (672° + y)? + (623 — y)? = 2 x 68a? + 6a y? = 
6323(2 x 632° + y”) = 62x32? = w®. This is, however, impossible. O 

It may be shown in the same way that there are no integers 

Liu, 2,7 0 with ecd(y,z) = 1 such that 2° = 3y- = 2- 0a. 
We give now Inkeri’s equivalence, which is a corrected form of the 

one previously given by Kapferer (1933). It also involves the related 

equation 

(1.6) Vije ‘ey ByG = g2n—2 yan. 

(1H) = Letn> 3 be an odd integer. The following statements are 

equivalent: 

(1) Fermat’s last theorem is true for the exponent n. 
(2) The equations (1.4) and (1.6) have no solution in nonzero 

integers x,y,z with gcd(y, z) = 1. 

PRooF. (1) = (2) We assume that there exist nonzero integers 
a0), cesuch thateeed(y, 2) = leand 7) 4g 2 Leb 

a=y, 
b=3x Q-1yn, 
C=, 

so a? + 3b? = c®. Then c is odd and gcd(a, b) = 1 because ged(a,c) = 

gcd(y, z) = 1. 
By Chapter I, Lemma 4.7, there exist integers r, s #0, gcd(r, 3s) = 

1,r #8 (mod 2), such that 

a = r(r? — 9s”), 

b= 382 rs?) 
COPS. 

Then 

b 
a ee a0 s(r? — s”) = s(r —s)(r +s). 
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Since z # 0, then s, r—s, r+s are nonzero. Also s is even, because 
r # 8s (mod 2). Since gcd(r,s) = 1 then s, r— s, r+ are pairwise 
relatively prime. So there exist nonzero integers u,v,w such that 
2s8=w",r—s=u", -r—s=v". Sou" +vu"+w" =0. We note 

that u,v, w 4 0 and ged(u, v, w) = 1. 

Now we assume that there exist nonzero integers x,y, z such that 

ECOlUna)e— leandte —ay i==276 a". Let 

— 9n-1l,n C= 2 

b=y, 
Cae 

so a* + 3b? = c®. Again c is odd and gcd(a, b) = 1. 
By Chapter I, Lemma 4.7, there exist nonzero integers r,s, 

gced(r, 3s) = 1, r #8 (mod 2) such that 

a=r(r? — 9s”), 
b= 3s(r7— 5")! 
C=" 387% 

Then 

2” 12" =a=r(r—3s)(r + 3s). 

We note that r is necessarily even, since r — 3s, r+ 3s are odd. So 

r, r — 3s, r+ 3s are pairwise relatively prime. Hence there exist 

nonzero integers u,v, w such that 2r = w”, —r+3s =u", —r—3s = 

vy” and so u” + uv” + w” = 0, with u,v, w £ 0, gcd(u, v, w) = 1. 
(2) > (1) We assume that u,v, w are nonzero integers such that 

u®™ + uv" + w" = 0. Without loss of generality, we may assume that 

U,V, w are pairwise relatively prime, w is even, and u, v are odd. Let 

5s =w" /Qandir =a" sn Hencei2s. =", fF Ss =U =r 8 UN. 

Let 
a=r(r? — 9s”), 
b = 3s(r?— 8”), 
c=r? +3s?. 

By substitution, we obtain a? + 3b? = c® and b = 3s(r? — s”) = 

=3 x 27-1 (Luvw)”. Let 

iu, 

y= a, 

=e 
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S012 Ytneseo arte 77 eSincesgcd (1,0) = lethen! gcd (ro)eaael 
and « # 0 by assumption. Now w is even, then s is even, so y is odd, 

hence y # 0. Next, 3 / wow if and only if 3 | r. Indeed, if 3 nalts 

then 3 )’s(r? — s?), so necessarily 3 | r, and conversely, if 3 | r, from 
gcd(r, s) = 1 then 3 /'s(r? — s*), so 3 /uvw. 

Now we show that gcd(z,y) = 1 which will be done in several 

steps: 

(a) Since s is even and ged(r, s) = 1 then r is odd. Then ged(r? — 
s?, r? — 9s”) = 1. Indeed, if p | r? — s?, and p | r? — 9s? then p F 2 
and p | 8r?, p | 8s”, so p | gcd(r, s) = 1, which is impossible. 

(b) gced(r,r? — s*) = gcd(s, r? — 9s”) = 1 because gcd(r, s) = 1. 
(c) ‘Then’ ged (a, 6/3) (== 1-sSince 7 | _b/35and y =) a when 

gcd(z,y) = 1. Since y is odd, we also have gcd(2z,y) = 1. Next 
we have: gcd(a,b) = 1 or 3. More precisely gcd(a,b) = 1 when 
3/r and gcd(a,b) = 3 when 3 | r. We note 3 | r if and only if 
3 | r(r? — 9s?) = a and this is equivalent to 3 /uvw. 

Also ged(yyz) = secd(avel)=— torn asaccording=to 3 nora) ere 
Indeed, if pis a prime, e > 1 and p® | gcd(a, c) then from a?+3b? = c?, 
p* | 3b? so p | b, hence p = 3, gcd(a, b) = 3 and 3? |’c, showing that if 
gcd(a,c) # 1, then gcd(a,c) = 3 and 3 | r. Conversely, if 3 | r then 

gcd(a, b) = 3, so 3? ’c and by the above, gcd(a,c) = 3. 
iveed(j2) 3. then 9) iy. Leterme 90, y) at] / Ooze 

thengz, ou e at Withee ieee CU Ue) ee 
concludes the proof. © 

For further use, we note that (with the above notations), gcd(2z, y) 
= (|. Heré is a,related,résult: 

(11) Letn>3. The following statements are equivalent: 

(1) Fermat’s last theorem is true for the exponent n. 
(2) The equation (1.4) has no solution in nonzero integers x, y, z 

such that gced(2z, y) = 1. 

PROOF. (1) = (2) Assume that x,y,z 4 0, gcd(2z, y) = 1 and z?— 
y? = 3° x 2?”-17?". If p is a prime and p | gced(y, z) then p /2z, so 
pe==93,08003 |b, hence: 9) | tyes Leven, | =-a 36) m0 Oca ae 3: 
5027 — 3y} = 27" 27” witheriiyem 7 0, ecd(4,21) = 1s By the 
implication (1) = (2) of (1H) then there exist u,v,w 4 0 such that 
OP a Seah 
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(2) = (1) Assume that u,v,w # 0, ged(u,v,w) = 1, and wu” + 
v" + w" = 0. By the proof of the implication (2) = (1) of (1H) and 
the remark following this proof, there exist x,y,z 4 0, ged(2z, y) = 
1 and 23 =" y? = 33 x g2n—17.2n oO 

We examine in more detail the situation: 

(1J) Assume that (1.4) has no solution in nonzero relatively prime 
integers. If u,v,w #0, gcd(u,v,w) =1, and u® + vu" = w”, then: 

(1) n is odd, u=v = —w (mod 3), 3 /uvw. 
(2) If p is any prime dividing n, then p=1 (mod 6). 

PROOF. (1) By (2) = (1) in (1H), there exist nonzero integers 
ae suchithawe se yo (3 axles ae" with) ged(yi2) =3 and ‘also 
3 /uvw. 

By Chapter VI, (4L), n is odd, hence u” + v” + (—w)”" = 0. Let 
r=u",s=-—v",sor,s #£0,r#s (since w #0). We have r # 5 
(mod 3), since 3 /w. Then u = u” =r #5 = —v” = —v (mod 9). 
Since 3) uv then u = v (mod 3). By symmetry, u = v = —w 
(mod 3). 

(2) Let p be a prime dividing n, n = pt, uy =u’, vy) = V', w= 

w', so uy + vu? + (—w)? = 0 with ged(ui,¥1,wW1) = 1, uw Su = -wW 

(mod 3). By Chapter VI, (2A), we have p=1 (mod 6). O 

It was shown by Inkeri, using nonelementary methods (namely 

class field theory), that under the above circumstances, 3? = 3 

(mod p?); this congruence is very seldom satisfied by a prime p. 

It is appropriate to indicate now some facts about the equation 

(1:7) Fo AVE Cp, 

(For more details, see my book, Ribenboim, 1994.) Euler proved 

in 1738 that if c = +1 the only solution of (1.7) in integers greater 

than 1 is y = 3, z = 2. It was shown by Siegel in 1929, using deep 

analytical methods, that for each given c there exist at most finitely 

many solutions for equation (1.7). 
Using (1H) we may show: 

(14K) If ¢ = 3° x 2?"-7a?” where n 2 3, x = 1, p or pg (for 
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distinct primes p,q), then equation (1.4) has no solution in nonzero 

relatively prime integers y, Z. 

Proor. Assume that y, z are nonzero relatively prime integers such 

that 29 —y? = 3° x 2?"-2z?", By the proof of implication (1) => (2) of 
(1H), we have 2"~12" r(r?—s?) with r, s #0, r # s (mod 2), gcd(r, s) 
= 1. Then ged(r,r? — s*) = 1 and clearly r? — s? £1. 

lfv =11 then p= +1, r* — s? =E2"- 1, 80 67 = 2" 1, whichis 
impossible. 

If « = p then 2"-1p" = r(r? — s). If p = 2, the above argument 
leads to a contradiction. If p 4 2, then either r = 2”-', r? — s? = 
p”, or vice versa. In the first case, r— s = +1,r+s = +p” (or 

r—s=+p",r+s= +1); in all cases, we reach a contradiction like 

2” = +(p” + 1) or similar relations. 
If x = pq and por q is 2, we use the preceding argument. If p,q 

are odd then 2”~'p"q” = r(r — s)(r+s). If r = +p” then r—s5 = 
OM ah eride si= Eeq”™ (or, 4-9” )sormvicenversa, and:2p" = (2a ag”) 

which#issimpossible» Similarly @se akg +, «SO Tao 9 

+p", r+s =+q" (with appropriate sign) hence 2” = +p” + q”. By 

Chapter VI, (3B), this is impossible. 0 

The paper of Yahya (1973), where he published a proof of Fermat’s 

last theorem, contained flaws of which one was the use of the incor- 

rect result of Kapferer. Yahya has also related Fermat’s equation to 

another diophantine equation. Inkeri examined this relationship and 

proved correctly the following statement: 

(1L) lLetn>3: The following statements are equivalent: 

(1) Fermat’s last theorem is true for the exponent n. 

(2) The equation 

(1.8) 2 EX eRENY “NOLL Pe 0} 

has no solution in nonzero integers x,y,z such that gcd(z,y) = 

tel y= 

A6. Frey 

We find in the thesis of Hellegouarch (1972) an elliptic curve asso- 
ciated to a hypothetical solution of Fermat’s equation with exponent 
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2p" (where n > 1 and p is a prime); the aim was to show the non- 
existence of points of certain orders in elliptic curves. 

In 1986, Frey had, independently, the same idea to associate to 
each solution of Fermat’s equation an elliptic curve. Explicitly, if a,b 
are nonzero relatively prime integers, n > 3 and a is even, the Frey 
curve is the curve with equation 

(1.9) Y? = X(X —a")(X +"). 
It is an elliptic curve, whose properties were studied by Frey. Ribet 

and Wiles studied this curve under the assumption that there exist 

a nonzero integer c such that a” + b” = c”. The use of advanced 

theories of elliptic curves, modular forms, Galois representations, 

led ultimately to a contradiction, thus showing that Fermat’s last 

theorem is true. We shall discuss this matter further in the Epilogue. 

B. Reformulations of Fermat’s Last Theorem. 

The following statements, which are equivalent to Fermat’s theo- 

rem, were given by Pérez-Cacho in 1946. The equivalence between 

(1), (2), (3), and (4) was first proved by Bendz in 1901 and was 
rediscovered by Krasner, who published his paper in 1939 (see also 

Rivoire (1968)), and by Chowla in 1978 (see also Inkeri (1984)). Lind 
indicated some partial results in 1909. 

(1M) Let m > 2,n = 2m—1. The following statements are 

equivalent: 

(1) The equation X" + Y" = Z" has only the trivial solutions in 

integers. 

(2) The equation X(1+ X) = T” has only the trivial solutions 

in Q. 

(3) The equation X? = 4Y" +1 has only the trivial solutions in 

Q. 
(4) The equation X* = Y"*' — 4Y has only the trivial solutions 

in Q. 

(5) For every nonzero rational number a, the polynomial Z? - 

a™Z +a is irreducible over Q. 

(6) The equation (XY)” = X +Y has only the trivial solutions 

in Q. 

(7) The equation X™ = X/Y + Y has only the trivial solutions 

in Q. 
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(8) If ui,r are nonzero rational numbers, and if u;,U2,... 18 a 

geometric progression of ratio r, then u2,—u, +r POR 

(9) If A is a triangle with vertices A, B,C, if the angle CAB = 

90°, if |AB| = 2, |AB| +|BC| is an nth power of a rational 
number then |AC| is not rational. 

Moreover, these conditions imply: 

(10) The tangents to the parabola Y? = 4X at every rational point 

distinct from the origin, cut the curve Y = X"™ at irrational 

points. 

PRooF. (1) — (2) Let a,b,c,d be nonzero integers, such that 

b> 0, d > 0, gcd(a,b) = gced(c,d) = 1, and a/b(1+a/b) = (c/d)”. 
Then a(a + b)/b? = c”/d". Hence a(a + b) = c”, b? = d”. Since n is 
odd, then b = y” for some integer y. Since gcd(a,a + 6) = 1, then 

a=2",a+b= 2", for nonzero integers y, z. Thus 2” + y” = 2”. 

(2) (3) Let x,y be nonzero rational numbers such that 2? = 
Ay” +1. Then 4 +1 and ((” — 1)/2)((a — 1)/2+1) =y". 

(3) — (4). Ifz,y are nonzero rational numbers such that x? = 
y”*! — dy, dividing by y”*! = y?™, we deduce that 

2 n 

(=) =1+44 (=) 
Ue Y 

(4) — (5) The discriminant of Z? —-a"Z +a is a"*! — 4a 4 0 
(since n is odd). By hypothesis, a"t! — 4a cannot be a square, hence 

Z* —a™Z + has no root in Q. 

(5) — (6) Ifx,y are nonzero rational numbers such that (ry)” = 
x+y, let cy =a. Then Z? —a™Z +a has a solution in Q. 

(6) — (7) Let x,y be nonzero rational numbers such that 2” = 
z/yt+y. Lett=2/ysot+y = (ty)™. 

(7) > (1) Let a,b,c be nonzero integers such that a” + b” = c”. 
Let + = c?/ab and y = cb™"1/a™. Then 

CO een CO 7, eC Ge D) (Ss 7 
+ = = = ce 

ab bm gm Cie be 

(3) — (8) Assume that u?, = u, —r. Since u, = ur”! then 
the equation r2°""-) Z? — Z +r has the rational root u;, therefore its 
discriminant is a square, that is, 1 — 4r?"~-! = s?. Hence s and —r 
Savishymes “eit Y eels 

(8) + (3) The proof of the converse is similar. 

4 by 

Y 
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If x,y are nonzero rational numbers such that dy” + 1 = 2? then 
the equation y?"—) Z2 — Z — y = 0 has a rational root u,. Let 
the Uitay) epthen ae, sugys) Sy, 4 (—y), 

(5) + (9) The condition (5) is equivalent to the fact that a2” —4a 
is not a square in Q, that is, a’” — 4a” is not a square in Q, or still, 
(a™"'Z)? = a” — 4a” has no rational solution, for every rational 
number a # 0. Adding 4, this is equivalent to the non-existence of 
rational solutions for 

4 a WE ZIAS = (Ge oJ De, 

which is in turn equivalent to (9). 
Now we show that: 

(7) > (10) Let (21, y1) 4 (0,0) be a rational point of the parabola 
Y? =4X. The tangent to the parabola at this point has equation 

yiY = 2(X +2), 

that is, 
y? 

sO ; 

ee x 
"1 2 

The intersections of the tangent with the curve Y = X"™ are the 

points (x,y) such that y = (2/y:)z + yi /2, y = 2”. Thus (2, y/2) 
is a solution of the equation X” = X/Y + Y. By (7), x must be 
irrational. 

In 1958, Pérez-Cacho showed: 

(IN) Letn>2. There is a bijection between the following sets: 

(F) The set of solutions (x,y,z) of X° +Y" = Z", where x,y,z 

are nonzero pairwise relatively prime natural numbers; and 

(F’) the set of solutions (u,v, w,t) of U"+V™" =W"+T7" where 

u,v, w,t are nonzero natural numbers, gcd(u, v) = gced(w, t) = 

gcd(v,t) =1, and w=vegcd(u,w), u=tged(u,w), tA v. 

ProoF. Let (x,y,z) € F, letu=2z,v=y,w=yz,t=2. Thee 

v #t, since x # y because 2x” is not an nth power. Also u” + u°" = 
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gz” a8 yen = Ta GRE sd y") +2 = (et ne y”)y” sti 2 — yin ae en = 

wr +t", 
We have u,v, w,t 4 0, gcd(u,v) = ged(w,t) = ged(v,t) = 1, z = 

gcd(u, w) and u = tgcd(u,w), w = vgcd(u, w). Thus (u,v, w,t) € 

FY 

Conversely, let (u,v,w,t) € F’. Letx =t, y =v, z = gcd(u, w). 

Then w =) z= yz, u = tz = "cz and 2% — yy = Pa 
Un” = (aay 2") Sincet vu then 2” yieaae s 

Clearly the above correspondence between (F) and (F’) is a bijec- 
tion. 

In 1979, Vranceanu indicated a less interesting property equivalent 

to Fermat’s last theorem for the exponent n. 

We give now an equivalent combinatorial (!) formulation of Fer- 
mat’s last theorem. It appeared in a short note by Quine (1989). 

Consider a set of n > 3 balls, which are to be arranged into z bins 

which are white, red, or blue. Let: 

W = number of white bins; 

B= number of blue bins; and 

R= number of red bins. 

Then z=W+8B+R. Let: 

(r’b) = number of arrangements of the n balls into the bins, such 
that red bins receive no balls, but at least a blue bin has a 

ball. 

(rb’) = same, but with no balls in blue bins and some ball in some 
red bin. 

(rb) = same, with at least a ball in some red bin and at least a ball 
in a blue bin. 

(w) = same, with all balls in the white bins. 

We have: 

(10) Fermat’s last theorem is true for the exponent n if and only 

if (w) # (rb). 

PROOF. We have 

nm 
z 

So 

= number of all arrangements of the n balls in the z bins. 

z” = (w) + (r’b) + (rb’) + (rb). 
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Let x = R+W and y = B+W. Then the number of all arrangements 
of the n balls into the bins which are red or white is 

c= (w) +(rb’). 

Similarly, the number of arrangements of the n balls which are blue 
or white is 

y" = (w) + (r°2). 
If Fermat’s last theorem is true for n > 3 then 2” ~£ x” + y” and, 
comparing, (rb) # (w). 

On the other hand, if Fermat’s last theorem is false for n > 3, let 

x,y,z be positive integers such that 7” + y” = z”. Let W,B,R be 

given by 

Daas ies 

R=z- Y, 

W=2+y-2z. 

By the above argument, (w) = (rb). DO 
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VIII.2. Criteria for Fermat’s Last Theorem 

In this section we gather various results of a different nature, all 

proved with elementary methods. For the convenience of the reader, 

we classify them into subsections: 

. Connection with Euler’s totient function. 

. Connection with the Mobius function. 

. Proof that a nontrivial solution cannot be in arithmetical 

progression. 

. Criterion with a Legendre symbol. 

. Criterion with a discriminant. 

. Connection with a cubic congruence. 

. Criterion with a determinant. 

. Connection with a binary quadratic form. 

_ The non-existence of algebraic identities yielding solutions of 

Fermat’s equation. 

J. Criterion with second-order linear recurrences. 

K. Perturbation of one exponent. 

L. Divisibility condition for Pythagorean triples. 

ee Go ee te eG 

A. Connection with Euler’s Totient Function. The first result 

was proved by Pérez-Cacho in 1928, in a slightly weaker form: 
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(2A) Let x,y be nonzero relatively prime integers, let n > 2 be 

an integer, and let p be any prime factor of n,n = pm. Let z be 

any integer such that z > 3, z divides <" + y", but z does not divide 

xg” +y™. Then p divides p(z). 

Proor. If p = 2, it is true since z > 3, so y(z) is even. 

Let p be an odd prime, n = pm, and suppose that p /y(z). Then 

there exist integers r, s such that rp — sy(z) = 1. Since y(z) is even, 

then r is odd. 

If we assume 2?” = —y?™ (mod z) but 2” # —y™” (mod z), then 
gpm = —y'P™ (mod z) hence c’P@t)m = —ylsel2)+)m (mod z). 
We have gced(z,z) = gcd(z,y) = 1. Indeed, for example, if a prime 

q divides x and z, it divides x” + y”, hence also y, contrary to 

the hypothesis. By Euler’s theorem, x?) = y? = 1 (mod z), so 

xz” = —y"™ (mod z), which contradicts the hypothesis. 

The proof is similar when z | 2” — y”, z|2"—y™. O 

In particular, it gcd(z,7) — 1 and p | and taking Z— 9) yf 
then p | y(z” + y”). As a matter of fact, as shown by Pérez-Cacho, 
this last assertion also holds when gcd(z,y) = d 4 1. Indeed, let 
TeV Ty 9 0y; eSOrecd( 71 74;) == then pm sore ety abut 
ets CL (cyt) eT Ce P| sO (aeiue=eet) mele 

As a corollary, we have the result proved by Swistak in 1969: 

(2B) Ifp is an odd prime and0 <a < y < z are positive integers 

such that x? + y? = z? then p divides p(x), p(y), and y(z). 

PROOF. We may assume without loss of generality that x,y,z are 

pairwise relatively prime, because if, for example, x = dz, and p | 

(x1) then also p | y(z). 

We have 3 < z,z| a2? + y? and z/x+y; indeed, z? = x? + y? < 
(@ py)? So 2.<) 0 yx 22.iBy, (2A) in | o(z), 

Similarly, x | z? — y?,  /z —y since z—y < zx. Also 

a? = (z—y) Ca sD ze ye (° Psy? fe $ v) 

A on > 2? 

SO) Se Dy (2AVF pion). 
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Finally, y | par yyy A wisincéiz — 2 <4 and 3 <a2.< y so 

again p|y(y). O 

Bussi indicated in 1943 the following corollary: 

(2C) Ifx,y,z are pairwise relatively prime positive integers, if p 
is a prime, p fxyz, and x? + y? = 2”, then there exist primes q,7, 8, 
such that q =r =s=1 (mod p) andq|z,r|y,s | z. 

PROOF. By (2B), p divides y(z), y(y), p(z). Since p) xyz then 
there exist primes q,r,s, such that p|q—1, p|r—1, p|s-—1, and 

qla.r|y,s|2. 0 

This result is also a corollary of Chapter III, (1B). Another remark 
made by Bussi in 1932 is the following: 

(2D) Letn> 2, and let x,y,z be pairwise relatively prime positive 

integers such that x"+y" = z”. Ifk is any integer such that p(k) =n 

then gcd(k, ryz) > 1. 

Proor. If gcd(k, ryz) =1 then 2?) = y?() = 2°) =1 (mod k). But 
y(k) =n, sol=z" =2" + y" =2 (mod k), which is absurd. O 

B. Connection with the Mobius Function. Rameswar Rao 

proved in 1969: 

(2E) Ifn>3 is an odd integer, and if x,y,z are positive integers 
such that 2” + y” = z”, then the Mobius function mu vanishes for 

CY: 

PROOF. Since n is odd x+y divides 2" + y” = z”. Any prime factor 

p of x + y divides z” hence divides z. 

If u(x+y) #0 then x+y has no square factor, hence r+ y divides 

z, in particular r+y < z. This is a contradiction sincez<a+y. O 

C. Proof that a Nontrivial Solution Cannot be in Arith- 

metical Progression. The next result is due to Bottari (1907); it 

was rediscovered by Goldziher (1913), by Mihaljinec (1952), and by 
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Rameswar Rao (1969). In 1908, Cattaneo gave the following simple 

proof, which is exactly the same as Rameswar Rao’s: 

(2F) Ifn>2andz,y, z are positive integers such that x"+y" = 2" 

then x,y,z cannot be in arithmetic progression. 

ProoF. Let us assume the contrary, so there exists a positive integer 

a such that x = y—a, z=y+a. Then 

(2.1) (y—a)”+y" = (y+a)”. 
Dividing, if necessary, by the greatest common divisor of a,y, we 

may assume that gcd(a,y) = 1. We also see that y cannot be odd. 
The relation (2.1) implies that y” = am, for some integer m. Since 

gcd(a,y) =1 then a =1, so (y—4)" + y” = (y+ 1)”. 
We see that n cannot be odd, otherwise 

y= a|(Turs (lyre (na) 

and since y is even then 2”~' would divide the odd number in brack- 

ets. 

Since n is even then dividing by y: 

Pale Gere] 
so y" | = 2l. Hence y/2 divides |. Since y/2 divides each summand 
in the bracket but the last one, it follows also that y/2 divides (,”,) = 

asOsineai: 

Hence y”"* > 2(4)y""* = y™"', a contradiction. (] 

D. Criterion with a Legendre Symbol. In 1958, Pérez-Cacho 

indicated the following criterion: 

(2G) Let p be an odd prime. Assume that if x,y, z are any nonzero 

relatively prime integers then there exists a prime q, gq # Pp, q dividing 

z? — pry and 
(eq a 2) ee ’ 

Then Fermat’s last theorem is true for the exponent p. 
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PROOF. We assume that there exist nonzero relatively prime integers 
x,y,z such that x? + y? = 2?. By hypothesis, there exists a prime 
q, 4 # Pp, such that q divides z* — pry and ((p?+! — 4p)/q) = -1. 

From 22? = 7? + QaPy? + y?? it follows that 

(pth) _ Az? xPy? = 2? (xP — QrPyP + y?) = [z(a? — y?))?. 

Let k be defined by z? = pry + kq. Then 

(pPt* — 4p) (xy)? = (2? — kg)P** — 4(ay)?(z? — kq) 
= 22(P+1) = Az? xy? 

= [z(a? —y?)|” (mod q). 

Since p+ 1 is even, then p?*+! — 4p is a square modulo q, which is a 

contradiction. © 

E. Criterion with a Discriminant. In 1949, Kapferer gave a cri- 

terion involving the discriminant of a certain polynomial. In the 

proof of this result we shall require some facts about the resultant 

and the discriminant of binary forms, which have been gathered in 

Chapter II, §4. 

The following lemma was explicitly used by Kapferer; a proof is 

given in his paper. 

LEMMA 2.1. Let F(X,Y), G(X,Y) be forms of degree n,m, respec- 

tively, let L(X,Y), M(X,Y) be forms of degree k, and let 

OXY) = FUE X,Y )PM(X;Y)) 

(form of degree kn), 

BOG weal y) Mix |} 

(form of degree km). Then 

R(®,T) = [R(F,G)]" [R(Z, M)]”"”. 

ProoF. The result is trivial if nm = 0 or m = 0, so we assume n > 

‘Lea ey 

Let F(X,Y) = T]j_,(a,X — a:Y) where a;,a; are not both zero 

(for each i = 1,... ,n). Thus (X,Y) = F(L,M) = [Ti (ab — 

a;M). Similarly, let G(X,Y) = [par ae B;Y), so T(X,Y) = 

Wil ‘a 6;M). 
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Then by Chapter II, (4A), 

R(®,T) = J] [[ Rath — iM, BL — B;M). 
i=1j=1 

For example, let G; # 0; then 

R(a,L 7 a,M, BL = B;M) 

t ; 

Es an — B,a;M, iL — B;M) 

=x R ((Bjal — a4f3})L, BL — B,M) 
wl, = HAVO 

(Bj aoe! R(L, 6L — B;M) 

os oe Be f 1\k 

-! a: Pies)” RL, ~8jM) 
ma (B,0; — Bja. aK R(L, M). 

Hence 

= il ne a4 — *R(L, M) 
C— ej 

= [R(F,G))[R(L, My". O 

Now we give Kapferer’s criterion: 

(2H) Let p be a prime number, p > 7. If there exist nonzero 

integers x,y,z such that 

p {xy2(z — y)(y — z)(z— a) (x+y +2”) 

and xz” + y? + z? = 0 (mod p’), then » divides the discriminant of 
the homogeneous polynomial 

(p-7/6 (P—=3 _, 
K KY. a ») X(P- 7)/6— iy? 

Ago 8 a ( 2i \a 
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when p = 1 (mod 6), 

TT Bite er ( 2i Jane ade 

when p = —1 (mod 6). 

PROOF. Indeed, 

z?=zx (mod p), y?=y (mod p), z’=z (mod p), 

hence x + y+ z=0 (mod p) and so z? = —(x+y)? (mod p?). Thus 
(x + y)? — x? — yP =0 (mod p’). 

We note that y— z=x+2y (mod p), z—x = —(2x+y) (mod p), 
z* + y* + 27 = 2(x? + zy + y*) (mod p), hence p / zy(x + y)(x — 

y)(2z + y)(2y + x)(x* + ry + y”). 
We have seen in Chapter VII, (2.2), that 

COPY XP Sy ay ey) CX? ane Y)°C, (X,Y), 

where C,,(X,Y) € Z[X,Y] is the homogenized Cauchy polynomial 
and e = 1 or 2, according to whether p = —1, or 1 (mod 6). Thus p 

divides C,,(z, y). 
We show that p divides the discriminant of C,(X,Y). Indeed, let 

Q(X,Y) = XY(X +Y)(X?2+ XY +Y7), so 

: [(X + Y)? — X? —Y"] = Q(X, Y)C,(X,Y). 

Hence taking the partial derivatives: 

p-l a OC, 0Q 

(X+Y)Ph— XP = Q(X, Y)E2(X,Y) + 5 (KY)C(X,Y), 

(x + VP = yr = Q(X, Y) SAL Y) + SK YOY). OV 

Since p /zy(x + y) then x?! = y?"! = (x + y)?"* = 1 (mod p); 

on the other hand, p } Q(z,y). Therefore, since p divides C,(z, y) 

then p | (OC,/0X)(z, y) and p | (OC,/0Y)(z, y). So, 

OC, R (SF 
Diser(C,(X, Y)) = OX Uh OY 

+ (x, Y)) =0 (mod p). 
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Now we use the expression of C,(X,Y) as a homogeneous poly- 

nomial in 

L(X,Y) = (X24 XY +Y2)3 =U, 
M(X,Y) = X2Y2(X +Y)? =V?, 

which was derived in Chapter VII, (2.5) and (2.6): C,(X,Y) = 
K,(L, M) where 

wie /L 2 -, 1 bi 

aM) oz ( a |e s eae 

when p= 1 (mod 6), 

OTTER a 

K,(L,M) = > ( a5 |= coma 

when p = —1 (mod 6). We have 

OG nun Oba Oo 
OX OL OX | OM OX’ 
Cpa OTRO IMO Ken OM 
OY OL OY + OM OY’ 

where 

OL 2 2\2 

OM 
ee) 2 Sy = OXY%X +Y)QX +), 
OL 
ae 3(X? + XY + Y*)?(X 4+ 2Y), 

OM eee) X2Y (Xe \(X e2Y ). 
OY 

Letting L(z,y) =r, M(r,s) = s, then p rs and from 

Gee eee 
Ax (HY) = By (ay) =0 (mod p), 

it follows that either 

OK. OK. 
BY, r,s)= our (9) =0 (mod p) 
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or 

OL OM 
ee ee) 
OX GX Bed det — e aL 3M =U nO yo). 

py (tY) py (bY) 

Computing the determinant, this condition becomes 

6(z* + xy + y*)?(2e + y)(x + 2y)ry(x + y)(a — y) =0 (mod p). 

However, by hypothesis this determinant is not a multiple of p. 
Therefore 

OMG weed on, Tile in 
AL (r,s) = au s)=0 (mod p), 

that is, p divides the resultant of the binary forms (0K,/0L)(X,Y), 
(OK,0M)(X,Y), having degree m — 1, where 

ell when p=1 (mod 6), 

ite when p=-—1 (mod 6). 

Since L(X,Y), M(X,Y) have degree 6, by Chapter V, (1A), 

ok; OK, ) 
ALY R( SEXY), GEGY) 

= LR (= (L,M), Oe (4, M))) RUE, Vee Oey) se 

But 

R(X AY) M(XY)) = ROW + XY + V2)tex exe Y)*) 

mab :10. Ce = 6 a aw. 6 40.) 4) eae 

Hence p divides the resultant 

OK, OK, = Discr . 

We note that we have actually shown that ifr = (2?+2y+y7)° #0 

(mod p) and s = x*y*(xz + y)” #0 (mod p) then (r,s) is a multiple 

root of the congruence K,(L,M) =0 (mod p). 

From (2G) we obtain the following criterion: 
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(21) Let p be a prime number. If there exist nonzero relatively 

prime integers x,y,z such that x? + y? + z? =0 then either 

pl zyze— yw —2)(2o2)( ty +x) 

or p divides the discriminant of the polynomial 

m—1 1 
= F(T) = le 

FP) 7) ml 2i lan 

where m = (p — 3)/2 and the summation extends from i = 0 to 

= 
a when p=1 (mod 6), 

(he Y 
po when p=-—1 (mod 6). 

PROOF. Suppose that x,y,z are nonzero relatively prime integers 

such that p / ryz(x—y)(y—z)(z—2) (a? +y? +27) and x? +y? +z? = 0, 
hence p > 7. 

Then a? + y? + z? = 0 (mod p’), hence by (2G), p divides the 
discriminant of K,(X,Y), and more precisely, (r,s) with 

r=(z* +ry+y")* £0 (mod'p); 
S=a-y-(1 4). = Ui (modp), 

is a multiple root of the congruence K,(X,Y) =0 (mod p). 
We write T = Y/X, so 

K,(1, ¥/X) =F(D), K(X, Y) = X"F(2), 
where 

=f 
po when p=1 (mod 6), 

Wa when p=-—1 (mod 6). 

But 

OK, m=1 m2 7 ae = mK" F(T) — XY F(T), 
OK, Stata, 
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and since (r,s) is a common root of the congruences 

OK, he 
ax \” s) = 0 (mod p), 

Ae 

OY 

letting t € Z be such that tr = s (mod p), then 

(r,s) = 0 (mod p), 

OS mr = haere shat mod p), 

0=r"-1P"(t) (mod p), 
so F(t) = F’(t) = 0 (mod p). This implies that p divides the dis- 
criminant of F(T). O 

F. Connection with a Cubic Congruence. In 1944, Pierre used 

a method somewhat similar to the one of Kapferer, to reduce Fer- 

mat’s equation to two systems of congruences. 

To begin, we need a lemma (part of these assertions were proved 

by Mirimanoff in 1907 and Skolem in 1937; see also Skolem (1941)). 

LEMMA 2.2. Let p = 6k +1 be a prime number, let a,b € Z, p |b, 

and consider the congruence 

X*?4+aX+b=0 (mod p). 

Let t € Z be such that tb? = a® (mod p), and 

seas 1) lobe Se a) cleat eh ba 
22(s-1)(2s — 1)! 

[p — EMORee3 ie ip (4k = 1 +) Mer— n= Gk+ Ub Gk 8) pe 2) 

(1) If —(4t + 27) ts not a quadratic residue modulo p, the con- 

gruence has a unique solution z,0 <x < p. 

(2) If 4t +27 =0 (mod p), the congruence has two distinct so- 

lutions 21,22, 0 < 21,72 < p. 

(3) If —(4t + 27) is a quadratic residue modulo p and if V,(t) = 

0 (mod p) then the congruence has three distinct solutions 

£1, X2,23, 0 < £1,%2,X3 < p. 
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(4) If —(4t + 27) is a quadratic residue modulo p, but V,(t) #0 
(mod p), then the congruence has no solution. 

(5) There are k values of t such that the congruence has several 

distinct solutions and 2k values of t for which the congruence 

has no solutions. 

In this respect, Cailler (1908) indicated a relation between the 
resolution of congruences of third degree and linear recurrences of 

second order; see also Mirimanoff (1909). 
Let F’,(T) be the polynomial defined in (2H). With the above 

lemma, Pierre proved: 

(2J) Let x,y,z be relatively prime integers such that p / xyz(xz — 
y)(y — z)(z —x)(a? + y? + 27) and a? + y? +2? =0. Letr = (a2? + 
zyt+y’)?, s=a27y?(r+y)?. 

(1) If t satisfies the congruence rt = s (mod p®) then F,(t) = 0 
(mod p*). 

(2) Ift satisfies the congruence r +ts =O (mod p) then 

(==) =1," ) W,(t)=0 (mod). 

PRooF. (1) By Chapter VI, (1C), 7 +y+z=0 (mod p*). Hence 
cP + y? = —zP = (x + y)? (mod p*). Thus p* divides (x + y)? — 
xP — y? = pry(z + y)(x? + zy + y”)°C,(z, y) with e = 2 when p= 1 
(mod 6), e = 1 when p = —1 (mod 6). Since p /z then p x + y. 

Similarly, since p /x?+y?+2z? then p /x?+ary+y’?. Thus p? divides 
C,(z, y). With the previous notations, C,(z,y) = K,(r,s) =r™F,(t) 
(mod p*), with m = (p—7)/6 when p = 1 (mod 6), m = (p—5)/6 
when p = —1 (mod 6). Since p /r then F,(t) = 0 (mod p?). 

(2) We observe: the congruence 

(x? +2yt+y’)P+Ta2*y? (x+y)? =0 (mod p) 

has a solution ¢ if and only if 

{ dx + tde + t =0 (mod p), 
d°y* + tdy + t=0 (mod p), 

with some d, not multiple of p. 
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Indeed, if dz, dy are solutions of X23+tX +t=0 (mod p), then 
the other solution is congruent to —d(x + y) modulo p. Hence 

{ d?|xy —a(x+y) 7 y(x+y)| =t (mod p), 

—dary(z+y) =—-t (mod p). 

Therefore 

t (mod p), { B(x? +ay+y?) =— 
dxy(z+y) =t (mod p), 

so (a? + zy + y?)? + ta?y?(x + y)? =0 (mod p). 
Conversely, let d be such that dry(x + y) = —(z2? + zy + y?) 

(mod p). Consider the congruence X? + aX + b = 0 (mod p) with 
roots dz, dy, —d(x + y). Then 

{ d*[zy — a(x + y) — y(x + y)| =a (mod p), 
—d'xy(x + y) = —b (mod p). 

Thus 
(mod p), d(x? +2y+y’) =-a 

dxy(x +y) =b (mod p). 

So b=a=t (mod p), hence 

da? +tdr+t 

d°y? + tdy +t 
(mod p), 
(mod p). oo 

It follows from the above considerations that the congruence X?+ 

tX +t = 0 (mod p) has three incongruent solutions dz,dy, and 
—d(x + y). Indeed, if, for example, dx = —d(x + y) (mod p) then 
x = —z(x + y) = z (mod p), contrary to the hypothesis. By the 
preceding lemma, —(4t + 27) is a quadratic residue modulo p and 

W(t) = 0 (mod p). 
This concludes the proof. 0 

It is worthwhile to recall that if p = —1 (mod 6) then pa? + 

zy + y”, hence p /x? + y* + 2? (see Chapter VI, Lemma 1.2). 

But Pollaczek has also shown in 1917 (see Chapter VI, (2J)) that 

even if p = 1 (mod 6), from z? + y? +z? = 0, p xyz, it follows that 

p x? +2y +y’, or equivalently, p /x? + y? + 2”. 

Similarly, if < = y (mod p) then x? = y? (mod p”), z = —2x 

(mod p), 2? = —2?x? (mod p*), so 2a? = 2?x? (mod p*). Thus if 

p| «x then 2? = 2 (mod p’). Actually, Inkeri showed in 1946 that 
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2? = 2 (mod p*) (see his paper). Hence, if p is such that 2? # 2 
(mod p*) then necessarily p / (x — y)(y — z)(z —@). 

Wieferich showed in 1909 that if the first case of Fermat’s last the- 

orem is assumed false for the exponent p then 2? = 2 (mod p’). This 

was the first of a series of criteria of similar type, discovered by Mi- 

rimanoff, Vandiver, Pollaczek, Rosser, and Granville. The proofs of 

these results are lengthy and nonelementary. For a fuller discussion, 

see my book 13 Lectures on Fermat’s Last Theorem. 

G. Criterion with a Determinant. In 1907, Bini used a classical 

recurrence relation to obtain an expression in terms of a determinant: 

(2K) Let x,y,z be any numbers, and let 

a=xr+yt+Z, 

DD) Say se Wee eae 
Cuz 

and for everyn > 1 let S, =x" +y" +2". Then: 

3} ok, = Cea a OSFe> ails Cones =), 

2 

0 -a b -e QO 0 0 

0 1 -a b =e 0 0 

0 0 1 —-a 0b 0 0 

0 0 0 1 —-a 0 0 

Sy, Sede |e 2 ES : 
0 0 0 0 0 b -e 

We 0 0 0 0 —a 0b 

—2b 0 0 0 0 1 -—-a 

a 0 0 0 0 0 1 

ProoFr. (1) 2,y,z satisfy the equation 

X° —aX* +bX —c=0. 

Multiplying with X"~%, we have 

X” —aX"' + 0X"? — ¢X" 3 =0, 

Replacing X by z, y, z and adding the relations so obtained, we have 

on Gone PbS, ho — 6S, i= 0) 
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(2) We write the above relations for k = 192 ton.” hos 
S),S2,...,S, satisfy a system of n linear equations: 

oe = * apes) aU bS;,_9 nas ConSs 0, 

S4—aS3 + 6S. — cS, = 0, 

S3 —aS,+bS, = 3c, 

Sp — aS; = —2b, 

Sa = a. 

The determinant of the coefficients of the system is equal to 1. Ap- 

plying Cramer’s rule, it follows that S,, is given by the determinant 
indicated. O 

It should be pointed out here that Bini proved that this implies: 

if p is an odd prime and x+y+ z= 0 then ryz divides x? + y? + z?. 

But, as a matter of fact, this statement follows at once from the 

remark preceding (2A) of Chapter VII, noting that —z =x+y. 

H. Connection with a Binary Quadratic Form. In 1963, Pig- 

nataro linked Fermat’s equation with the representation of a pth 

power by means of a binary quadratic form. 

We first recall the following well-known fact. Fermat considered 

in 1657 the equation X* — dY? = 1, where d is a positive integer, 

but not a square (this equation has been erroneously named after 

Pell). Fermat stated that he had proved by the method of descent 
the existence of infinitely many solutions in integers. However, the 

first published proof is due to Lagrange, around 1766. Explicitly the 

result is the following: 

LEMMA 2.3. Let p be a positive integer, but not a square. There 

exists a solution in positive integers (x1, y1) for the equation xX? — 

dY? = 1 such that: (x,y) is a solution in integers if and only if there 

exists an integer m such that a+yVd = (41 +y:Vd)™. In particular, 

for different values of m one obtains different solutions and therefore 

X? —dY? =1 has infinitely many solutions in positive integers. 

The proof of Lagrange used continued fractions. Another proof 

may be found, for example, in Ribenboim (1999). 

We introduce the following notation. If b,c are nonzero integers, 

let (b,c) = bX? +cY”. 
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(2L) Let p be an odd prime, and let x be an odd positive integer 

which is minimal such that there exist positive integers y, z satisfying 

oP + y? = z?. Then: 

(1) yz is a quadratic residue modulo x; and 
(2) x? is represented by the quadratic form (z,—y) in infinitely 

many ways. 

PRoorF. (1) We first note that since x? + y? = z? and z is minimal 

then x,y,z are pairwise relatively prime. We write 

2 2 
a? = 2 —yP =z (zie!) =f (phe) 

so (z,—y) represents x?. Also, z (2(P-1)/2)? =y (y@-Y/2)" (mod z), 

hence yz (2(P-1)/2)? = yt! (mod zx), so yz is a quadratic residue 
modulo a. 

(2) Now we show that y, z cannot be both squares. Otherwise 
Ua cu CumenZ AV OLL Ui yyeey cous SO 

x? = xy? — yi” = (zt — yf) (2 +9). 

Since z is odd and gcd(y, z) = 1 then ged (z? — y?, 2? + y?) = 1 and 
clearly zi + y{ > 1. Hence z? — y? is a pth power of an odd positive 
integer x’, 0 < x’ < a, which contradicts the minimality of z. 

As seen above, z? = za? — yb? where a = 2?-))/2, & = y(P-0)/2, 
Consider the equation X? — yzY? = 1. Since gced(y, z) = 1 and y, z 
are not both squares, then yz is not a square. 

By the above lemma, there exist positive integers u,,v, such that 

1 = u? — yzv? and moreover for every integer m if u,, + UmVJYz = 

(ui + v1,/yz)™ then 1 = u?, — yzv?,. We note that if 1 < m then 
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Um < Um+1 And Um < Um+1. Then 

| a? = (2a* — yb*)(ur, — yzvn) 

a (« — 0?) (ui, — un | 
Zz Zz 

Zz (a _ »,/4) (un = ome) ) (« + b #) (un 4+ may) ) 
2 Zz Vz Z 

Le (aun + bUmy) — (@Umz + bum) 
Zz 

(aun + bumy) + (aUmz + bum) 
Zz 

= 2(AUm + bumy)? — y(avmz + bum). 

This shows that x? is represented in infinitely many ways by (z, —y). 

O 

I. The Non-Existence of Algebraic Identities Yielding So- 

lutions of Fermat’s Equation. In 1895, Jonquiéres investigated 

whether there would be algebraic relations connecting hypothetical 

solutions of Fermat’s equation. 

If n = 2, we have the algebraic relation 

OX ry eX ee OY 2 

and, as was indicated in Chapter I, (1A), this yields all primitive 

solutions of the Pythagorean equation. 

We shall see that nothing of the kind exists if n > 2. 

LEMMA 2.4. Let F = Fo+ Fi, + Fo+::: € Z[X,Y] where F; is the 

homogeneous part of degree 1 of F. 

Ifn > 1, there exist homogeneous polynomials of degree n, Pz € 

Z[Xo,X1], P3 € Z[Xo, X1, X2],.-. (depending only on n) such that 

the homogeneous parts of F” are: 

Hi diy i ity N, 
(F"), = n(Fo) Fi, 
(Fo = nfo)” ie Pa(Fo, 1), 

(F")3 = n( Fo)" Fs + P3(Fo, Fi, Fa), 

(Ee), = n( Fo)" | Fi + Py (Fo, Fi, Ay clk bea) 
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Proor. By raising F' to the nth power, we note that the homo- 

geneous part of (F"), consists of n(Fo)"” *F), plus a contribution 
involving the homogeneous parts of degree less than k. This is a 

polynomial expression, with multinomial coefficients, independent 

of F’, depending only onn. O 

(2M) If n > 2, there do not exist polynomials F,G € Z[|X,Y] 

such that A 7Y" =F" Gat 

Proor. Let F= Fo+F,+fo+:::,G=G)+Gi+G2+--: where 

F,,G,, are the homogeneous parts of degree k of FG, respectively. 

Lie Ga eX Ya themae Ph?) t= sGe ),) tome OP eer g ee tee 
ty (eo (G a Ae Ye By the lemma,shp = Gone aaa 

Gon—-1 and hence also 

n(Fo)"* Fan = (F)on et Pon (Fo, Ff, cs ee) 

(Gyan ele DEE re P2,(Go, Gi, C25, 6 > Gen-1) 

= n(Go)” ‘Gon aX Yo 

) so n(Fo)"—' (Fan — Gan) = X"Y"”. This implies that n = 1, which is 

a contradiction... 1 

We recall from Chapter VI, (3C), that ifn > 2,if0<r1<y<z 

are integers such that 2” + y” = z”, then y is not a prime power. 

So y = ab, with a,b > 1, gcd(a,b) = 1. The above result tells that 

it is impossible to find polynomials F,G € Z[X,Y], such that for all 
a,b € Z a"b” = [F(a,b)|" — [G(a, b)|”. 

J. Criterion with Second-Order Linear Recurrences. We re- 
phrase the results in Chapter III, (1A), (1B), (1C) in terms of second- 
order linear recurring sequences (see Kiss (1980)). We recall that if 
m > 1, if (Rx)x>o is a sequence of integers, then r(m) is the smallest 
index r such that m divides R,. 

(2N) Let p be an odd prime, let x,y,z be relatively prime integers 

such thatat-y? 422°) Let A= 4 Bie Ry = OR 

and for every k > 2 let Ry = AR,_,; — BR,_2, and D = A? —4B= 

(x+y). 
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(1) Ifpz then R, =d?, where d is an integer, R, = D&-VP 
1 (mod p’*) andd = 1 (mod p), r(d) = r(d?) =--- = r(d?) 
p (with the notation of the lemma). 

(2) If p | z then R,/p = d?, where d is an integer, Ry, = 
(mod p*),D = 0 (mod p*?-?) and r(d) = r(d*) = --. 
r(d?) =p, r(d?**) # p. 

| Ill 

Il rs 

PROOF. (1) The roots of X?— AX + B are x,—y. By Chapter V, 
Lemma 2.1, Rp, = (a? + y?)/(z+y) =d? (withd > 1),r+y=@, 
as follows from Chapter III, (1A), where c=t, d=t, =1 (mod p), 

by Chapter IJ, (1B), (with the notation previously used). Then 

R, = d? = 1 (mod p?). Since p/ z and x+y+2z = O (mod p) 
then p/a+yso p)c. Hence D@-Y)? = (a4 yr bh =e?) = 1 
(mod p’). 

Finally, since d? | R, then by Chapter V, Lemma 2.2, r(d),r(d?), 

--- ,r(d?) divide p; since d > 1 then r(d') 4 1, so r(d) = r(d?) = 
Rae Ge) =p. 

(2) Assuming that p | z, it follows as before from Chapter III, 

(1B) and (2C), that R, = (a@?+ y?)/(a@+y) = pd’, whered=t, =1 
(mod p”), 2+ y = p"?~'cP where n > 2,c=t. Then R,/p=d? =1 
(mod p*) so R, = p (mod p*). Also, D = (& + y)* =0 (mod p*~?). 

Minnlyesicora | its but a lene tien Tr(a) o> — Tr(a?) 

p,r(aP")#p. O 

And now we give a result of Kiss and Phong (1979), containing 

an interpretation of the congruence g?~' = 1 (mod p”) in terms of 

an appropriate recurring sequence. 

(20) Let p,q be distinct primes such that p #4 2 and p}q—1. 

ereAl sos) «Bi 0. Role 0, Ra — leandvevery (ke 2 let hy = 

AR,_; — BRy_2. Let D = A? —4B = (q—1)?. Then the following 

statements are equivalent: 

(a) g?-' =1 (mod p’); 
(b) py?) Rpo1; and 

(c) r(p) = r(p’). 

Proor. (a) © (b) The roots of X*-AX+B=xX*—(q+1)X+q 

are a = q, 8 = 1. By Chapter V, Lemma 2.1(1), Rp-1 = (q?-* — 

1)/(q—1). Since p /q—1 then p | R,-, if and only if p” | g?-* — 1. 
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(b) < (c) By Chapter V, Lemma 2.2(5), r(p) divides p—(D/p) = 
p—1, since D is asquare. Let p—1 = sr(p). By Chapter V, Lemma 

2.2(8), we have R,_1 = Rory) = SR@Regyey (mod Ry): 
Since p | R,(p) then p? | R?,,); also by Chapter V, Lemma 2.2(2), 

D Renter? (Bross and p }'s (since s < p—1). Hence p? | R,_, if 
and only if p72 |e. Let t,( ing) = 2 2. 

By Part (6) of Lemma 2.2 of Chapter V, r(p*) = r(p). But since p | 
R,p2) then r(p) | r(p?). On the other hand, 2 < k, hence p* | R,(px) = 
R, py), hence r(p*) | r(p), showing the equality. And conversely, if 

r(p) =p" then p* | R,3)9 

K. Perturbation of One Exponent. The following result (see 

Schaumberger (1973), Klamkin (1974)) is rather a curiosity; it tells 
that if one “perturbs” even slightly one of the exponents in Fermat’s 

equation, the new equation has infinitely many solutions in integers. 

We first show: 

(2P) If a,b,c are integers, a,b,c > 1, gcd(ab,c) = 1, then the 
equation X* + yo = Z° has i Anitety many solutions in integers. 

PROOF. It is trivial if c = 1. Let c #1. We note that there exist 

integers d,e such that abd + 1 = ce. We have d # O, otherwise 

ce = 1,c > 1, hence c = 1, which has been excluded. So, there 

exists an integer t such that d+tc > 1 and ab(d+tc) +1 = c(e+abt) 
with e + abt > 1 since c > 1. Thus, there is no loss of generality to 

assume that d>1,e >1, and abd +1 = ce. 

Let u > 1 be arbitrary and let 

r= Ded, ees 

— 9Jad,,ac 
y=2 U ’ 

(See 

Then et +y?° aes gabd,,abe -h Qabd,,abe — gabd+1,,abc te Jceqyabe = 7 Since 

u is arbitrary, the given equation has infinitely many solutions in 

integers. [1 

It follows at once: 

(2Q) Ifn,k > 1 then X"4+Y" = Z"*1/* has infinitely many 
solutions in integers. 
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PROOF. First we note that (z, y, z) is a solution of X"+Y" = Zkn+! 
if and only if (a, y,z*) is a solution of X" + Y" = Z"+1/k. Taking 
a=n,b=n,c=kn+1 in (20), we see that the given equation has 
indeed infinitely many solutions in integers. 

L. Divisibility Condition for Pythagorean Triples. In 1913, 
Niewiadomski considered the polynomials in three indeterminates 

Dg= D(X; ¥, 2) = 1, 

mud ier l 4 

Dey 2 eK oe 

He observed the identity, for n > 1, 

(2.2) Dnai — (X +Y)D, + XYD,_1 = Z™ '(Z — X)(Z-Y), 

which may be verified at once. 

With this identity, Niewiadomski and Métrod proved (1913): 

(2R) Let z,y,z be positive integers such that x? + y* = z?. Let 

d, = D,(z,y,z) for alln > 1. Then 2d,, is divisible by d? when 
Tied. 

Proor. We may assume without loss of generality that x,y,z are 

relatively prime. Indeed, let e = gcd(z,y, z), 2’ = z/e, y’ = y/e, 2’ = 

aje. So zr’? +y'* = z’* and we may assume that 2’ is even, while 

i ee eare oud. Let d. =D, (x',7 2), so d, = ed... in particular 

d,; = ed’, and we note that d, # 0. Hence 2d,,/d? = e"~?2d',/d;’. 
Since n > 2, it suffices to show that 2d’, /d’,’ is an integer. 

With the assumption that e = 1, by Chapter I, (1A), there exist 

integers a,b with 0 < b < a, gcd(a,b) = 1, such that 

gp Zab, 

(Ns ae b?, 

ge art be. 

If n = 2 then dy = 0 is divisible by d?. Similarly by (2.2), 

ds = (x + y)dp — ryd, + 2(z — 2)(z — y). 
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Hence noting that d, = 2b(b — a), we have 

2d; = —4ab(a? — b*)d, + (a? + b”)(a — b)7407 

[2a(a + b) + a? + b?]d? = [(a + b)? + 207] di. 

Assuming that 2d,,_; and 2d, are divisible by d?, it follows from 

(2.2) that 

Wri = (2+ y)2d, — ry: 2dyiy + 22" (z— 2) (z —y) 

is also divisible by d? because 

D7 (ea (zy) == (Gt De (ae 1b) 4b: (a eee 
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IX 
Interludes 9 and 10 

We shall need the Gaussian periods and the Lagrange resolvents and 

Jacobi cyclotomic functions in the study of Fermat’s congruence. 

IX.1. The Gaussian Periods 

Let q be an odd prime, p a primitive qth root of 1, h a primitive 

root modulo g, L = Q(p), B = Z{q]j, and let 7 be the generator of 
the Galois group of L | Q defined by r(p) = p”. 

Every element a € L may be indifferently written in a unique way 

as 

a=) ap or as a=) ap 

(with a;,a,;’ € Q); moreover, a € B if and only if each a,,a,’ € Z. 
Comparing these two representations, and noting that 

pee ptt s Gey dai ey, 

it follows that a9 = —@(,_1)/2 and a; = a;' — a(,_,)/2 where i = hj 
(amodsg) iors lh. she qinn2): 



278 IX. Interludes 9 and 10 

In the present situation, if g—1= fr, the r periods with f terms 

(relative to p and 7 or h) are: 

jig = pt p+ ph He phe y] 

PG lay 

(1.1) ei) perm ae ee ap 

Tee = pr we pr ats po a ss oil he 

We have Nea fi; = —1. For every 7, we write [sj;.= p27,9t Ul 

jo <r —1 and j = jo (mod r). The periods yu; are conjugate to 
eachother: 7 (1;) = pee (fore, = Onl.9.. g=-2, and anyon 

DPatLiCULAr ede ( (5; )c=-0/ls1OG jo, O alee (tale 

Let L’ denote the subfield of L which is fixed by 7", so [L: L’] = 
f, (L': Q = f; the Galois group of L | L’ is generated by 7? and the 

Galois group of L’ | Q is generated by the restriction r’ of 7 to L’. 

Let B’ denote the ring of integers of L’. 

1) {pMo, f1,--- , ri} is a basis of the Z-module B’. 

L' = Q(Ho, --- py Tie i) B= Zo, - rete 

{1,p,p?,... ,p!—'} is a basis of the B'-module B. 
The polynomial of periods 

r—1 

(1.2) Fuo(X) = [](X — ) 
2=0 

has coefficients in Z and it is irreducible. 

PROOF. (1) The elements jg, {41,--- , {4p—1 are linearly independent 

over Z: if )“’=5 ai; = 0 (with a; € Z), replacing each wu; by its 

expression, we have a linear combination of p,p?,... ,% which is 

ae to 0, and with coefficients 0. ag,a,,...,@,_1 € Z so each 

0: 

on the other hand, if a € B’ C B, we may write a = See oy Gap i 

with a; € Z. Since r Ne ) =a then 

q-2 q-2 
pore h? 

ap Rap 
2=0 20 
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and from the uniqueness of the expression, we deduce that 

Qo —— ar ae Q(f—1)r5 

Gi Or = oe = Ot i)r41 

Cnt OS Sa Ag e5: 

Hence a = )7j5 5 4;. 
(2) Clearhya ha @ (ingen! ue akand BZ 115,9%.., f,-1|- The 

converse follows from (1.1). 

(3) Let G(X) = TJ’) (X — p"’”’) be the polynomial whose roots 
are the summands of the period jij. Then each coefficient of G(X) 
is invariant by 7", hence it belongs to BN L’ = B’. 

Thus G(X) = X/+a,X/~!+.--+a,; and since p is a root of G(X), 
then p! = —(a,p/~!+---+ ay). So p/ is a linear combination of 
1,p,... ,p/—| with coefficients in B’. Multiplying the above relation 
successively by p, p?..., we deduce that p/t', p/+?,... , p7~! are also 
linear combinations of 1, p, p?,... , p—! with coefficients in B’. Thus 
every element of B = Z[p| is a linear combination of 1,p,... with 
coefficients in B’. 

So {1,p,... ,p/~1} is a system of generators of the L’-vector space 
L. Since [L : L'] = f then {1,p,... ,o/~'} are linearly independent 
over L’, hence over B’. 

(4) The coefficients of F,,,(X) belong to Q, since they are invari- 
ant by 7; hence they are in B’NQ=Z. 

Since F,,,(fo) = 0, the minimal polynomial of pio divides F,,,(X); 

its roots are all the conjugates of zo, so it must coincide with F,,,(X), 

which is therefore irreducible. 

It is not true in general that 

Z [Mo «++ > Mr—1] = Z[vo] = --- = Z[u,—1]. 

For example, let g = 13, f —3, r—4, and k = 2. The’ periods are: 

Hoe pt =n, 
py = pit Pp +P; 
oe ee a me 
ee soa OM. 

We shall show that the unique expressions of [U1, [2, /13 as poly- 

nomials in pio with rational coefficients require some non-integral 
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coefficients. Indeed: 

ig = fa + 2p, 

Holi = Ho + Hi + Hs, 

Hols = 3+ 41 + bs, 

and 

Ho = Moll + 2Mobe = 6 + Mo + 341 + 3p3 

OEP Uo l= Le aifig ft), 

hence 

fl = 3(—Mp — 2Ho + 3). 
From this we obtain 

Hy = by = 2he = 2 (25+ 35 + Ait, — 6), 
bg = —1 = po — pa — be = 3(—pe — 309 — Spo). 

It follows from (1A) that given i,7,0 < i,7 < r—1, there exist 

integers n;;, € Z(0 < k < r—1), which are unique such that pip; = 

So Nijklk. More precisely: 

(1B) We have the relations 

r—l1 

So Mibti+k = meg — f (fon a0 <Skyser sal); 
4=0 

where 

1 when f is odd and k =0 orr/2, 

1 when f is even andk =0, 

Ne = 

0 otherwise. 

PROOF. First we evaluate the product 

no) (Ber) 
Writing 7 =i+1 (mod q — 1) then the above product is equal to 

=i fei 

Holle = yye mrcuener 
One) 
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Let 

—1 

= p pe Weer) 

l=0 

If 1+h**'" £0 (mod q), there exists a unique t, 0 < t < q — 2, such 
that 1+ h**'" = h' (mod q); hence pi, is equal to the period fiyaelt 
1+ h**'" = 0 (mod q) then py! = f. Therefore, we may write 

(1.3) Hole = ef + Mz,oHo + M1 fa +++ + Mg 1 bn—1; 

with integers n, > 0, myo > 0,...,mx,-1 > 0. Now we determine 
Ne- 

(ye ef as*even and 6° —"0M le (P22 7) then th’ *°="0 
(mod q) since fr = gq—1. So Lr 72 = f. On the other hand, if 

0 <i < f and yp,’ = f, then we have 1 + h’” = 0 (mod q), hence 

2ir = 0 (mod g — 1), that is, 2ir = mrf; but mf = 21 < 2f, m=0 
or l. If m = 0 then 7 = 0, an absurdity because q is odd. Thus 

m = 1,2 = 7/2. Therefore in this case n, = 1. 

(II) If f is odd (hence r is even) and k = r/2, let i = (f — 1)/2. 
Then 1+ h'/?+(G—-0/2)r = 0 (mod q), 80 f'(¢_1)/2 = f. On the other 

hand, if 0 <i < f and p,' = f, we have 1 + h’/?**" = 0 (mod q), 
hence r + 2ir = mrf; thus mf = 1+ 21 < 1+ 2f; it follows that m 

is odd, som = 1 and i = (f — 1)/2. 
(III) We consider the remaining cases. If 1 + h**’" = 0 (mod q) 

then 2k + 2ir = mrf and 0 < r(mf — 21) = 2k < 2r, thus mf — 2i = 
0 or 1. 

jessie 27 penen woe) orl and & — 07 iim — 0 then 

i = 0, k = 0, an absurdity, since g is odd. Thus m = 1 and f is even, 

which is a case already studied. 

If mf = 22+1 < 2f +1 then m is odd, m < 2, s0 m = 1, f 

is odd, i = (f — 1)/2 and also k = r/2, which was Case (II) above. 
Therefore, in Case (III), n, = 0. 

Since pio, is the sum of f? terms of the form p’ and since each 

period contains f such terms, all appearing with different exponents 

i,0<2<q-—1, it follows that 

iis =e Mr, == M1 Se Mk n-1 = aye 

Applying the automorphisms 7‘, we obtain from (1.3): 

[ebesg = Oe f + Me obs + Meigs +++ + Men-1br-1- 
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Hence, from 5~’_, p14; = —1 we conclude that Sing Miltick = D(G— 

ise isd 222 2 +Meri)j=ma—s. Ol 

IX.2. Lagrange Resolvents and Jacobi Cyclotomic Function 

We shall use the following notations: 

e p,q are prime numbers such that g — 1 = 2kp; 

e ¢ = primitive kth root of 1; 

e g = primitive root modulo p; 

e@ 

e 

ia OCG): 
A =Z(¢); 

e o = generator of the Galois group of K | Q, defined by a(¢) = 

C2; 
e p = primitive qth root of 1 ; 

e L=Q(p), B= Z/p); 
e 7 = generator of the Galois group of L | Q, defined by r(p) = 

p"; 
@ /10,--+ ,/lp-1: the p periods with 2k terms (relative to p, 7); 

o Li = Q(Mo,..- 5 Hp=1) = Qin) = --- = Oe, 1); 
BIA pane of lrenieniital 

e 7’ = restriction of 7 to L’. 

Q(p, ¢) 
Q(p) = 

L'(¢) 
JE! 

Q(¢) =K 
Q 

We note that LM K = Q. Indeed, the prime q is totally ramified 

in L and unramified in Kk, hence it is both totally ramified and 

unramified in LA K,solLn k =Q. 

Thus Q(p,¢) is a Galois extension of K with Galois group iso- 
morphic to the one of L | Q and generated by the automorphism 7, 
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defined by 

{ 1) al ie 
7(¢) =¢. 

Similarly, Q(p,¢) is a Galois extension of L with Galois group 
isomorphic to the one of K | Q and generated by the automorphism 
a, defined by 

{=e 
It is convenient to work with indices, as we define now. 

If ¢ is any integer, not a multiple of qg, then there exists a unique 

integer s,Q < s < q —2, such that t = h® (modq). s is called 

the index of t (with respect to h,q), and we write s = ind,(¢), or 

simply s = ind(t) if there is no ambiguity concerning the choice of 
the primitive root h. 

For example, ind(1) = 0, ind(—1) = (q—1)/2. If t = t’ (mod q) 
then ind(t) = ind(t’) and if t,t’ are not multiples of g then ind(tt’) = 
ind(t) +ind(t’) (mod q—1). It is also clear that every integer s, 0 < 
s <q-—2, is an index, namely s = ind(h’). 

We define the Lagrange resolvent (a, )-, where a € K, 6 € L, 

and 7 is the automorphism defined above: 

(2.1) (a,B), =B+ar(@) + a?77(B) +--+ +a?-*7?-1(8). 

We write more simply (a, 3) in place of (a, 3),. The element (a, (3) 

belongs to the field Q(¢, p). We note at once: 

(2A) For every n and B € Q(p): 

CF ((C", B)) = (CP, B) and = (¢”, 8) € Q(¢). 

PROOF. 

"7 ((¢", B)) CFB + C°r(B) + C7"77(B) +--+. 6? Pr? *(8)) 
(22,6), 

aince C? = 1. Sor ((¢",B)?) = (7(C", 8)? =C *-(C", B)P = (C", A)? 
Since (¢”, 3) is invariant by 7 then (¢", 8)? € Q(¢). O 
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We consider the resolvents (¢”, p™). With the index notation in- 
troduced above, we may write 

q-2 q-1 . 

(222) (Gis De = Sia ey ie = yy, Grind) runs 

u=0 fal 

aLhe- complex conjugaye: Oi Co4 0) 81s (Ce) 0) eam um) ame 

first result to record is the following: 

(2B) With the above notations, for everyn=1,2,...,p—1: 

(G50) SG" Any) ee 0 

and it belongs to L’. 

PROOF. 

CO) AG Ora yas IG Th sey poms eG ah 
=p ae Cee ass Se Cree pica 

ue p. ar Gnas t ath: x Cea aa 

p(2k+1)p 2k—1)p+1 +p + ("0% eure, (Ga) 0) ae 
= po + OP pr te + CPU 

a (G7 iio) S Ibe 

Moreover, (¢", /o)7/ # 0. Indeed, the periods pig, M1,--. , Mp—1, 
which are a basis of L’ | Q, are still a basis of L’(¢) | Q since this 
extension has still degree p. 

The theory of Gaussian periods, Lagrange resolvents and more 
general sums of roots of unity is very rich and important. We shall 
only indicate the results which will be needed in the sequel. 

(2C) Ifpn, q)m then (¢”, p™) = (¢", p)¢-"'™U™) In particular, 
(Ge Obes eas \ Qe 0) Gana 
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BROOR Op i oC ae p™ But ind(tm) =i nd(t)+ind(m) 
(mod q — 1), hence 

q-1 

ee ip) = Cc? ind(m) 3 co PCO ri 

t=, 

x 
= (ck ind(m) s Cae): 

sai 

= Caan) (pe g 

(2D) Ifp yn then (C59) {C -”, p) = ¢. 

PROOF. 

Ce a) = Page e ‘ (s ery, 
tik 

-—igq-1 

= Chinas) adits) ire 
Q 

Sail 

For each s let r be defined by the congruence t = rs (mod q). Since 

p|q-—1 then ¢?~' = 1, so the above sum is equal to 

q—lig— 

Z = a 

1 

ee ne) pa ; 

1 

But gq — 1 = 2kp so 

q-1 

gio a4 oe ¢™ = — Ik 3 cm = a 

1 m=1 

hence we may add S~7_; ¢”in4(") = 0 and write 

q—1q-1 

(C240) (Gees, (0) = SPELT eo os 

s=0i7=1 

= ae (S feel 

r=1 

But 
q-1 

pas? = q when r= q~-l, 

= 0 whenl<r<q-z2, 
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hence (GEN a) (Guu tp) = Ga) Be Gn) = gore Mi2 2s gGare 

(2E) = |(¢",p)| = when p m. 

Proor. The absolute value of A,, = (¢’", p) is 

[Arn] = AmAm = (6 p){C-™, ’) 
(c, pho", pgm inD = gema-0/? 

S00 SG 
using (2D), (2C). O 

Now we give an expression of the Gaussian periods in terms of the 

Lagrange resolvents: 

(2F) Ifp/n then 

Woe ee Cgc) 
j=0 

PROOF. We compute the right-hand side: 

ee ya Oa (Ss: ony) 
F—0 0 u=0 

pgs 

= j(u-n) ph™ =e eS Oe 
5 —O0ni—0 

p—1q—2—n 
_— j t pttr 

sar Daal Gd 0 
7=05t=—1 

q-—2-n p-1 

= 5 aa : mae 

t=—n =O) 

But al ¢/' = p when p | t, and equal to 0 otherwise. Thus the 
above sum is equal to 

q-—2-n 
t+n 

r( Seen =m. O 
i=—n, p\t 



xX 
The Local and Modular 

FKermat Problem 

In this chapter we investigate some natural modifications of the origi- 

nal Fermat problem. In the first section, we search solutions in q-adic 

integers. In the following section we consider Fermat’s congruence. 

X.1. The Local Fermat Problem 

Our aim is to show that for every prime gq, Fermat’s equation has so- 

lutions in nonzero q-adic integers. Our tool will be Hensel’s Lemma. 

(1A) For every prime q and every prime p, the equation X?+Y? = 
Z? has nontrivial solution in q-adic integers. 

ProorF. If p = 2, this is trivial, by Chapter I, (1A). So we may 

assume p # 2 and for convenience, we consider the equation X? + 

V2. 27? = 0). 

First Case: q # Dp. 
err XX? ge then X28 og? = XY OX 

1)(XP-14 XP-2+.-..+.X+1) (mod q). Since 1 mod q is not a root 
of X?-! 4+ XP-2 4... + X +1 modulo q, by Hensel’s Lemma (see 
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Chapter V, (1T) and (1U)), there exists a qg-adic integer a such that 
a =1 (mod q) and a? +p! + (—1)? = 

Second Case: q = p. 

Let F(X) = X? + p? —1 and G)(X) = X —1, Ho(X) = XP 7+ 

X?-*4...4+X +1. By Chapter II, (4B), the resultant of Gp and Ho is 
equal to R = Ho(1) = p, so vp(R) = 1. Since Go(X)Ho(X) = X?—1 
then F(X) = Go(X)Ho(X) (mod p?). But p > 3 > 2u,(R), so we 
may apply Hensel’s Lemma of Chapter V, (1T) and (1U). Thus there 

exist monic polynomials G(X), H(X) in Z,[X] such that G(X) = 

Go(X) (mod p’~'), H(X) = Ho(X) (mod p’~") and F(X) = G(X) 
xH(X). So G(X) = X — a where a is a p-adic integer, a = 1 
(mod p?~'), soa #0 and F(a) = 0, that is, a? ++p?+(-1)?=0. DO 

In the proof we obtained solutions in which one of the numbers 

was not a unit in the q-adic field. So it is natural to ask if there is 

always a solution in q-adic units. In the sequel we give results which 

may be found in Kldsgen’s paper (1970). 

(1B) Letn> 1 and let p be an odd prime. The following conditions 

are equivalent: 

(a) There exist integers x,y,z, not multiples of p, such that x?” + 
yP + 2° =0 (mod p"*?). 

(b) For every m > 0 there exist integers 2m,Ym,2%m, not multi- 

ples of p, such that x”, + y? + 2?" = 0 (mod p"t+!*™) and 

Im+1 = Lm (mod EEA, Ymt+1 = Ym (mod ae) Zm+1 = 2m 

anodes). 

PROOF. It suffices to prove that (a ) implies (b) and we proceed by 

induction on m. From 2?” + y?" + 2?" = 0 (mod joe anes with 
integers ee er tlOU rentiples of p, we may write ze + ye 4 

zee = r'ptt™ with r’ € Z. Since p |) zm, there exists an integer 

r ae that rz?;-1 =r’ (mod p). Let tm41 = Lm; Ymt1 = Ym, and 
Ener en, 

mr 

ie ee p”-1,,, n+1+m Pp m9 9 91 Zt eee, ae en +(e repitm) 

Da\ee 4 

(3) eae: 
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nr The 
= gP sneg? Pept he 

Tr m 

(mod ream ) 

because m > 0, p 4 2, so p"*?+™ divides all summands but the first 
two. Hence 

grt le if p” zi. I bed p” 

m+1 Ym+1 em+1 = Lin TY 

= (r= 27 'r)p 

p” des yP" e Pl pp? bi-+m 

™m m m 

n+1+m 

= 0 (mod p**7*™), 

We note that we may in fact take z,, = 20, Ym = Yo for every 

m > 0. As a complement, we note the analogous result for p = 2: 

(1C) lLetn>1. The following conditions are equivalent: 

(a) There exist odd integers x,y, z such that 

ae ee OM (modigaee): 

(b) For every integer m > 1 there exist odd integers Lm, Ym, 2%m 

such that 

ee eye eee == 0) Gomodii ait) 

Onde ee To ATOM 2" |), YY, (Od 2TEE) Zena 

=e (modo) 

ProoF. The proof is quite similar. It suffices to note that if z41 = 

lm —r2™t!, then 

Zm+1 m m 

rf ea 22" -3p393(1tm) 4 

n_ +2+m iy esto cet a (mod 27 ), 

Ale 5 
7 2 a 2” —2, 292(1 2 a 2? = 2 1,gntitm ae € eo r22 (1+m) 

because 2"—!+20:+™) divides all but the first two summands and n+ 

9m <n—1+2(1+m) sinceem21. O 

Concerning the solutions of Fermat’s equation by p-adic units, we 

have: 
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(1D) Let p be an odd prime. The following conditions are equiv- 

alent: 

(a) There exist units a, B,y of Ts such that a? + 6? + 7? = 0. 

(b) There exist integers Xo, Yo, 20, not multiples of p, such that 

x +ys + zh =0 (mod p’). 
(c) For every n > 0 there exist integers £1, Yn, Zn, not multiples 

of p, such that x? + y? + z? =0 (mod p”*?) and n41 = Fn 

(modiptiy), jt =U mod Pee, =e mOdep aay 

PROOF. (a) > (b) We write a = 29 +a'p, B = y+ B'D, Y = 2 lagy 

where Zo, Yo, Zo are integers, 0 < 20, Yo, 20 < p—1, and a’, f'",7' € Z,. 

Since a, 3,y are units, then p / royo2%. From a? + 8? + y? = 0 it 

follows that x6 + yh + 26 =0 (mod p’). 
(b) = (c) This was proved in (1B). 
(c) = (a) The sequences of integers (Ln)n>0, (Yn)n>0, (Zn)n>0 are 

p-adically convergent, since ni; = 2m (mod p™*!), Yai = Yn 

(modip?* ),z,,09 = z,,,.(mod,p™*"), for.every n.2 0.sLet. ae lima. 
Gerlingn y= line, once ce, ae 2 = 0 (mod =) then, zat 
the limit, a? ++ 6? +7? =0. O 

By the above proof, the conditions of (1D) are equivalent to: 

(a’) There exist integers x,y, not multiples of p, and a unit 7 € 

ing SUCH tated acto t) tag) a 0 

Similarly, we have: 

(1E) Let q,p be distinct primes. The following conditions are 

equivalent: 

(a) There exist units a, 3,7 of Li such that a? + 6? +7? = 0. 

(b) There exist integers xo, Yo,2, not multiples of q, such that 

ro + yp + 2% =O (mod q). 
(c) For every n > 0 there exist integers Ln, Yn,2%n, not multiples 

of q, such that x? + y® + z? =0 (mod q”*!), and p11 = In 

(mod eae Yn+1 = Yn (mod CEN 2n4+1 = 2n (mod quae) 

PROOF. (a) > (b) We write a = 29 +a’q, 3 = yt @'q, ¥ = 2+7'4, 
where Zo, Yo, Zo are integers, 0 < ro, Yo, 20 < q—1, anda’, f’,y' € Digs 

Since a, 3, y are units then g /rpyo2%. From a? +?+7? = 0 it follows 

that x6 + yf + 26 =0 (mod q). 
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(b) = (c) We prove the statement by induction on n. It is true 
for n = 0 and we assume it true for some m > 0. Let Lai Uae Oe 
integers, not multiples of q, such that x? +y?, +z? = 0 (mod q’*!). 
Hence xf, + yh, + zh, = r’q’*? where r’ is an integer. Since q | zm, 
there is an integer r satisfying the congruence rpz?-! = r’ (mod q). 
Let Im+1 = Lm; Ym+1 = Ym and a fe Then see = 

—rq@tl)p = oP — neP-lrgmtl m-+2 Pp 
(2m rq e ) = em PZ, rq ; Waal Oe ) and Cm+1 —- Uae 4 

ie ee Ue. ee ee 2 Fg. == (na pze ir jg tt =. 0 
(mod ieee 

(c) > (a) The sequences of integers (tp)n>0; (Yn)n>0) (Zn)n>0 

are q-adically convergent, since Zn4; = Lp, (mod q"*'), Ynii = Yn 

(mod g”*"), Zn41 = Zn (mod q”*") for every n > 0. Let a = limz,, 

GB = lim yn, y = limz,. Since x? + y? + z? = 0 (mod p”*’) then, at 
the limit, a? + 6? +7? =0. Oo 

As in (1D), the conditions of (1E) are also equivalent to: 

(a”) There exist integers x, y, not multiples of g, and a unit 7 € Te 

Scan phate 4 yay — OF 

We conclude by noting that Fermat equations (for n > 3) provide 

an interesting example where there is a nontrivial solution in every 

g-adic field (by (1A)) and only the trivial solution in integers, as 

proved by Wiles. 
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X.2. Fermat Congruence 

We shall study the congruences 

Ory X"+Y"+4+Z" = 0 (mod q), 

2) ey = 7 (moda), 

where g is an odd prime number, n > 0, and q does not divide n. 

ete (rg) = Gaye) lS aig a eye S10 

(mod q)} and N’(n,q) = #{(z,y,2) |1S%y2<qGe ry" = 2" 
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(mod q)}. Clearly, if n is odd then N(n,q) = N’(n,q). In this 
connection, we consider the following problems: 

(1) To determine when N(n,q), N’(n,q) are greater than 0. 

(2) To find upper and lower bounds for N(n,q), N’(n,q). 

(3) If possible, to calculate the values of N(n, q), N’(n,q). 

We recall from Chapter IV, (2A), that if gcd(n, q—1) = 1 (hence n 
is odd) then N(n,q) = N’(n,q) > 0. We have also shown in Chapter 
IV, (2D), that if p and q = 6kp+ 1 are primes then N(p,q) > 0. 

The following implication was proved by Libri (1832, p. 275) and 

again by Pepin (1880), Pellet (1887), and Matthews (1895). 

(2A) Let p be a prime number. If there exist infinitely many 

primes q such that N(p,q) = 0 then Fermat’s last theorem is true 

for the exponent p. 

PROOF. Assume that there exist nonzero integers x,y,z such that 

xz?+y? +2? = 0. If q is any prime number such that g > max{|z|, |y|, 
|z|} then x? + y? + z? =0 (mod gq) and N(p,q) > 0. So N(p,q) =0 
for only finitely many primes q, proving the statement. 

This result shifts the proof of Fermat’s last theorem to the proof 

that N(p,q) = 0 for infinitely many moduli g. The fact is that we 

shall actually prove the opposite, namely for every p there exists a 

prime qo(p) such that if g > qo(p) then N(p,q) > 0. 

Before proving this theorem, we describe some of the numerous 

special results concerning these congruences. 

Legendre (1830) showed that N(3,7) = N(3,13) = 0 and N(5,q) 
=A) Oya) Sa A Tak Nie 

Libri wrote a series of papers (1824, 1832) in which he exposed a 

method to compute the number of solutions of very general congru- 

ences. Libri calculated N(3,q) for many primes g = 1 (mod 3) and 
showed that there exists qo(3) such that if g > qo(3) then N(3, q) > 0; 
it should be noted that some of his calculated values were incorrect. 

These results were published again by Pepin in 1880 (see also his 

paper of 1876). 

Since qg = 1 (mod 3) then —3 is not a square modulo q and there 

exist integers |,m of the same parity such that 4q = 1? + 3m?. This 
may be explained by considering the decomposition of g as a product 

of elements in the field Q(,/—3). From the fact that —3 is not a 
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square modulo q then g = aa’ where a = (Il +m/—3)/2, a’ = 
(l — my —3)/2 with /,m integers, both even, or both odd, so 4q = 
lI? + 3m?. We enpone a representation with minimal |/|. We note 
that / is not a multiple of 3; by changing | into —1 (if necessary) we 
may assume that | = 1 iting 3) and this implies that | is uniquely 
defined with the above property. Pepin showed: 

(2.3) N(3,q) = (q—1)(¢-8 +1). 

Here are some numerical examples: 

28 —=14+3x3? => N(3,7%) =6(7-8+1)=0; 
52 =57+3x3? = N(3,13) = 12(13—-8-5)=0; 
76 =174+3x5? = N(3,19) =18(19-8+1) =216; 
124=474+3x6? = N(3,31) = 30(31—8+4) = 810. 

( 

( 

Pepin noted that since 1 > —2,/q then N(3,q) > /a(./q— 2) — 8 
Hence if g > 19 then N(3,q) > 0. 

Libri established that for every prime p there exists qo(p) such 

that if g > qo(p) then N(p,q) > 0; however, he gave no bounds for 

N(p,q) or a way of computing go(p). Pellet used another method to 

show the same result in 1887; in a later note (1911), Pellet gave a 
bound for N(p,q), but his value was erroneous. 

In 1837, Lebesgue considered arbitrary polynomial congruences 

(2.4) T(Xige 4 Aap) UL moda), 

where s > 2, q is an odd prime, and F € Z[X,,... , X,]. Let 

No ce hard Creed 0M SS RSI Mea 
for alli =1,...,8, such that F(z,,...,x2,) =O (mod q)}, 

== Het onise ts )\h| OOS ICS’ Qi= I 

for alli =1,...,s, such that F(z,,...,2,) =0 (mod q)}. 

In the polynomial F?~' let A (respectively, Aj) be the sum of the 

coefficients of all monomials eX;1 --- X£* such that q—1 divides each 

e; (respectively, each e; is greater than 0 and divisible by q — Li): 

Lebesgue showed that N, No satisfy the congruences 

(—1)*** Ag (mod q), 

= (—1)*(1— A) (mod q). 
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Lebesgue applied his method to congruences like 

(2.5) A\X{ +:--+A,X? =0 (mod q), 

with n > 2, s > 2, each A; is a nonzero integer, q is an odd prime, 

q = 1 (mod n). He gave an expression for the number of solutions 

N in terms of the periods of the cyclotomic equation. Lebesgue 

studied in detail the following special cases of the congruence (2.5): 

Stent Ss = On = so, Te For (2-1) swithane=="o,ane 

derived once more some of the results of Libri. 

Further results about the number of solutions of (2.5) appeared in 

Lebesgue’s paper of 1838. In 1909 two papers by Dickson appeared, 

and one each by Cornacchia and Hurwitz, dealing with these con- 

gruences. 
Cornacchia studied various special cases of (2.1) and (2.5) in detail 

and gave many explicit results, which had been in part previously 

indicated by Lebesgue, Pepin, and Pellet: 

(a) If n = 2 and qg=1 (mod 4) then 

9 
—— _ when 2 is a square modulo q, 

NV’ (2: Gg) 

otherwise. 

If n = 2 and q = —1 (mod 4) then 

Gath 
oe when 2 is a square modulo q, 

q-—3 

8 

ING 2) 
otherwise. 

(b) For n = 3, q = 1 (mod 3), Cornacchia obtained once more 
Pepin’s result and showed that if N(3,q) = 0 then gq = 7,13. 

(c) If m = 4 and g = 1 (mod 4), Cornacchia calculated N(4,q). 
Moreover, he showed that N’(4,q) = 0 exactly when g = 
Lhe 7 290FA 

(d) If n = 6 and g = 1 (mod 6) then N’(6,q) was also deter- 
mined. Moreover, N’(6,q) = 0 exactly when q = 7, 13, 19, 43, 
61,97, 157,277. On the other hand, for the congruence X® + 
Y® + Z® = 0 (mod gq) we have N(6,q) = 0 exactly when 
d= FH 13F3]) GI67A929 (al 39M (223 87 7 
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(e) Ifm =8 and qg=1 (mod 8) then Cornacchia gave upper and 
lower estimates for N’(8,q). Moreover, N’(8,q) = 0 exactly 
when q = 17,41,113. And for the congruence X8 + Y8 + 
Z* = 0 (mod q), he established that N(8,q) = 0 exactly 
when q = 17,41, 113, 137, 233, 761. 

In his papers, Dickson dealt with the congruence (2.1). His method, 
involving the periods of cyclotomic equations, led to lower and upper 
bounds for N(p,q), as well as an upper bound for qo(p), namely 

go(p) < (p — 1)*(p — 2)? + 6p — 2. 

As applications, Dickson showed that N(5,q) = 0 exactly when q = 

11,41, 71, 101 and that N(7,q) = 0 exactly when q = 29, 71, 113, 491. 

Using computations of Carey (1893) for squares and products of 

periods, Dickson applied his method to the congruence X*+Y* = Z4 
(mod q). 

Hurwitz’s paper dealt with the more general congruence (2.5) with 

n= paprime. He considered the family of such congruences. For all 

possible values of the coefficients and indicated relations which must 

be satisfied by the numbers of solutions of these various congruences. 

From this information, Hurwitz deduced upper and lower bounds for 

the number of solutions of 

(2.6) AX? + BY’? + CZ? =0 (mod q), 

where A,B,C are nonzero integers. He also determined a positive 

number qo(p) (depending on equation (2.6)) such that if g > qo(p) 
then (2.6) has a solution (x,y,z), with 1 <2,y,z<q-—l. 

In 1917, Schur gave a proof that for every n > 2, if q > (n!)e +1 

then X” + Y" + Z” = 0 (mod q) has a solution (x,y,z) with 1 < 

L,Yy,z <q-—1. Schur’s proof was based on the following interesting 

combinatorial lemma: 

LEMMA 2.1. Let n > 1 and N > (n!)e +1. If the set of numbers 

{1,2,...,N} is partitioned into n disjoint subsets [,,... ,L,, there 

exists at least one subset L; such that if m,m’ € L; with m < m' 

then m’' —m€ L;. 

Among further developments, we want to report that the equa- 

tions 

AX- = BY 2207250 
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and 

A, Xf! + AgXo? +--- +A, X;5* =0, 

with coefficients in a finite field with gq? elements (d > 1) and not 

necessarily equal exponents, have been the object of numerous pa- 

pers. See Mitchell (1917), Vandiver (1944, 1945, 1946, 1947, 1948, 

1949, 1954, 1955, 1956, 1959), Hua and Vandiver (1948, 1949), E. 

Lehmer and Vandiver (1957). For the vast, more recent, literature, 

the reader should consult the appropriate sections in Mathematical 

Reviews. 

In his paper of 1949, Weil traveled a historical panorama of the 

evolution of Gauss’ original method to deal, by means of Gaussian 

sums, with the congruence AX* — BY* = 1 (mod q), where q is a 
prime, g = 1 (mod 3). These ideas were applied subsequently to 

wide classes of congruences. They were used by Hardy and Little- 

wood in connection with Waring’s problem; Hasse expressed rela- 

tions between Riemann’s hypothesis for function fields and various 

kinds of exponential sums, and Weil published striking and definitive 

results on this question (1928). 
Here we single out the following specific result (see Vandiver, 1946, 

pp. 47-52; Hua and Vandiver, 1948, pp. 258-263), which is more 

directly related with our subject matter. 

Let s > 1, let A,,...,A, be nonzero integers, let n,,...,n5 be 

integers, let q be an odd prime, and let d; = gced(q — 1,|n;|) > 1 
for i = 1,...,s. Let N denote the number of solutions in integers 

(tin uwith be ¢—1a( 10rd —=11,7.-.,5), 01 the congruence 

(2.7) A,X} +---+ A,X" =0 (mod q). 

Then 

a1) ele) = 

Ga Had? cv <G ) Ady degen 

In particular, there exists a positive number qo such that if gq > qo 

then N > 0. Another proof of this theorem, using the theory of 

group characters, was given by Feit (1967). 

After this survey of results which are related to Fermat’s congru- 

ence, we shall give the proof of Dickson’s theorem. For this purpose, 

we recapitulate the following notation and facts from Chapter IX. 
Let p > 3, gq = 2kp +1 be prime numbers. Let 

g be a primitive root modulo p; 
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¢ be a primitive pth root of 1; 

h be a primitive root modulo q; and 

p be a primitive gth root of 1. 

The p periods of 2k terms in Q(p) are 

fiy Pye Tea geo iad 
[Ly = p” + pi 4 eee el ap eee. Dee 

(2.8) 4% i pti Qp+i 2k—1)p+i 

we = ph + pO + ph 4. $ ghrrh 

Mpa = ph + ph + ph pet pl 
In Chapter IX, we defined Lagrange resolvents for every j = 0,1,..., 

p—l1: 

q—-1 

(2.9) Ay = (C7, p) = Do mr O pi, 
t=1 

where ind, (t) = s, 0 < s < q—2 whent =h* (mod q). In particular, 

Xo = (1, p) = ee 
For easy reference, we recall the following results from Chapter IX, 

Pew ik ie bor 9 — 1... pL, 

2.10) AjAp-j = 4 

1) JAs|? = Ajay = 4 N 

( 

( 
(2.1 

(A; denotes the complex-conjugate of ;), 

a oe 
(2.12) bg EC 

D 50 

We shall give a simplified proof of Dickson’s theorem, following 

Klésgen (1970). First, we give an expression of N(p,q) in terms 

of the periods 4;: 

(2B) 

N(p,q) = — |(a— 1)? + (@- Dp? a 
1 

q 
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ProoF. To begin, we note that if 2, y, z are integers such that 1 < 

L,y,z2 <q-—1 then 

ae pila? +y? +2”) = 0 when x? + Oe SE Zz 0 (mod q); 

= q when x? + y? +z? =O (mod q). 

So 

q-1 q-1 

qN(p, q) aa pare 

1 NEO 

CEES by ee bee Oe | 

iM 
eR o BR 

ee) 1 = | ll Foal 

=) 

If t = h' (mod q) and z = h? (mod q) (where 0 <i, j < q— 2) then 

ae =DXoe" ” = pps. Since p; = 4, when j = 7 (mod p), 
then 

p-l 

qgN (p,q) = (q—1)? + 2k Sp? y?, 
i=0 

because gq = 2kp + 1. Therefore 

1 = 
I NGS Ne GSS es ia 

i=0 

And now, we prove Dickson’s Theorem: 

(2C) We have: 

(1) (¢—1)[a+1- 3p — (p—1)(p — 2) Ya] < N(p,q) 
<\(del) lg lin 8p +(p = 1)(p.—.2)5/al, 

(2) Ifq = (p—1)?(p— 2)? + 6p — 2 then the congruence (2.1) has 
a nontrivial solution. 
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PROOF. (1) By (2B) and (2.11), 

N (p,q) = (Ge 1) (4 — meso eer| | 
i=0 | j=0 

i] 

gq 1 p-1l p—l 

= 3 -i(jitjetJ — (q a 1) 7e 5 >a ¢ (jit ENT IN | 

1=0 j1,J2,J3=0 

1 aad i(jitga+ 
as q to= 1)seb a - Aj AjoAig es gyorg) : 

J15J2,J3=0 

But 

So Ci tiat) = { O when j, + j2 + j3 #0 (mod p), 
p when ji + j2+Jj3 =0 (mod p). 

Thus 

1 as 
N(p, q) i q (q = DP 13 (q pe 1) Sy Xj, rjnAjs 

eee ie eee P) 

Since Ag = —1, it follows from (2.9) that the last sum of products 

Aj, Aj24;3 18 equal to 

p-1 

Ng + 3A9 > AjAp-3 +S = —1 — 3g(p — 1) + S, 
j=l 

where S = Ee Jaks Xi1Ai2Ajs- Hence 

Neale (Gg 21)’ 1— 449 1) + Sh, 
sO 

I ih 
N(p.g) = — (q’ —3qp+q+S) =q-3p+1+-S 

Ohisidligrind a q 
and N(p.9) : 

a q 

By (240)5, Ag z= - We note also that for every 71,1 < ji < 

p —1, there are p — 2 pairs (j2,j3), 1 < j2,J3 < p—1, such that 

na + ja +Jj3 = por 2p, namely (apa a 1); Cat = hk = 2), ee (oa 
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j,—-1,1), and (p—1,p—ji +1), (p—2,p—ji+2),... ’ (p—jit+1,p—1). 

Hence [S| < (p— 1)(p — 2)q*/?, so 

N(p,q) 
Spal; eel a ee. < (p—1)(p -— 2)/a 

and we conclude that 

(Goel Gs le Op (p= |) pe—e2)4/ dla apap) 

(Gee eh op ap al) (Vs 2) 7a): 
(2) For later use, we prove more generally that if v is an integer, 

v > 0, and if g > (p—1)?(p— 2)? + 2(pv — 1) then g+1-—(p—1)(p— 
2)./q — pv > 0. Choosing v = 3 this gives the statement (2), in view 
ofl): 

The inequality 

a’? +28 > aV/a?2 +468 

(for real numbers a, 3), which is easily verified, implies when a = 

(p= 1)(p = 2) 98 = py — 1: 

(pe t)a(p— 2)" sbee(py at) 

Za Diet) Dee Aik tL) (0 2a Al 0 aah 

Let 6 = (p—1)?(p—2)* + 4(pv —1) > 0 and consider the polynomials 

f ye pe) p= 2) 1), 

having discriminant 6. 

It suffices to show that 

ne ele Ae 

indeed, this implies that f(,/q) > 0, that is, q+1—(p—1)(p—2) /q— 
pv > 0. We have 

4[(p — 1)*(p — 2)’ + 2(pv — 1)] 
2[(p — 1)(p — 2)? + 2(py — 1) + (p = 1)(p — 2) V6] 
(p — 1)°(p — 2)? +6 + 2(p — 1)(p — 2) V6 

= [(p — 1)(p- 2) + V6), 
so \/g > ((p— 1)(p — 2) + V6)/2, as was required to show. 

4q 

IV IV 
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Taking v = 3, it follows from (1) that 

N(p,q) > (@—1)[(a+ 1) — 8p — (p—1)(p-2) fq] >0. O 
The upper bounds for qo(p) given by Dickson are not sharp, as we 

see by explicit computation: 

Dickson bound Actual value 

go(3) < 20 qo(3) = 18 
go(5) $172 ~— qo(5) = 101 
go(7) <940 = qo(7) = 491 

As a complement, Mantel showed in 1916 that if N(p,q) = 0 then 

q must be of the form gq = 6mp/(p — 3) — 1 (for some integer m). 
Taking into account (2C) and the result of Chapter IV, (2B), if 

k>1, q=2kp+1 isa prime and g > (p— 1)?(p— 2)? + 6p — 2 then 
q divides the Wendt determinant W.;. Therefore, for each prime p 

there exist at most finitely many integers k > 1 such that q = 2kp+1 

is a prime not dividing W ;,. What is not known is whether, for every 

prime p, there exists actually one prime q with the above property 

(see Flye Sainte-Marie, 1890, and Landau, 1913). 
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X.3. Hurwitz Congruence 

In this section we give the theorem of Hurwitz concerning the con- 
gruence 

(3a) A,X? +---+ A,X? =0 (mod q), 

where p > 3, q = 2kp +1 are prime numbers and Aj,...,A, are 

nonzero integers. Let N = N(Aj,...,As,p,q) be the number of 

nontrivial solutions of (3.1), i.e., of (v1,... ,25), with 1 < 2; < q—1, 
such that >>;_, A;z? = 0 (mod q). If h is a primitive root modulo 
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q, let a; = ind, (A;) (with 0 < a; < q— 2), so A; = h® (mod q), for 
ees. 

Thus N is equal to the number of (t;,... »t,),0<t; < q—2, such 
that > .2, nP3*s = 0 (mod.g). 

We consider the function y : Z — {0,1} defined by 

_ f 1 when q|z, 
xia) = { 0 when gq Jz. 

Then 

q—2 s 

(3.2) jihives = x (> es) : 

tants =O Vea | 

Noting that if ¢; = t/ (mod 2k) then APite = pPtitt (mod q); so 
(3.2) may be rewritten as 

2k=1 8 

(3.3) No p ys x (> a) : 

Lanes 6 a—O i=l 

For convenience, we introduce the following “symbol”: 

fl 2k—1 8 . 

(3.4) ip ARS nT wee (> pos 

which is a nonnegative rational number. We may rewrite (3.3) as 

follows: 

Fie) We ED i 0 = 1G) ape es Oa, 

and to determine N we are led to study the symbol [a;,... , as]. 
First we note that [a,] = 0, since g /h?"'*, for every t},0<t, < 

q— 2. 

LEMMA 3.1. 

ws 1 when a, = a2 (mod P), 
AA ae Ve rere ant nod 2). 

PROOF. q divides h?=+* + h?+% if and only if heat = —hPete 
= p(q-1)/2+Pt2+22 (mod q); this is equivalent to pt; +a, = (q—1)/2+ 

pt2z+a_ (mod g—1). Now if a; = a2 (mod p), say ag = mp+a,. For 

everyiis, U< ty 2h — lett, Orr 2k—1, be the unique integer 
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such that t; = k+m-+t2 (mod 2k). Then (gq —1)/2+ pte + a2 = 
p(k + t2 +m) + a, = pt; +a; (mod 2kp). So 

2k—1 

yO 
2k t1,t2=0 

Conversely, if for some tz, 0 < tg < 2k — 1, there exists t,, neces- 

sarily unique, such that 0 < t; < 2k—1 and pt; +a; = pto+a.+kp 

(mod qg—1) then p(t; —tz—k) = az—a, (mod 2k), hence p | az — a. 

So if a; # a2 (mod p) then y(hP"t™ + hP2+¢2) = 0 for all t,, te, so 
[aus a>) 021ml 

Now we collect some easy facts about [a;, ... , as]: 

LEMMA 3.2. (1) The value of |a,,... ,a,] remains unchanged by 
any permutation of a,,... ,@s- 

(2) [athe 05| (= sla, ne 8 @ |wheneveraay i=="a.n( Mod.) ame 
a, =a’, (mod p). 

(3) [ay +u,..., a, + ul] = [a1,... , as] for any integer u. 

PROOF. (1) This is obvious from the definition of [a,,... , as]. 
(2) Indeed, let a; = pr; + ai and let t; +r; = t; (mod 2k) where 

0<¢t,<2k—1. Then Aplit) = prt (mod q) and 

(Cree c| T 
ee Mi > 

a 

Me. 
= a 

Sees 

1 2k-1 

Ye Oe, oe (a ae” i) 

2k—-1 2 SE alo) <bional 
(3) Since hY #0 (mod gq) then for every t; = 0,1,... ,q — 2: 

x bs Py ny bs mo : 

DenCeN Ghee yeas ate ttle 11) Wee | tee} 
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LEMMA 3.3. [a1,... ,a,] is a nonnegative integer and equal to 

2k-1 

[ay, tee On| = >»? x(hPiter f...4 ppPts—1+4s-1 as h*) 

x(hPiate Sy ett s pPbel tase ee h*), I| aM 
mer OOW mM Giveltieg tro, 0 tax Qh 1, for every t, let t1, 
t,_, be such that 0 < t’; < 2k—1 and t/ = t, —t, (mod 2k). NeGne 
that h?’s £0 (mod q), we have 

[1,225 Ge 
1 k-1 

= ake 2 3 x (>: al 

eis 1—=O0)t.—0 i=l 

1 Q2k-1 2k—-1 . 
a SY S x ( (hes (het See ae 4. pPts—1+%s-1 + h2*)) 

2k ,, ju t,_,=0 t.=0 

1 2k-1 
— ks S xh ane Ae pPi2r se ae ae fpPts—1+4s-1 7" h*), 

2k Bran: $2. =0 

Hence [a;,... , as] is a nonnegative integer. For the last equality, we 
note that a, = a, + (q¢—1)/2 (mod p) and h{~)/? = —1 (mod q). 
Then, using Lemma 3.2 and what we have just proved, 

q-—1 
[ieee Co eee Tle pa 

2kh—1 

me S y(hPita wy Naser hee) 

LEMMA 3.4. If r,s >1 then 

(Pesaran een, Ub 

=e ites | Oia aan. Onl [DS ee Tate gona Hoe, folk 

ProoF. Let A; = h™ (mod q), B; =h” (mod q). Then 

2kp*t" (ay,. «= 5 Bs, re do b,| = N, 
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the number ofisolutions® (7S 2a yi) psy, ) with) lea ye 

q—1 of )0j_, AiX?+)5_, BY? =0 (mod q). Let N’ be the number 
of solutions (iy. Mant.) Withelpta, S Gy 1 Of AL Xa 0 
(mod q) and let N” be the number of similar solutions of }7_, B;Y/ 
= 0 (mod q). 

For every d = 0,1,..., q— 2 let Nj be the number of solutions 

(Tie) el Ee <Gice 1, Ol 

SALE eT Ome (mode) 

and let N’ be the number of solutions (y1,..., y-), 1<y; <q-1, 

of 

\— ByYPp- h?=0 (mod q). 
wil 

ThengV@= 2p pee Gn eee oip be. cee 0e |) 

2k—-1 8 

Vi eX (Soni 4 nt) = pi Ga Gnd 
t!,... t,=0 i=1 

(as follows from.Lemma 3.3), 

,t7=0 j= 

2k—-1 
Ne Pb we x (Se a) =i Gintedt ACen. 

(as follows from Lemma 3.3). 
We Haves\ = NVEE ysl Vee But 

Meise rier ll NOP lotyactinr Wellies (enon, lbs 

when d=c (mod p). Therefore 

pO Mins aa obi son BOs 

= Ak*n lay, “85 a;|(bi,. Ac g b,| 

p—-1 

+2kp*t’ 5 “[ar,... ae cll Do acl 
c=0 

and dividing by 2kp**", we have the required relation. © 
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LEMMA 3.5. For any integers a,, a9, c: 

p—1 

Sola, d2,c + d] = 2k — [a;, ag]; 
d=0 

in particular, the above sum is independent of c. 

PROOF. 

p-1 p-1 

S lai, a2,C se d| =e ale AF d, a, Q2| 

d=0 d=0 

joa 2k-1 Seana 
a=0 \t.2=0 

by Lemma 3.3. Let U, be the set of all u,0 < u < 2k —1, such 

that hP“*™ + h?? = 0 (mod q). Then the number of elements of 
U; is #U, = ye) x (hP“t™ + bh?) = [a1, a9], by Lemma 3.3. Let 
Uz be the set of all u,0 < wu < 2k —1, not belonging to U,’, so 

#U2 = 2k — [a;, a2]. We may write 

ioe <1 k= 

YS “[a1,a2,¢+d] = ae iy Sy x( (iene a2 ppeta fv h2?) 

d=0 u€U; d=0 t=0 

p—12k—-1 

we — Da pe ee 4 preter 4 hi), 

u€U2 d=0 t=0 

Ifu € U, then y(h?ter? + het 4 p22) = y(hPerete) =. If u € Ue, 
there exists exactly one couple (d,t) such that h?*t¢*¢+hPet™ +p% = 

0 (mod q). So Se aie + d| = #:U2 — 2k == [a1, ag]. L] 

LEMMA 3.6. For any integers a1, @2, 43,4: 

p-l 

Sola ar d, a2 = d, a3, a4| 

d=0 

= (q — 1)[ay, ag]|[a3, a4] + (2k — [a1, a2])(2k — [a3, a4). 
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PRooF. By Lemma 3.4 we have 

jD— 1 Dw 

Solar =F d, ag + d, a3, A4| = 2k (St. ain d, ag + ‘) [a3, 4] 

d=0 d=0 

pw 

+ ye [a, + d, a2 + d, c][az3, a4, c] 
da,c=0 

= 2kplay, a2| (as, aa] 

- bp [a1, Qe, a1) (Sit. a4, a) 
l=) c=0 

(where d’ = c—d (mod p), 0 < d’ < p—1), by virtue of Lemma 
3.2. The above sum is therefore equal to (q¢— 1) a1, az|[a3, a4] + (2k — 
(a1, @2])(2k — [a3, a4]), by Lemma 3.5. O 

For any integers n,m let 

pt 

(3.6) Ot adie nd, 0); 
d=0 

We have: 

LEMMAS. (s0Qg y=) 20011071, 0), Oa a 2h 10.0) On nce 

when n=n' (mod p), m=m’ (mod p) and ~?) nm = 4 —2. 
m™m 

PrRooF. By Lemmas 3.2 and 3.5, 

jo p-l 

ope ein, Up = >) tn,0,d| 2k nO 
d=0 d=0 

Similarly, 

pol jy p—w 

Atm = > [dm +d,0] = > [0,m, a] = >_[m,0,d'] = 2k — [m, 0] 
d=0 d’=0 d’=0 

(where d’ = —d (mod p),0 < d’' < p—1). From Lemma 3.2 it 
follows that a,,,, depends only on the classes of n,m modulo p. 
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Finally, using Lemma 3.5, 

Dil p—1 p-1 

» Qnm >= > Sold, m + nd, 0] 

m=0 m=0 d=0 

p—1 p-1 

= sp. S>[d,0,m + nd] 
d=0 m=0 

p—-l1 

= DU (2k — [d, 0]) 
d=0 

= 2kp—l=q-2. O 

Next we consider the expressions (for any integers n,m) 

(3.7) 

pe p-l 

a. ye OF nh dee De [c,d + ne, O][e,d +m + ne, 0}. 
d=0 d,c,e=0 

We have: 

LEMMA 3.8. 

p-—1 

Onm = > {(q—1)[(n— 1)j +m, O][nj + m, 0] 
j=0 

+ (2k — [(n — 1)j +m, 0])(2k — [nj + m, 0])} — 2k, 

and if n #0,1 (mod p) then 

_ f 2k(q—4)+q whenm=0 (mod p), em) 2h(G — A) when m #0 (mod p). 

PROOF. 

On,m 

p-1 p-l 

( d+ ne,Of,d-+m + ne,0) 

joi 

= ( [c — ne, —nc, d][e — ne — m, —ne — mn) 
ce=0" \d=0 
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By Lemma 3.4 the above sum is equal to 

joa 

5 ([e — ne, —ne, e — ne — m, —ne — m] 
Ce 

—2k|c — nc, —nc|[e — ne — m, —ne — m]) 
p-1 

= ({[c — ne, —nc, e — ne — m, —ne — m] — 2k|c, O][e, 0]) . 
c,e=0 

By Lemmas 3.1 and 3.2, the above sum is equal to 

p—1 /p-1 

SS (Sle — ne +e +m, ne + ne +m, 0,0] — 2k. 
e—UmNG—U) 

Let 7 = e —c (for any fixed e), then c—nc+ne+m = (n—1)j + 
m +e, —nc+ne+m=nj-+m. Hence the sum is equal to 

5 {Ele ) +m been) +moh — 
e=0' | 7=0 

pt 

Sid (n—1)j+m+e,e,nj +m, al} — 2h 
2) 

and according to Lemma 3.6 the sum is equal to 

joi 

So {(¢ a 1)[(n ie 1)j +m, 0][nj +m, 0] 

efi (2k — [(n — 1)j + m, 0])(2k — [nj + m, 0])} — 2k. 
If n 0,1 (mod p) and if m =0 (mod p) then 

ae Ya 1)[(n — 14, O]fng, 0 

+ (2k — [(n — 1), 0])(2k — [nj, 0])} — 2k 
(q—1)+4pk*? —2k-2k+1-—2k 

q+ 2k(q — 1) —6k 

= q+ 2k(q — 4). 

If n £ 0,1 (mod p) and m #0 (mod p) then a similar computa- 
tion gives 

nm = 4(p — 2) + 4k(2k — 1) — 2k = 2k(q—4). O 

I 
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LEMMA 3.9. If n # 0,1 (mod p), for every integer m we have the 
inequalities 

g—2— (p—1)./¢ < POnm <q@—2+(p—1)/¢. 

PROOF. We have seen that 

ono = faiths a5 ont peacoat an Je = 2k(q—4)+q 

and if r #0 (mod p) then 

On. = An oAn r + An 1An r41 sei eal s Qn p—-1On,r+p—1 = 2k(q =F 4). 

Then 

(Qn.0 al Oeale + (Qn.1 in oe Oe che ae (Qe oe CES eeDe 

pd Daa 

2 (s “3,) —2 (s cea 

c=0 c=0 

2(2k(q — 4) + q] — 4k(q — 4) = 2g¢. 

But then 

2q 2 (ae ae on) Si ( On a, Oneee 

2 2 
Qn m+r ai Qn.m—r Qn,m+r aa Qn m-—r 

2 QAn.m — = ah 9 
Z 

2 
Qn m+r ss On m—r 

2 QAn,m — 9 

| 

IV 

Since ,/q is irrational, we have the strict inequalities 

Qn,m pt On.m—r 
Jd > Onm - —™ ; i S/d. 

The above inequalities hold for every r = 1,2,...,p—1. Adding 

them up, and noting that 

p-1 p-1 
Q m+r ae On,m—r Qn,m-+r ate Qn,m-—r 3 =~ ane +S 

2 aU 2 T=1 

and that 

pal pol p-1 

) Qn mtr = 5 Qn,m—r — 5 OF ad a 2 

r=0 r=0 j=0 
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(by Lemma 3.7), then 

(p - 1)/q 2 (p = Bie = (—Qn,m ar (Op = 2) = —(p a 1)./q, 

hence 

qg—2—(p—1)/@ < poinm <qG—-2+(p-1)Y¢. O 

After these lemmas, we turn to the consideration of the congruence 

(3.8) AX’? + BY” + CZ? =0 (mod q) 

(with A,B,C nonzero integers). Let A = h* (mod q), B = h’? 
(mod q),C = h* (mod gq), with 0 < a,b,c < q—2. With these 

notations, we have: 

(3A) 
p—1 

pla, b, c| = 6h 442 — Oates Se On, b—c—n(a—c)) 

2 

where 

vy = |a,b| + |b, ¢|-P|e,a] 

3 when a,b,c are congruent to each other, 

1 when two of a,b,c are congruent, but not the other one. 

| 0 when a,b,c are pairwise incongruent modulo p, 

PROOF. We shall compute the sum S = eee, Qn d—ne Where d,e are 

integers. By definition, 

a=! a= 

S= Sd oUi.d — ne + nj, 0]. 
n=0 7=0 

If j =e (mod p), then for every n we have d—ne+nj =d (mod p). 

If 7 #e (mod p) then {d—ne+nj |n=0,1,... ,p—1} is a set of 
pairwise incongruent integers modulo p. Therefore 

p—1p-1 

S = ple,d,0|+ Oe t, 0] 
i—Onj—0, 

pow 

=ple,d,Q|+ >) (2k-[j,0)), 
j=0 

j#e (mod p) 
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by Lemma 3.5. So 

S = ple,d,0] + 2k(p — 1) + [e, 0] — 31,0) 
n= 

= ple, d,0] + 2kp — 2k + [e,0] —1 
= ple,d,0] + [e,0] +q—2-—2k. 

But a0,4 = 2k — [d,0] and a; 4_. = 2k — [d—e,0] = 2k — [d,e], hence 

po 

ple, d, 0] = 8 Qn d—ne + 6k — (q = 2) =y {{d, 0] se (d, e| SE [e, O}}. 

1=2 

Let e=a-¢, d = b—c; then pia, b, c| = plja—c,b—c, 0] = ple, d, 0] = 

ae Qn ,b—c—n(a—c) + 6k — (q ce 2) =P, (O 

After these preliminaries, we may prove the theorem of Hurwitz 

(1909): 

(3B) The number N of solutions (x,y,z), withl<z,y,z<q-1 

of the congruence (3.8) satisfies the inequalities: 

(gi 1D) (are (pth) (pe 2)h/0 = pula 

A ert Diet) (Dee) ge pi 

Proor. By Lemma 3.9 we have 

(p-2)(g-2-(P-1) Vl < PY anp-e-norg < (P-2)la-2+(P-1) Vi 

hence by (3A) we have 

p(6k + 2—q—v)+(p—2)[(q — 2) — (p— 1) Val 

< p’a,b,c] < p(6k + 2—q—v) + (p— 2)[(q— 2) + (p— 1) Val, 

that is, 

q+1—vp—(p—2)(p—1)V@ < p*[a, b,c] 
< qt+1—vp+ (p—2)(p— 1). 
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But by (3.5), N = (q — 1)p?[a, b, c], hence 

GWG es (sl) p itd) 4/0 py, 
<N<(¢—-D[(¢+1)+ @-D@-2)/a-py]. O 

To guarantee that the congruence (3.8) has a solution, it suffices 

to show that g+1-—(p-—1)(p— 2),/q — py = 0. 

(83C) Ifq>(p—1)?(p—2)? + 2(pv — 1) then N > 9. 

PROOF. It was shown in (2) of (2C) that if g > (p — 1)?(p — 2)? + 
2(py — 1) then g > (p— 1)(p— 2),/q + py — 1. It follows from (3B) 
that N > OF oo 
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X.4. Fermat’s Congruence Modulo a Prime-Power 

We shall consider in this section the congruence 

XP SYP aee 2 (mod). 

where p is an odd prime number and n > m > 1. According to (1B) 
we may restrict our attention to the congruence 

(4.1) XE ee 2a OF (modi yp 

We have already begun the study of this congruence in Chapter 

VI, 81. We recall (Chapter VI, (1H)) that there exist integers x, y, z 

not multiples of p, satisfying the congruence (4.1) if and only if there 

exists a, 1 < a < (p—3)/2 such that 1+a?” = (1+a)?” (mod p™*!), 
More generally, let k > 3, m > 1 and p be an odd prime. We wish 

to study the congruence 

(4.2) ee Hex ee a a Tee. =) (mod po) 

A (nontrivial) solution is a k-tuple (x,,22,... ,2,) of integers, 1 < 

ti ep ts SiR p-Ver (forall alert, &) re re ee eee) 
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(mod p™**). Two solutions (,,2,... , Zp) and (Y1,Yo,--- , YR) are 
said to be equivalent if there exists some integer a, not a multiple 
of p, 1 <a < p™*!—1, and a permutation 7 of fia Sa, ki such 
that y; = az,(:) (mod ptt) fori = 1,...,k. This is clearly an 
equivalence relation in the set of balitioiee 

For each integer a let @ = a (mod p™*?) and let (Z/p™*!)° be the 
multiplicative group of invertible residue classes modulo p™+!. Let 

Ch = aE) 

{b | there exists a, prime to p and such that 6 = a?” } 

and let 

Ve Vin ) 1b b=. anod p)!. 

As is well known, U,V are subgroups of (Z/p™*t!), U has p — 1 

elements, V has p” elements, and 

(4.3) (Z/p™*)* Ux V 

(see any standard text on elementary number theory, or Ribenboim’s 

book on algebraic numbers, 1999). 
Deh sio) 3 o,alateufor alan n for every b> 1. 

Then the congruence (4.2) has a solution if and only if 0 € kU. 
For example, let m = 1. If p = 3 then U = {1,8}, and it is easy 

to verify that 0 ¢ 3U,5U, 7U, but 0 € AU for all h £ 1,3, 5, 7. 
We deduce that a cube cannot be a sum of two, four, or six cubes, 

a these numbers are not divisible by 3. Otherwise, if, for eee 

y? = y-°_, 23 then (—y)?+d-)_, 23 = 0, hence also a7 ea 
(with —y, Z;, belonging to U), which is a contradiction. 

Similarly, if p = 5 then U = {1,7,18,24}. By computation we 

verify that 0 ¢ U,3U,5U, but 0 € AU for all h £4 1,3,5. Thus, a fifth 

power cannot be a sum of two or four fifth powers, if these numbers 

are not divisible by 5. 

Let g be a primitive root modulo p, 1 < g <p, and let r = g?” 

food plea pa Then Lr. i .. ,7?~? are pairwise 

incongruent modulo p™*', and U = i Leyere at) tein Obuer 

words, aven g, every element ie U is amiquely equal to some 

power 7’, with 0 < i < p—2. So every solution of (4.2) corre- 

sponds Brctitely to a representation of 0 as a sum of powers of 7 in 

(Z/p™*")*, that is, to a congruence 

ri 4 Me ety hag tt =0 (mod pein), 
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with Oks tesa —= 2) (lor tial) hank) 
Two such representations (r”,... , r*) and (r",... , r2*) of 0 are 

said to be equivalent when the corresponding solutions of (4.2) are 

equivalent. Explicitly, there is a permutation 7 of {1,2,...,k} and 

an integer h, 0 < h < p—2 such that 7; = jz) +A (mod p — 1) for 

beset Sk. 
A representation (r”,... ,r’*) of 0 is normalized when 71; = 0 < 

lo < +++ < 4 < p—2. Every representation is equivalent to a 

normalized representation, as easily seen. However, as we shall see, 

an equivalence class of representations of 0 may contain more than 

one normalized representation of 0. 

A cyclic solution of (4.2) is a solution (21, %2,... ,£,) where z; =1 

(mod p™*?), «f= a’ * (mod p'”™) for j = 2)... , k tor some integer 
a, not multiple of p. Each cyclic solution corresponds to a cyclic 

representation of 0, which is a representation (relative to a given 

primitive root modulo p) of the form 

(4.4) ee er =") (mod, pea) 

(for some 7, 0 <i < p— 2). 

(4A) If p = 1 (mod k) then there is a cyclic representation, 
namely taking i = (p—1)/k. 

PROOF. 

(ltrit---¢r@-0) —7!) =1—r" =1-7?1=0 (mod p™"). 

But r = g?” (mod p™*t!), so r = g (mod p), hence r is a prim- 
itive root modulo p. If r’ = 1 (mod p) then p — 1 divides i = 
(p — 1)/k so k = 1, contrary to the hypothesis. This shows that 
(1 — r*) (mod p™*") is invertible, hence 1 + r*? +--- + r(*-)# = Q 
(mod a Ns Oo 

In the particular case where k = 3 and m = 1 we have the cyclic 

representation 1 +r’ +r? = 0 (mod p’) where i = (p— 1)/3, r = g? 
(mod p?). So r? = (g®-1)/3)P (mod p*) and (r*)? = g®-P = 1 
(mod p”), thus r’ is a cubic root of 1 mod p?. 

The following criterion for Fermat’s theorem relies on the existence 

of a representation which is not cyclic (see Klosgen, 1970): 
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(4B) Ifm>1, pis an odd prime and if there exist integers X,Y, Z, 
such that p {xyz and x?” + y?” + 2?" = 0, then 0 has a noncyclic 
representation modulo p?""*!, 

PROOF. We have 

(2? 
m— m—1 

sagan CGP eatin 2 aoe Or 
hence by the result of Pollaczek, quoted in Chapter VI, (2S), we have 

m—l1 m—1 

+(xy)P” + y??"™" £0 (mod p) xP 

and therefore 

xz’ +ayty? #0 (mod p). 

Let w be an integer such that wx = y (mod p). So 

1+w+w?#Z0 (mod p). 

From 2?” + y?” + z?” = 0 we deduce that 2?” + yr Ie pie tad 

(mod p*”*!) (see Chapter VI, (1M)). We have also r+y+z=0 
(mod p). So z = —(x+ y) = —x(1 + w) (mod p) and therefore 

ane (1+ wile » (mod ps), 

We deduce from the hypothesis that 

3m yom 

p(w (aw) o)=0 “(modip? 4); 

so 

Tee (le w)P™ =(Q (mod p*”"""). 

If —(1+w)?” =w?” (mod p+!) then —(1 + w) = w? (mod p), 
hence 1+ w+ w? =0 (mod p), which is a contradiction. 

If w?” = (1+ w)?”” (mod p+") then w = (1+ w)? (mod p), 
-sol+w+w? = 0 (mod p), again a contradiction. Thus we have 

obtained a noncyclic representation of 0 modulo p*"*!. O 

Thus, for example, if p = 1 (mod 3), if the only representation of 

0 modulo p’* is the cyclic representation 

(eG re =0 sGnod.p_), 

where g is a primitive root modulo p, and r = gq? (mod p*), then 

the first case of Fermat’s theorem holds for the exponent p. 

Following Klésgen, and keeping the preceding notation, we show: 
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(4C) (1) If1+ri+ri =0 (mod p™!) withl<i<j<p-2, 
then the normalized representations equivalent to the above one are: 

(Ri) 1+r*+r? =0 (mod p™*"); 

(Ry) 1+r9-*4+7r?-!-* =0 (mod p™*"); and 
(R3) 1+ r?-1-J 4 r?-1-3+* = 0 (mod p™*"). 

If 7 = 2i then the representations (R,), (R2), (Rs) coincide. If 7 F 
21, the representations are distinct. 

(2) JIf1+1+r? =0 (mod p™*"), then 1 < j and the normalized 
representations equivalent to this one are: 

(Ri) 1+1+7r? =0 (mod p™t’); and 
(RL) b+r?-'-5 + r?-1-J = 0 (mod p™*?). 

In this case the representations (R‘,), (R4) are distinct and 2?” = 2 
(mod pig) 

Proor. (1) From (R,) we obtain (R2) by multiplying with r?~*~*: 

pP-1-t = Pe} Eid pele = (} (mod pee), 

so 1l+ri-t+r?-!-* =0 (mod p™*’), and this is a normalized repre- 

sentation (because 1 < 7 —i < p—1—i < p—2) which is equivalent 

to (R;). 
In the same way, we see that (R3) is equivalent to (R2). If r” + 

rot? + 72t) = 0 (mod p™*?) is an equivalent representation which is 
normalized then one of the three cases must happen: 

(a) h =0 (mod p — 1), which yields (R;); 
(b) h+%=0 (mod p — 1), which is equivalent to (R2); and 
(c) h+ 7 =0 (mod p— 1), which is equivalent to (R3). 

If 7 = 2i then 1+ 7? +r” = O(mod p™™*), 1+ 7° 4+7P?3* = 0 
(mod pet Jeand foe esha 28 pees — U (modine es ) ao0 rh 
r?-\~* (mod p™*'). Therefore 2: = p—1-—i(modp-—1). But 
Le ePae lt <p 2 hence 21 — p = 1-7, thus. 7'—.(p al | / swe 

conclude that the representations (R,), (R2), (Rs) coincide with the 
cyclic representation 1 + r(?~)/3 + r2-)/3 = Q (mod p™*?), 

It remains to see that in all other cases these representations are 

distinct. 

If (R,) and (Rez) coincide then i = j —i, so j = 2i, contrary to the 
hypothesis. Similarly, if (R,) and (R3) coincide then i = p—1—j, j = 
p—1—j+1and again 27 = p—1+i, 27 = 2(p — 1) — 2i, hence 
i = (p—1)/3 and j = 2(p — 1)/3 = 21, contrary to the hypothesis. 
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Finally, if (R2) and (Rs) coincide, then j —i = p—1—j, p-1-i= 
p—1—j-+2 and once more 2% = j, contrary to the hypothesis. 

(2) If1+1+r? = 0 (mod p™*') then we have the normal- 
ized equivalent representation (Rj) (obtained by multiplication with 
r?-1~J). We have also j 4 0, since p™+! > 3. So (R35) is not the 
same representation as (F/). In this case 2+r? = 0 (mod p™*+'). Re- 
calling that r = g’” (mod p™*') and noting that g?” = g (mod p), 
then 2 + g’ = 0 (mod p), so g? = —2 (mod p) since gi?” = —2?” 
(mod p™**), and therefore 2?” =2 (mod p™*'). O 

We may rephrase this result as follows: 

(4D) The equivalence classes of solutions of 

lXe Xe =0 (mod p™*) 

consist of six distinct solutions, with the following exceptions: 

(a) p = 1 (mod 6), a £ 1 (mod p?) but a? = 1 (mod p’): in 
this case (1,@,a”) and (1,a?,a) form an equivalence class of 
solutions. 

(b) 2?" = 2 (mod p™*?): in this case (1,1,—2), (1,—2,1) and 
(1, (—2)P" -2) (—2)P"-)) form an equivalence class of so- 
lutions. 

Proor. According to (4C), if p = 1 (mod 6) the given congruence 
admits the cyclic solution; its equivalence class contains exactly two 

solutions (of which one is normalized). If p # 1 (mod 6), there is no 
cyclic solution. If 1+1+7r? =0 (mod p™*") then there are precisely 
three solutions in this equivalence class (of which two are normalized 

and if this happens then 2?” = 2 (mod p™t!). In all other cases, 

each equivalence class contains exactly six distinct solutions. O 

We show now that in certain cases, it is possible to obtain a new 

solution of (4.1) from a given one (Peschl, 1965): 

(4E) If1+r'+ri = 0 (mod p™*"), where j = 34 + (p — 1)/2 

(mod p — 1), then 1+ r¥ + r®-V?+% = 0 (mod p™*") and this 

representation is not equivalent to the given one. 
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PROOF. Since r-)/2 = —1 (mod.p™*') then 1 +r‘ — r*® = 0 
(mod p™+!), Hence —r? — r% + r“@ = 0 (mod p™*?) and r” + 
r’ — r>* = 0 (mod p™*!). Adding these congruences, we obtain 
1+r% — 7 = 0 (mod p™*!), that is, 1 +r + r?-DAt = Q 
(mod oa) 

If this normalized representation is equivalent to the given one, 

by (4C) we must have one of the following three cases: 

(a) 42 = i (mod p— 1) and 5% = 3% (mod p — 1), hence i = 
(mod p — 1), soi = 0 and 14+ 1-1 = O (mod p™*?), 
contradiction. 

(b) 424 = 21+ (p—1)/2 (mod p—1) and (p—1)/2+51 = p—1-1 
(mod p — 1) and this leads, as before, to a contradiction. 

(c) 44 = (p — 1)/2 — 3% (mod p —- 1) and (p — 1)/2+ 51 = (p— 
1)/2 — 2% (mod p — 1), leading again to a contradiction. 0 

0 

a 

In a similar way, we have: 

(4F) Ifp=1 (mod 4) and 

Ttr?04473=0 (mod p™’), 

then 

(eee ee ee OM (lod 7). 

and this representation 1s not equivalent to the given one. 

PROOF. 

Ltr°-/4477=0 (mod p™*?), 

hence 
gr P-D/4 4 1 pit+@-D/4 = (mod p™*?) 

and 
frit(P-)/4 _ pd 4 p2it(p-1)/4 = 0 (mod ptt), 

Adding these congruences, we have 

14+ 14r%+0-0/4=9 (mod p™*?). 

We note that r°-)/4 # +2 (mod p™+!), otherwise —1 = r®-D/2 = 4 
(mod p”*'), which is impossible. So 7 # 0 (mod p—1) and j # 
(p—1)/4 (mod p—1), so the representation obtained is not equivalent 
to the given one. 1 
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We shall now concentrate more on the study of the number of 
solutions of (4.2). Our method will be similar to the one in §2, in 
connection with Dickson’s theorem. 

We introduce the following notations, where p > 2 is any prime 
number, m > 0, k > 3: Let F(p,m,k) be the number of (a,... , 2x), 
such that t= 2,— p— 1 (fori=1,...,k) and 

a +a5 +:---+a22 =0 (mod p™*), 

Let a be any integer, 1 < a < p—1 and let F(p,m,k;a) be the 

pomber Ofte, 7% so) such: thatil < o.< p-ale(for top baer, k) 
and 

ee eer oe ap (mod Dien Nt 

Let N(p,m, k) be the number of (x2,... ,x,) such that 1 < 2; < p—1 

lon 2...) and 

(oe oa? = 0) (mod yp” :): 

If k = 3,m = 1, we shall simply write F(p) = F(p, 1,3), F(p;a) = 

F(p,1,3;a), N(p) = N(p, 1,3). 
First we indicate some relations between these various numbers. 

Then we shall derive inductive formulas in terms of certain periods 

of the cyclotomic field and, in turn, in terms of Jacobi cyclotomic 

sums. 

For m = 0 it is easy to compute explicitly: 

(4G) 

F(p,0,k) = (p ee i ses) 

esi eM 
Pp 

IM GOA) = 

In particular, 

F(p, 0,3) a (op Di(pe 2); 

(nO) septa: 

PROOHMIul ser ape) tore, ee yk 2 and {ys tr, 2 # 0) 

(mod p) then we may choose p — 2 values for x,—1, such that less 

tp_1 < p—l, £1 +++ +24-2+24-1 # 0 (mod p), and this determines a 
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unique z;, 1 < rz, < p—1, such that 2,+---+a2,_,;+2, =0 (mod p). 

So we have already [(p — 1)*~? — F(p, 0, k — 2)|(p — 2) solutions. 
Now ifl<a;<p-—1fori=1,...,k—2and2,+---+2;_2 =0 

(mod p) then we may choose p — 1 values of x,_; (which determine 

x,) and hence we have F'(p, 0,k—2)(p—1) solutions. Thus for k > 3: 

F(p, 0, k) 

= |(p—1)" “= Fip, 0k = 2)\(p— 2) + E(p;0, ke 2)(p = 1) 
iT, (p a 1)*?(p— 2) .r F(p, 0,k -_ 2). 

In particular, F(p,0,3) = (p — 1)(p — 2), F(p,0,4) = (p — 1)?(p — 
2) + (p—1). From the above relations we obtain 

F(p,0,2k +1) = (p—1)**~"(p— 2) + F(p, 0, 2k — 1), 
F(p,0,2k —1) = (p= 1)** *(p— 2) + F(p,0, 2k = 3), 

Hence, adding up, 

k-1 

F(p,0,2k +1) = 
j=0 

k-1 k— y 

se (Datsl)il ep (Disa dey wa 
J=OW XP 

(Pay = t Del) eee = (1) = p-! os | 
Similarly, 

F (p, 0, 2k) P-) —1)¥7 + 

k-1 k-1 

ras) Deeley) (1) el 
j=0 7=0 

k-1 k-1 

= (p-1)|S>@-1)¥ - S\(p- 1) 
7=0 i 

— 2k—1 2k—-1 

(peek 1) 2 1 ae F 
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Hence, whether k be even or odd, we have 

(p= 1)" + (-1)! Or F'(p,0,k) = (p — 1) 

The same argument gives 

N(p,0,k) = (p— 1)*-°(p — 2) + N(p,0, k — 2). 
Thus 

N(p, 0, 2k 4 1) = (p = 1) a) 2) te N(p,0, he 1) 

and 

\¥ y ee 2a 

N(p,0,2k +1 Pees!) 
21 P 

Similarly, N(p,0,2k) = ((p— 1)?*-! + 1)/p, so for any values of k: 

(Dili ata Le 
Mie en) = : a 

More generally: 

(4H) With the above notations: 

(1) F(p, mM, k) < (p - 1)N(p,m, k). 

(2) penal =e pm ky) = F(p,m,k;p — 1). This 

number shall be denoted by F* Gen RK); 

(3) N(p,m,k) = N(p,m —1,k) — F*(p,m,k) form > 1. In 

particular: N(p,1,k) = (p= 1)83 + (pee tak). 

PROOF. (1) We consider the sets F = {(m,...,2,%) | 1 < a < 
ine 1 fort tlhe JR and xe fuss a2 = 0 (mod p™*')} and 

ee (io, ioe eke a fore =72, coy, hand | or) at 

..-4+ a?" =0 (mod p™*')}. If y is any integer, 1 < y < p—1 and 
(xo,..., tn) EN, if 1 = y, ys = yt; (mod p) fori = 2,... ,k, then 
(y1,Y2,---,Yr) € F. Different values of y yield different solutions of 

Dee ee Xe = (modes |): 
Tf (ay, Spee ON andhay 7, ie Ve with (2,0). 2.) F 

(x',,... ,x,), ify, y’ are integers such that 1 < y, y’ < p—1, the above 

method leads to distinct solutions (y1, Y2,--- 5 Yr) F (YisYb.-++ + Ya) 

because if y 4 y’ then y, # yj, and if y = y’ and say 2, # xj, then 



326 X. The Local and Modular Fermat Problem 

It is also clear that every (yi, Y2,--- ,Yx) € F may be obtained in 
this manner, namely taking z;, 1 < x; < p—1, such that y; = yz; 

(mod"p)' tor? =25..0,k. Thus, (p,m k) = (pl) Np, mek): 
(2) © Let#l’< "ab <"p-2 1, and let*c bessuch that? o"== "eq 

(mod'p); 1 <c= p=1. li (a), 22, -.. 57.) isistch thanl ae p= 
and 

Pee eet ape mod p.)) 

then letting y; be such that 1 < y; < p—1, y; = ca; (mod p) then 

ye =cP"a?” (mod p™*!). From c”” = c (mod p) we conclude that 

Oe SEES Se OI ale gn Sage eames) 
In this way we establish a bijection between the sets of solutions of 

XOX Se a ee = ape (mod pu) 

and of 

XP +X5 4+---+XP =bp™ (mod p™*’). 

Therefore F' (p,m, k;a) = F(p,m,k;). 

(3) Let ee Nee. a?” =0 (mod p™) with 1 < x; < p—1 (for 

i=1,...,k). Thena® +---+a? =0 (mod p™) sincez? =a? 
(mod p™). Hence there exists a, 0 < a < p—1, such that 

Go th ee ape e(modip i 

Tints (a1, =... op) isa solutionsof 

XA PRG bX = 0- smoden = 4) 

or a solution of 

Xe eee XX =apee (mod pT 32) 

for some a, 1 < a < p— 1; and conversely. 

Hence, by Part (2), 

F(p,m — 1,k) = F(p,m,k) + (p— 1)F* (p,m, k). 

By Parte()); 

N(p,m—1,k) = N(p,m,k) + F*(p,m,k). 

In the special case where m = 1, by (4F) we have 

N(p.tk) = P= ip. ,h). 0 
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[in Stolet 

0 when p= -—1 (mod 6), 
1 when p=1 (mod 6), 

and . 
when. = (mod De) 

(p,m) = 4? : YP, 7, att ecaiesneess = (mod prt), 

Then we have 

(41) 

(p,m) + 3y(p,m — 1) (mod 6), F*(p,m,3) = 3y(p,m 
3y(p,m) + 26(p) (mod 6). N(p,m, 3) 

PRooF. The solutions of 1+ X2” + X?” =0 (mod p™*!) are orga- 
nized into equivalence classes. By (4D), these classes consist of six 

elements, except when p = 1 (mod 6), where there is a class of only 

two elements, and when 2?” = 2 (mod p™*'), where there is a class 
of three elements. Thus 

N(p,m, 3) = 3y(p,m) + 26(p) (mod 6). 

By (4H), 
F*(p,m,3) = N(p,m— 1,3) — N(p,m, 3) 

= 3y(p,m — 1) — 3y(p,m) 
= 37(p,m — 1) +3y7(p,m) (mod 6). O 

For the special case where m = 1, k = 3, we have 

F*(p) = F*(p, 1,3) = 3y(p, 1) +3 (mod 6), 
N(p) = 3y(p, 1) + 26(p) (mod 6). 

In order to indicate an upper bound for N(p) (with p > 3) we 

need to study in more detail the Cauchy polynomials modulo p. We 

recall from Chapter VII, §2, that 

CX set Pex Peep Xa LX" =X Py Ch(), 

where C,(X) € Z[X], 

eee wien p= le(mod:6), 
“=~ 2 when p=1 (mod 6). 
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X* + X +1 does not divide C,(X), C,(X) is a symmetric monic 
polynomial, C,(—1 — X) = C,(X), hence C,(0) = C,(—1) = 1. Let 

(X +1)? — XP -1 

Pp 

and q(X) = 9(X) (mod p), C,(X) = C,(X) (mod p). 

q(X) = € ZX] 

(4J) Forp>3, we have: 

(1) All the roots of q(X) (different from 0 and —1) in F,, and 
all roots of C,(X) in F, are double roots. 

(2) If a is a root of C,(X) then each element in the set 

i tea the =} 

l+a’  1l+a’ a 

ih 
M, = fa, ae =(i a a), 

a 

is also a root of C,(X). If M. has less than six distinct el- 

ements, then M,, = {1, —2,(p—1)/2 (mod p)} (in this case 
2? = 2 (mod p”)) or p = —1 (mod 6) anda? +a+1=0, 
ag F,. 

(3) X2+X+1€F,[X] does not divide C,(X). 

PROOF. (1) Let a € F, be such that g(a) = 0. We have q/(X) = 
(X + 1)? ?— XP" If a = 0, then "(a1 )? = a? = 1, so 
q'(a) = 0. Since g”"(X) = (p — 1)[(X + 1)?-? — X”~?] then 

=I = ee Sp \O=2 pO = 1 birt: 1 nN f(a) = =[(-+ I 9 oF") a = AO 
This shows that a #4 0, —1 is a double root of g(X). 

From g(X) = X(X + 1)(X?4+ X + 1)°C,(X ) if Cy (a) = 0 then 

g(a) = 0, so taking derivatives: 0 = (a? +a+1)°C (2). We have 
a’+a+1 # 0, otherwise since a € F,, then necessarily p = 1 (mod 6) 

(Chapter I, Lemma 4.1). Hence « = 2 and C,(a) = 0, since a is a 

double root of G(X). Thus Ci(a a) = 0, and a is necessarily a double 
root of C,(X). 

(2) Since C,(X) is a symmetric polynomial such that C,(—1 — 
X) = C,(X) and C,(0) = C,(—1) = 1, then if C,(a) = 0 then each 
B € M, is also a root of C,(X). We suppose that M, has less than 
six elements. Then one of the following cases happens: 

(i) a=1/a: then a = +1. 
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(ii) a = —(1+ a): then a = (p—1)/2 mod p. 
(ili) a = —1/(1+ a): then a? +a4+1=0. 
(iv) a =—a/(1+ a): then a = 0 or a = —2. 
(v) a=—(1+a)/a: then a? +a+1=0. 

But 0,—1 are not roots of C,(X), a = 1, —2 or (p— 1)/2 mod p. 
M,, = {1,—2,;(p—1)/2 mod p} and from ((1+1)? — 1” —1)/p = 0 
(mod p) we have 2? = 2 (mod p’). Ifa? +a+1=0 withae F, 
then p = 1 (mod 6) so € = 2. Since a is a double root of g(X) it 
cannot be a root of C,(X). Thus a ¢ F, and p= —1 (mod 6). 

(3) Ifp=1 (mod 6) then e = 2, X? + X +1 has root a € F, 
which is a double root of g(X), hence not a root of C,(X). Hence 
X* +X +1 does not divide C,(X). 

Let p = —1 (mod 6), so ¢ = 1. The roots of C,(X) appear in 
groups of six distinct roots, with the following exceptions: 

(i) the group of three double roots {1, —2, (p — 1)/2 mod p}; and 
(ii) the two roots of X? + X +1 (which are necessarily outside 

F,). 

Ip OLX) = (XX? -— X 41) H(X) with » S leand XxX? + X + 1 not 
dividing H(X) € F,[X], then 

deg C,,(X) = 2r +degh(X) = 2r (mod 6), 

in view of the grouping of roots of H(X). But if p = 6n — 1 then 

deg C,(X) = 6(n — 1), so 2r = 0 (mod 6), hence r = 0 (mod 3) and 
therefore r > 3. Thus if a? +a+1=0 then a is a triple root of 
C,(X), hence also of G(X). Therefore 

q(X)=(X +11 — xP 
and 

a'(X) = (p= 1K + 1)? — xP 
vanish at a: 

(Cia Lhe aoe, (ye = a" fe 

Comparing, we have 

et ae NGS aA ares, 

hence a?~? = 0, soa =0, a contradiction. O 
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We may now determine an upper bound for N(p): 

(4K) 
(1) If 2? #2 (mod p’) then 

2 when p= 1 (mod 12), 

i when p = 5 (mod 12), 

WAG) ste 
oa when p=7 (mod 12), 

a when p = 11 (mod 12). 

(2) If 2? =2 (mod p’) then 

2 when p = 1 (mod 12), 

=i 
E 5 when p = 5 (mod 12), 

ND) Seren 
yg when p =7 (mod 12), 

ames when p = 11 (mod 12). 

PROOF. We recall that the nontrivial solutions of 1 + X? + X} = 

(mod p) correspond to the nontrivial solutions of 1+ X? = (1+ X)? 

(mod p?), that is, to the zeros in F,, distinct from 0, —1 of 

Cae Xa 
Pp 

(1) Ii p= 12n +1 then g(X) = X(X +1) (X72 X + 1)7C,( 0); 
deg q(X) = p—1, degC,(X) = p—7 = 12n — 6. Since every root of 

C’,(X) in F, is a double root and the roots appear in groups of six, 
then 

q(x) = (mod p) € F,[X]. 

6n — 1 

6 
N(p) < 246] | =240n-6=6n-4 

= A 

If p = 12n +5 then q(X) = X(X + 1)(X? + X +1)C,(X). The 
same argument gives (noting that X* + X + 1 has no root in F,): 
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deg C,(X) = 12n, N(p) < 6n = (p—5)/2. If p = 12n +7 and 
p = 12n +11, we proceed similarly. 

(2)at Lh oP 2? (modsn?) then g(X )i=X (Xia) (XPaaX 1) (X — 
1)?(X +2)?(X — (p—1)/2 mod p)? A(X) where the roots of A(X) € 
F,,[X] appear in groups of six distinct double roots. 
If p = 12n + 1 then gcd A(X) = 12(n — 1) and N(p) < 2434 

(= 1) = Gan = 1 =" (p — 3) /2. 
In the same way we derive the other upper bounds. 

All the preceding considerations do not yet provide any explicit 

formula for the numbers of solutions of the congruences in question. 

As we shall now see, such formulas may be obtained using Gaussian 

periods and Jacobi cyclotomic sums, as in §2. 

Let p be an odd prime, m > 1, let h be a primitive root modulo 

p™t!, let ¢ be a primitive root of 1 of order p™, and let p be a 

primitive root of 1 of order p™*!, p? = ¢. The Gaussian periods 

ni = 1i(p,m,h) are defined as follows: 

(4.5) 
No = p+ pr apne ae j ey ae 

4 & or ons Ee pee +i aT a p(P—2)P™ + 

jen = pe ete + pr rae Hp Cars 

It is also convenient to agree that 7; is defined for any index j, by 

letting n; =; when j =i (mod p™), O<i<p™-—1. 

If g is another primitive root modulo p™t?, then g=h" (mod p™**) 

where gced(r, p”(p — 1)) = 1. If ni’ = ni(p,m,g) then 7," = ni (for 

i) ieee pb) indeed, 

=P p—2 p—2 i 
! 2 gies pite™ +ri pie tri i 

ni’ =P = =) = Nis 
j=0 j=0 = 

because if jr = t (mod p— 1), 0 < t < p—2 then {(jrp™ + ri) 

mod p™(p — 1) |7 =0,1,...,p—2} = {(p" + ri) mod p™(p— 1) | 
t=0,1,...,p—2} as we may easily verify: 7 # j’ (mod p™) if and 

only if jr # j’r (mod p”). Hence up to a change of numbering, the 



332 xX. The Local and Modular Fermat Problem 

Gaussian periods are independent of the choice of the primitive root 

modulo p™*!,. 
Let us observe now that each period 7; is a real number. Indeed, 

n; is the sum of (p — 1)/2 pairs of complex-conjugate numbers: 

Bein: ((p—1)/2+3)p™ +i jp +4 a pe BOSE: | manera acy h aay 28 a +p h = ye “pi? +i ER. 

And we also have the gross estimations 

p—2 wanae 

(4.6) In| < doe" “| <p-1 
j=0 

(the equality would hold only if the numbers Fics as would be all 

multiples of one of them, which is not the case). 

For every t not a multiple of p, let ind;,(t) = s, where 0 < 5s < 

(p — 1)p™ — 1 and t= h* (mod p™*?). 
hepJacobiteunistr, ='1,(p,m, hh) “ory "0/1, 9.25 p" = 1) "are 

defined by 

pee il 

(4.7) uae COE We hy 
ryt 

In particular, 

Indeed, 
Donel 

TH=(1p)= do, 
prt 

so 7) is the sum of the primitive (p”*')th roots of 1. Hence 7 is 
the coefficient of the term of degree y(p™*') — 1 of the cyclotomic 
polynomial 

el 
=) Seley. DGC By Ct aii Tere Sk 

thus 791": 

We shall see that 7; 4 0 if and only if pj. For this purpose we 
require the following lemma about sums of roots of unity: 
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LEMMA 4.1. (1) Let n> 1 and let € be a primitive nth root of 1. 
For every integer a: 

pag oa n whenn|a, 

= 0 when n Ja. 

(2) Let p be an odd prime, m > 0, and let p be a primitive root 
of 1 of order p™*!. For every integer a: 

OK ep") when p™*" | a, 
a pe be ay when p™ | a, eer Ja, 

Lie 0 when p™ Ja. 

PROOF. {1))'Let'd = ged(nja)jin= dn’, a= da's'so ged(n'; a’) = 1, 
Since €¢ is a primitive root of 1 of order n then €% is also a primitive 
root of 1 of order n’. Hence 

n 

yer = Dee 

ol 

But each xz, 1 < x <n, may be written aszt=hn'’+y,1<y<n’, 

0<h<d-—j. So 

n 

as = eg ea 

/ 

(es) 
h=0 y=1 

d—1 71 
= Sy sy ey 

h=0 y=1 

nid=n whenn’=1,ie., n|a, 

ah te when n’ > 1, ie., n /a. 

(2) Ifp™*!|a then the sum 

is obviously equal to ®(p™t!). If pt! fa, p™ | a, let a = bp”, 

with pb. Then ¢ = p’” is a primitive pth root of 1. Every z, 
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Ui <agip aisisvoh thestorm ms hpahy Oi, Sip lee ap, 
moreover, p /x when y # p. So 

Doge p”—1p—1 p™—1 

Vas OS oh Cae avai" 
c=1 h=0 y= h=0 
pfx 

If p™ Ya then 

Dee 
S zi Die pe = ries = () 

iceepmet ot 

by (1)ysince p™** Va. 
Next we note that p? = ¢ is a primitive root of 1 of order p™. Each 

PamUltiple opal <r <p t amlisy Written as ay = 01 le ie) ae 

per p™ 

a aed 
ft cv 

by (1), since p” /a. We conclude that S=0. O 

The following lemmas concern indices: 

LEMMA 4.2. Let p be an odd prime, m > 0, h a primitive root modulo 

p™*! andi an integer, 1<i<p—1. Then 

ind,(1+ip”) =iap™' (mod p”) 

for some integer a, not a multiple of p. 

PROOF. Let s = ind,(1+7p™”), so h’ =1+%p™ (mod p™*'). Then 

he? = (1+ip™) =1+ip™' = (mod p™t’), 

Hence sp = 0 (mod p™(p — 1)), that is, sp = —bp™(p — 1) = bp™ — 
bp’ then s = bps. bp”, so s==— bp” (mod p™), = cince 
p i there exists a such that b = ia (mod p), hence s = iap™—! 
(mod p™). 

It remains to show that p /a. Otherwise s = 0 (mod p”), that is, 
1+ip™ = h?"* (mod p™*") (for some integer c). By (3.3), (1+ip™) 
mod p™t! = hP”* mod p™+! € UNV = {1}, and therefore i = 0 
(mod p), which is a contradiction. © 
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Pormeverys) =U, i, pr (p— 1) 1 lett = fa eZ /p) 
ind;,(@) = 7 (mod p™)}. Since U = {a"" |a@e (Z/pm*)s } then U; is 
a coset of (Z/p’*')* modulo U. In view of a later result concerning 
sums of squares of periods, we need the following description of these 
cosets. 

Peteles hi let ¢a= Ol aa. p 1, and let 

S; = {U;, Ciena Te Uisopm-k, SON U4. (pe-1)pm—e }. 

Similarly, let 

Sevan n)t 0, (lS pm") p) Uli @ fpr s*)p): U, 
eee (Pe Lp Uy. 

First we note that for each 2, the cosets Uj4jpm—%, Uigupm—« (with 

| # l’) are distinct. Otherwise, i + Ip”™~* = i+ l'p™-* (mod p™), 
hence | = I’ (mod p*), contrary to the hypothesis. So #S,; = p* 

Ifi #47’ then S;N Sy = @: ifi +lp™* = i’ +I'p™* (mod p”™) 
then necessarily 1=7' (modp”—"), s01=7'. 

So va - S; has p™ cosets, that is, it consists of all the cosets 

modulo U. Similarly, the cosets 

reais pl Cet aie pte) p) aU 
(with 1 #l’) are distinct. Otherwise 

[++ )p- (1+ G+") eVnU = {I}, 
SO 

1+ (itlp™*)p=1+(i+Up™™")p (mod p™*), 
hence 1 =’ (mod p*). So #S/ = p*. 

Ifa 47 then S; 1S; =O: if 

ei Spe) pie = (le pp) 

then as before 

(ee Ge lp™ p= (1 es lp )p, (mod p™* ), 
E = 4 4 es pes 

hence necessarily 1 = i’ (mod p™*), soi = 7’. Thus Uae S; has 

p™” cosets, that is, it consists of all cosets modulo U. 

Now we prove: 

LEMMA 4.3. There exists a permutation a of {0,1,...,p™~" — 1} 

such that S; = S,(). 
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Proor. Let ind(1+ip) = g, that is, (1+i%p)-U = U;. We show 
first that for every 1 =0,1,...,p* — 1, 

ind[1 + (¢ + lp™-*)p] = j + sp™“* 

for some s, 0 < s < p* — 1; this is equivalent to showing that 

[1+ (¢+lp™—*)p| -U = Uj 4spm-« 

and allows us to define 7(i) = j, with S/ = S,(;). Indeed, let 2’ be 
such that (1 + i’p)(1 + ip) = 1 (mod p™*") and let | = I’p” with 
pyl,0<r<k. We define b, 1 < b < p*” — 1 by the congruence 

l’(1 + i'p) = b (mod p*~"). Then 

[1+ (é+lp™*)pl(1 +p] = 14+1(14+i'p)p™ *** 
= (ee Cea pe 

Meo bp ae (mod japan: 

| 

But 

(1+ bp tae a =1 (mod p™*"), 

so 
m—k+r 1x bp tsa h = pie—1)p ee): (mod p 

Taking s = t(p~1)p" then 

VGH OTE) (Set) a erate? Gh (nodip 4), 

as we needed to prove. 

We show that if2 # 7’ then 7(i) A m(i’). If hk? = 1+ip (mod p™*'), 
hi = 1+4+7'p (mod p™") and j = 9’ (mod p™~*), let j’ = j +sp™*. 

So 1+i'p = (1+ip)h*?” © (mod p™~*), hence h*?” * € V. So sp™-* 
is a multiple of (p — 1), hence also of (p — 1)p™~*, that is, sp™—* = 

t(p —1)p™-*. Let h?-! = 1+ ap (mod p™*"). Then A?” © = (1+ 
ap)? = 1+ atp™-**™ (mod p™-*"). Therefore 1-ea'p = (HEE 
ip)(1 + atp™-*t!) = 1+ (i+ atp™—*)p (mod p™-*+?), We conclude 
that 7°=% (mod p”™=*);so 7’ = 7. 

We conclude therefore that 7 is a permutation with the required 

property. 

We now derive some formulas for Jacobi sums and Gauss periods, 

which are analogues to the ones already proved in Chapter IX, §2. 
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LEMMA 4.4. y= 1 i= then Tj; = Tpm_; (7) denotes 
the complex conjugate of T;) 
. gree} when p | j; 

2) n= 
Ce { 0 when p | j;and 
(3) 7; #0 if and only if p does not divide j. 

) 

PROOF. (1) 
ees 

— —j ind; (z) aes 

1 ae y ¢ p. 
xr=1 

pfx 

But ind,(—z) = ind,(—1)+ind, (x) (mod p™(n—1)) and ind, (—1) = 

Lp" (p— 1), 80 C™M-Y = 1, Hence 
pow 

= _ —jind,(—2r) ,-© _ = CIM = my 2S pm 
pfx 

(2) We have 

BS ee -s Porat Bt 1375 — S ‘e ind, (z)p Ds Co indn (y) 9-Y 

phe Dre 

For every x,y as above, let t,1 < t < p™t' — 1, be such that 

y = xt (mod p™**), hence p/ t and ind,(y) = ind,(x) + ind,(t) 

(mod p™(p — 1)). Then 

m+1_4 peril 
Pp 

eg —j ind), (t) ,x(1-t) 
<= a oe in 

o—s t= 

pe pfx 

aol Deel 

Cs DS cJind,, (t) > ee 

t=1 Fie 

pit pfx 

Using Lemma 4.1, we have 

p—1 

™m m —jind ip 

7); = P™(p — 1) 4+ (Hp) cee, 
— 
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where the first summand corresponds to t = 1 and the second sum- 

mation to the terms t = 1 + ip”; the other values of t give the sum 

0. By Lemma 4.2 

ind,(1 + ip”) =iap™ * (mod p”) 

(where p Ja), so 

p-1 

TiO? mele Dae oe 
41=1 

= Ppl) pope if p (3, 
p (p=) prip—1)=0 tiip| 7: 

(3) This is obvious from (2). 0 

il 

We note the following connection between the periods and the 

Jacobi sums: 

LEMMA 4.5. Consider the matriz Z = (C2) =o pm. and the vec- 

tors 

To To 

71 ™m 
ie | ee ) Ve 

Then: 

(1) ZZ =p" I (I identity matriz), that is, 

ge Soe 
hei 

(Gola ly ee): 
(2) Zap apethat is, 

pren 

NE Gh 
j=0 

Card SOM oo ye 
(3) r = Zn, that is, 

purl: . 

a a 
j=0 

(font OAL, ep als 
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PRooF. (1) By Lemma 4.1(1), 

p™ p™—1 
ike—kj feos) ee oe when p") | 145, thats, 7 = 2, 

ais X$ Kes WED] =) 2. 

(2) 

pri * pe eae alo 
~ Cr: = Ni. ¢74 Sd, ‘a nd Xe) pe 

j=0 j=0 co 
pfx 

ae pes 
= SS po" dS Cieniedn (2) q 

Fim 

But by Lemma 4.1(1) 

Dae A : , 
Sy cat-itindney | P when ind, (x) = 7% (mod p™), 
= 0 otherwise, 

hence the sum to be evaluated is equal to 

p—2 ae 

ie pees a 
a=0 ind; (x)=i (mod p™) 

since ind,(x) = i (mod p™), 1 < x < p™ — 1 is equivalent to z = 
pe (mod p" =), with 0a < p= 1, 

(3) From Zt = pn, by multiplication with Z we obtain pT = 

Z2t—p°Zy hencez=Z2y- O 

As a corollary we obtain the vanishing of special sums of periods: 

LEMMA 4.6. Let p be an odd prime, m > 1, let 1<k < m,t = 

(elt a, po als J hen 
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PRroor. By Lemma 4.5(2): 

p*—1 p®—-1p™-1 | ie 

jg (5: ner = 8 sy Cree ae, 

20 c=O0 9 7—0 

Wy Gate, (5: pa ") 
j=0 r—() 

|| 
3 

baa 
| 

ee S: a 
a 

ae 

fel sit & 
—~—ae 

where € = Cae ay. Since € is a primitive root of 1 of order p*, by 

Lemma 4.1(1), 

=i . ; 
S €774 = p* if pr 5 

0 otherwise. 

Hence 

pe-1 ile Lo ae 

dX Titapm-k | = pr DE Goat == 0, 

by Lemma 4.4(3). O 

Forrexamples if m =)lthenhki—=17 and ras -0 7; = 0, which was 
already known. If m = 2, k = 1 then 

pL 

(4.9) NE eons: Onto) 0. lat ae 
j=0 

Ifm = 2, k = 2 then )%_ “ona = 0, as already known. If m = 3,k = 
1 then 

(4.10) Sie SO To. Galle =i. 

Lin —3, k= 2 tuen 

p’-l 

(4.11) SE yp ww ie Ss gp IL. 
jae 



X.4. Fermat’s Congruence Modulo a Prime-Power 341 

and finally, ifm = 3,k = 3 then eat n; = 0, as already known. 
We may also Braluate the Salas sums of squares of periods: 

LEMMA 4.7. Let p be an odd prime, m > 1, let 1 <k < iia 
lees =], Then 

p*-1 

SC Gk at =e 
c=0 

ProoF. Let U; = {a@ € (Z/p™*1)® | ind,(a) = 7 (mod p™)} for 
we 0.1 e p(p — 1). Then U, is a coset modulo the subgroup U. 

By definition, 

Ure Ss are 
O<s<(p—1)p™ 

seU; 

We keep the notations preceding Lemma 4.3: 

S; = {U;, Uist pm-k, Us.apm-k,. oc 1 Ui4.(pk—1)pm-* f, 

S, = {(1 + ap) -U, (1 ip? *)p| U. 
Ue (toe pts pial 

and let 7 be the permutation of {0,1,... ,p™~* — 1} such that S/ = 

S,(i) (see Lemma 4.3). Then 

p*—-1 

ye eee ko =e n= SS Ni 

U; ES; Uj ES, -1(3) 

Thus we need only to evaluate the sums 

A jo! a 

5. = 5, (Spooner ne") 
Py 

z=0 (Gil 

We have 

p*—1p-1p-1 . .: 
ip Ce RSIS a?” + bP”) = 

a—0 a= b=" 

k 

p—1p-l ag m m— ree ee faa ma 
i po” +0" ci(a? rahe oe) SS glans +? \ 

Fa Si 2=0 

m+1—k k . p™ ae je 

WyeTe © —=40) 6c — (so €? = 1), noting also that a? =a 

(mod p™), a?” = a?’ (mod p*), and similarly for b. 
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By Lemma 4.1, 

sake EN ES ay teas ae es : Ss = OL eS —a ee —a ) = p*(p ot Ds 

a 

and this concludes the proof. 0 

In particular, taking k = m we have 

p”-1 

(4.12) Sep? (pen). 
j=0 

We specialize now the above results to the case where m = 1. Let 

a,1 <a < p-—1 be defined as follows. If s = ind,(1 +p) then 

h’ = 1+ p (mod p’) hence h*? = (1 +p)? = 1 (mod p?), hence 
p(p — 1) divides sp, so p — 1 divides s. We define a by a(p— 1) = s. 

LEMMA 4.8. Ifm = 1, a(p—1) = ind,(1+>p) then ind,(1+cp) = —ca 
(mod p) jor every ¢ = 0, les, p — 1. 

Proor. From h?-)) = 1+p (mod p”) we have h°-)) = (1+-p)° = 
1+cp (mod p*). Hence ind,(1+ cp) = ca(p—1) (mod p(p—1)). In 
particular, ind, (1+ cp) = cap — ca =—ca (mod p). O 

LEMMA 4.9. Ifm = 1, the Jacobi sums (fori =0,1,...,p—1) are 
given by 

7 = po”, 
where a(p — 1) = ind,(1 +p). 

PROOF. 

p-1 
T= De Gpahe) 5s 

z=0 

By (4.3) we may write in a unique way 

xz =h?’(1+cp) (mod p’), 

where 0 < b,c <p—1. Then by Lemma 4.8, ind;,(z) = pb+ind,(1+ 
cp) = —ca (mod p). Therefore, 

p—1 

see —tca — hP?(1+ep) __ — Wee — c(h? ia 1h DSP Te SUP DY Ger? 
b=0 b=0 c=0 c—1) 
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(noting that p’ = ¢). Since ia # 0 (mod p) then (ia)? (mod p”) € 
U. So there exists by, 1 < bp < p—1 such that (ia)? = h?’? (mod p?). 
By Lemma 4.1(1), 

S Cathe =a) as Pp when b = bo, 

~ | 0 when b F bp. 
c=0 

We conclude that 

T; = nee a poe Oo 

In analogy with (2B) we indicate an inductive expression for 

N(p,m;k) and Fp, m, k) in terms of the periods (see Klésgen (1970)): 

(4L) 
1 Dele an 

(1) F(p,m, k) = —F(p,m— 1,k) + dX ni; and 

1 io 
(2) N(p,m;k) = a Ma) al ee n;- 

Proor. (1) By Lemma 4.i(1), we have 

pepe) Pele aes 
ss Se ne SS Ly Huet beksE”) 

t4—lio—1 pe —O 

p™'' F(p,m,k) 

Deis 1 p—1 p-1 

= ye ie Se 

y=0 ev=1 Cie 

a 1 p—1 k 

rs yx? Bes (S» 

prtt_1 /p-1 ko pmtl_1 /p-1 3 b 
P Q 

y=0 a=l1 y=0 c— 
Ply phy 

k 
p™—1 /p-1 k pett_1 /p-1 

= : , p am ve 5 5 or ; 

= = y=0 c= i—O oi oe 
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since p? = ¢ and 2?" =a?" ° (mod p™). Since 

Poe (Pea 2a 

p Ep — 1,k) a Ss (Sow ’ 

t—O Gaol 

by the same computation as above, then 

Dp 
meta 7p—} £ 

pF (p,m, k) =p” F(p,m —1,k) + se (om 

Each y, 0 < y < p”*!—1, p /y, may be uniquely written in the form 

y = h' (mod p™*!), with 0 < i < p”(p—1). Also, each x?” (with 
1 <a <p-—1) may be written uniquely as xz?” = h®” (mod p™*") 
with 0 <c< p—2. Hence 

pitt p—-1 k (CY CS bo iepT 

pete ee 
k 

y=0 r=1 i—0 ce) 
pity 

S(paty>i 
= nf 

1=0 

p= 

=(p—1) >), 
i=0 

Thus 
Te =! 

1 
Ep. m, ke gC ba: m—1,k) ae De 

(2) Dividing by p— 1 and taking (4G) into account, we deduce 
the recurrence relation for N(p,m;k). O 

As a corollary, it follows from (4F) that 

(4.13) ais Mewes es =) 

(4.14) N(p) = ?— + +3 | 

Ns 

Let S(p™,k) = 37?-) [ni(p,m)]*. From the recurrence formulas in 
(4L) we obtain the expressions: 
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(4M) 
(1) F(p,m,k) = 2 le- 1) + (=1)* +8(p™, k) +. S(p™-1, k) + 

(2) N(p, ™, k) = prat PI) +(—1)* +S (p™, k)+S(p", k) + 

#9 +5(p, k)]. 

PROOF. (1) We have 

pial ™m 

S(p™,k), pata 

1 
F(p,m,k) = ppt CN 

1 1 =e 
a apa aI) chess op? »k), 

ia 1 Daal 
pra AUP: 1,k) = Belt 205K) s ame k). 

Adding these equalities and taking into account (4G), we deduce 
that 

5 ae = [(p—1)* + (-1)* + S(p™, k) + S(p"™, Fs) 

+++++ S(p, k)]. 
(2) This formula is obtained from the preceding one by dividing 

Dy] 

Taking k = 2 in the above formula and noting that N(p,m, 2) = 1 

(trivially) then (4M) yields again the relation of Lemma 4.7 for k = 
m. Indeed, if m= 1, 

Peale = 5 1) +14 S(p,2)) 

hence 
po—l 

S(p,2) = ds ln. D = pips )). 
j=0 

Assuming by induction that for r < m we have 

pl 

S(p",2) = D7 [n(p.r)? =P" — 1), 
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then 

Pees (pain 2) 

1 = 

= aah eS 8) er (1) pip 

Hence S(p™,k) = p™(p— 1). So S(p™,k) is an integer which is a 

multiple of p”. 

For the next result, which is about sums of powers of the Gaussian 

periods, we shall require a lemma about the g-adic values of products 

of factorials. 

LEMMA 4.10. Let q be a prime, s > 1, w>1 and let ri,7r2,... , Tr, be 

integers greater than 0 such that qg@ =1,; +7r2+---+1r,. Then 

UATy Toler jh) < qu,(q°_'!), 

and yf [i= 9011 Spor Ooty = Wgiw ater. gies gaa) 

qua(q?—*!). 

PROOF. If s = 1 the statement is trivial (since 4 > 1). We proceed 
by induction on s. 

We have [r:/q] +--:+ [r,/q| < q°~!, so for some integer ro’ > 0 
we have rq + [ri/q] +---+[r,/q] = 9° '. By induction, 

(adn [i] ++ al) amt) 
By Chapter II, (1A), if t > 1 is an integer then 

ib t t wove (shes off!) CM) WE ie 

and if > 0 is any real number, a > 1 any integer, then [x/a] = 
[[z]/a}, so 
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Stele (eat) 
<q * +4, (r4!) + ys, ({= ) 

q°* + qu,(q°~?!) 

q+ +q(q* 3+---+¢q+1) 

= qq? +q° > +---+q41) = qu,(q°"!). 

IA 

The last assertion is of course trivial. [ 

Now we may derive the following properties of the sums S(p™, k): 

(4N) 
(1) S(p™, k) =F p™ |pN (p, mM, k)—N(p,m-—1, k)] om p™ |F (p,m, k)— 

F* (p,m, k)}. 

(2) If q is a prime, k = q°*, then S(p™,q°) is a multiple of q. 

PROOF. (1) By (3L) and (4H), 

S(p”,k) = p™[pN(p, m, k) — N(p,m — 1,k)] 
ra Pp |(p 3 1)N(p,m, k) * p,m, k)| 

a p” |F (p,m, k) a Patan, k)]. 

(2) By virtue of (1) we may assume q # p and it suffices to show 
that q divides F(p,m,q*) and F*(p,m,q*) = F(p,m,q*;c), where 
l1<c<p-l,c=q eee) (by (4H)). Let 21,22,...,2, € Z 

be such that 2? + 23 +---+2? = 0 (mod p™*’), respectively, 

Pe te = Cc ven per) where sl steep ar | 
fori = 1,... ,k, k = q°. Each k-tuple obtained by a permutation 

from (21, 22,.-. ,Z,) is still a solution of the congruence. So the set 

of solutions is organized into disjoint classes of solutions equivalent 

under permutation. Therefore it suffices to show that the number of 

solutions equivalent to any given one is a multiple of q. 

Let the k-tuple (z1,22,...,Z,) have exactly p distinct compo- 

nents, repeated, respectively, r1,r2,... ,7, times (with r; > 1). We 

note that yw #~ 1; otherwise from 7; = %2 = --: = Ly we deduce 

qzi =0, reasconeelnkG (mod p), which is impossible. It follows 

sour hie Ta <s 
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The number of solutions obtained by permutation from (21, £2, 

.,@,) is equal to k!/(ri!r2!---+1,!). So we need to prove that q¢ 

divides this number. We have 

Uy (kt) e,Gn ect wert cere taal 

Since r) tro +--+ +7, = @ and pw > 1 then v,(ri!re!---r,!) < 

Qa ta Gea bg 1) = Ged? ? eee ged. 
Therefore the g-adic valuation of k!/(r,!r2!---7r,,!) is at least equal 

to 1, which was to be proved. (1 

We now indicate an upper bound for N(p) in terms of the periods. 

In view of (4.13) we are led to find an upper bound for the sum 
ay n>. For this purpose we establish the following lemma: 

LEMMA 4.11. Let n> 3, let f be the function of n real variables 

I AGHie eae se) i Sa, 

i=1 

defined on the set D of all points (y,... , Yn) such that >", y; =0 

and )_1 y; = n(n — 1). 
(1) Lf (yi,--- Yn) ts a point where the function assumes a mazi- 

mum ora minimum, then there exists an integer T,1<T < 

n—1, such that (up to a permutation of {1,... ,n}) 

n—1 
Y1 UT (n ) Tet) 

iv a nee n—1 
UT+1 Sao a Un = T(n 37 

Let y" be the point with the above coordinates. 

(2) ofA Ta) tATu) (1 see T) vf (are LL eee) ate hace 
— f(y") at Wai D for Wis Te yal) / 2: 

(3) If T =1 then f(y’) = n(n —1)(n — 2) is the absolute mazi- 
mum of f on the given domain D. 

(4) If 1 <T <n-—1 then f(y") is the absolute maximum of 
f on the points y = (j1,-.-,Y9n) € D such that y, < (n — 

D)i/ (eV) Ee). 
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PROOF. (1) To find the points of maximum or minimum of the 
function F on the domain D, we employ the method of Lagrange 
multipliers. Let A, 4 be parameters to be determined and 

SCS ae eu) iany (ieee sn)+ (You + (Sow =n) { 

If (#1,--. Yn) is an extreme point then (OF /0y1)(y1,... Yn) = 0 
Prorat = |) apart) athat is, 

(4.15) Suey: = 0 § © (ford =1y... ,n). 

Adding up these relations, we obtain 3n(n — 1) + nA = 0, hence 

A = —3(n—1). Substituting this value in the above condition (4.15), 
we have 3y? + 2uy; — 3(n — 1) = 0, hence 

oo) ere 
(4.16) Ten rlecaa aa ve (n—1) 

Since there are only two possible values for the coordinates then, up 

to a permutation of {1,... ,n}, there exists an integer T, 0 < T <n, 

such that 

—u+ fp? + 9(n —- 1) 
Wa = Yr = 5 ; 

=H Vu? + 9(n = 1) 
Ue i ee Uy — 3 : 

We note that not all coordinates can be equal since >>; y; = 0. 

Hence 1 < T <n-—1. Moreover, 

0=-F(F+n-T)+ se? +9n—-I(T—n+T7), 

hence 

te VARS n)y/ + 9(n — 1); 

therefore 

n?y? = (2T —n)*[n* + 9(n — 1)] 
and finally 

S32) n—-1 

ie tae Tie oe 

9(n —1)n? reasch trea eee 4T(n —T)’ 
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Substituting into (4.16) we obtain 

. (unrncw 

(oeats, T(n—T)’ a 
(4.17) Ue = AEA 

a Ges) 

(2) For the point y’ with above coordinates, we have 

“. 3 3 n—-l n—1 

dete aig TY Fn -T)\Tm_T 

By Ee al Timea 

we eT TY TET 

eal 
= n(n —1)(n — 2T) Tin—T) 

Let 

Teel 
f(t) = n(n v 1)(n a5 2t) t(n BE t) 

for, Olja | hen f(in—t) =—=f(t); if 0 <t < n/2 then f(t) > 0 
and f(72s) =f (da) tors tases), 2heee gi el (nl )/ 2 then 
t(n —t) < (t+ 1)(n —t — 1), as seen at once. Hence 

= P45 (feeb ames 

t(n — t) (t+1)(n—t—1) 

and therefore f(y! > f(y. *)i > Ol fom, — 1, 2a 2/2) al 
(3) For T = 1 we have f(y') = n(n—1)(n—2). Since the function 

is continuous and defined on a closed and bounded domain, it has a 

maximum and a minimum. By (1) and (2) it follows that f has the 
absolute maximum at y!. 

(4) Let 1 < T < n—1 and let Dp consist of those points of 

D with coordinates y; satisfying y; < (n — T)\/(n — 1)/(T(n —T)). 
If 1 < 7’ < n—1 then y” € Dp exactly when T < T’. Hence 
from f(y?!) > f(y") > 0 for 2 < T’ < [n/2] and f(y") <0 for 
T’ > [n/2], we conclude that f(y") is the absolute maximum of f 
on the domain Dr. O 
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With the above notations we have: 

(40) Let M = max{n; | i = 0,...,p—1}, let T be the largest 
anteger such that 

et) 

Then 

N(p) <1+(p—2T) acm 

PROOF. Since )~?_,; 7; = 0 then 0 < M. By (4.6), M < p—1. The 
function 

p—1 
git)=(p-t = 0-9/7 

is decreasing, f(1) = p—1, f(p—1) =1. So there exists the largest 

integer T, 1 < T < p—1, such that 

p-1 
Vie 9E 

(P I T@—T) 

Since 
joi gM 

i 0 ep) 
2—( i=0 

as seen before, then (70,71,--- ;Mp-1) € Dr. By Lemma 4.11, f(y/) 

is the absolute maximum of f on Dy and we have 

joa! —] Pp 
fo 05d = << a = —1 — 2T Eo = Ee 27 Plea ea) 1 U5) = Dip al)(p ) T(p—T) 

By (4.13), 
=i 

p-2 Is 3 
N(p) = ——+—).7; (p) Dp ee 

Et A Ze my pa 2° 1)(p Jae 
Tin 70 p gia) 

ai 
<1+(p-—2T) B 
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We note that if 

p—1l 

Wo OINTQ=T) 
then N(p) < 1+ M. Indeed, in the above proof we obtained 

(Dies More NGM) il 
NAD) is + —— 
(P) p p T(p =f) 

= Sp Or PE Seep a ge 
p ft fe IP 

<1+WM. 

Now we study the asymptotic behavior of F(p,m,k), N(p,m, k) 
when & tends to infinity. 

(4P) 
N(p,m, k) 

li = i pce (p= 1) /pm 

PROOF. From (4M) we have 

Nir Vad UNSER Ss le 
@— fet —1* Gaye + P- 92 Gans 

at Ei TREE py) Ve 
To payee ODS Ete | 

Since |n;(p,7)| < p—1, by (4.6) it follows that 

jn (Pep =? 
hence lim, ss4V (p,m, k)/{(p=1)"="/p"*) 1a 

We consider the existence of p-adic solutions of a certain congru- 
ence. Let U, denote the multiplicative group of (p — 1)th roots of 1 
in the ring Z, of p-adic integers. We observe: 
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(4Q) 
(1) There exists an integer mo = mo(k,p) > 1 such that for 

every m > mo we have N(p,m,k) = N(p,mo,k). Let N(p, k) 
denote this number; N(p,k) > 0. 

(2) N(p,k) is the number of solutions of the equation 1 + Xj + 
--- +X, =0 by elements in U,. 

PROOF. (1) We have seen in (4H) that 0 < N(p,m,k) < N(p,m— 
1,k). Hence there exists mp with the property indicated. 

(2) Let m > mp and let 

ee) i line, 8 III 0 (mod p 

where p /x;. Since ae =x) (mod p™*’) then 

1+ Sy =0 (mod p™*"), 

so 

1 4 Sa = ap™t (mod eae 

i=2 

for some a, 0 < a < p—1. Since m+ 1 > mp, by (4H), F*(p,m + 

1,k) = 0; therefore necessarily a = 0, so 

1+ ea =0Q (mod p™*”). 

In this way we have established the mapping 

eee rey) . ,£_ mod p 
m+2 es 

(x2 mod p 

er, mod pp 4) — (2 mod p 

from the set S,,, of solutions of 

(eee ee eX c= Oe (mod ps 

to the corresponding set S,,4;. This is clearly an injective mapping. 

Starting therefore with any (x2 mod p™*",... , x, mod oe E 

Sm, we obtain the sequences (an a aseanaon WHCLE srg = Ly, (for 

0) ee) DInce rien = ae (modip"’™ )ithena7,44; = Om. a 

(mod p™), so the sequence (Qm,i)m converges p-adically. 
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Let a= lim, 5 Oa) Lhen 1-02 ap On rs. Since 

a?! = 1 (mod p™*) for m > mo then ‘of ieee. asota, EEL, 

and (a2,...,a,) € §, the set of solutions in U, of the equation 
1+ X,+--:+X,=0. So we have an injective mapping o from S,,,, 

into S. 

On the other hand, if a; € U,, Cyi=n(U so 1Orst 2 

and 1+a2+-::+a, =0, since a? Ke =1then yo} =1 (mod prt) 
(for i = 2,...,k and all m sufficiently large; we may take m > mo). 

Thus mi = ee (mod p™*") and 

Le ans eee ot mee = (mod p™*"). 

In particular, 

ie ee fev ep a =0 (mod p™**), 

SO (Lm2,-+-;Lm.k) € Sm. It is now immediate that the mapping o 

associates with this solution in S,,,, the given solution in S, thus 0 

is surjective. We conclude that the number of elements in S is equal 

ton Vi( oe k =a Se) 

As a corollary, we have: 

(4R) If p = 1 (mod k) then there exist (p — 1)th roots of 1, 

Qla,...,0% € U,, such that 1+ ao +--+ a; =0. 

Proor. By (4A), for every m > 1 the congruence 1+ X?” +---+ 

XG ie = 0 (mod p™**) has a nontrivial solution. In particular, N(p, k) 

> 1, hence by (4Q), there exist a,...,a, € Oe such that 1 + az + 
19 SS Oy, = 0. CJ 

We reproduce now the following tables, computed by Klésgen, 
which give N(p,m,k) for low values of the argument. Table for 

N(p,1,k): 
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3.4 #5 6 € 

Ose Se ae LO0 35 

2eloP 160 340-1 51680 

PISO S31) F241 G00) G5 250 
2 

0 

2 

33 200 2260 21630 

9? 140 6220 50120 

51 390 6880 101430 

Table for N(p,2,k) (italicized are the values which are not the 
same as in the table above): 

3 5 6 if 

5 | 0 0 100 0 

Tt 129 15)" 60) 340) 216380 

It) 0 27 24" 1090, 2520 
2 

0 

2 

13 33 160 1930 15540 

Lif 4 Ue DLOU Ma 9L0 

19 51 300 4600 44520 

To conclude this section, we shall discuss a heuristic method to 

indicate the probability for the congruence 

14+ Y?4+Z?=0 (mod p’) 

to have a given number of equivalent classes of nontrivial solutions. 

We exclude also the cyclic solutions from these considerations. 

Let 1 <a < p—2 and let 

1 1 
M, = {a mod p, = mod p, —(1 +a) mod p, Seen) mod p, 

Biarr tl) 
mod p, — mod p} ; 

a 

(a+ 1) 

M, consists of six distinct elements (all different from 0, —1), except 

in the following cases: 

(a) a = 1, p— 2 or (p—1)/2; then M, = {1 mod p,(p — 2) 

mod p,(p—1)/2 mod p}; and 

(b) a#1, a? =1 (mod p); then M = {a mod p,a* mod p}. 
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This latter case happens if and only if p= 1 (mod 6). 

Thus, we have a partition of {1,2,... ,p — 2} into disjoint classes. 
If p = 6n + 1, the number of such classes M, (with more than 

two elements) is equal to n. Indeed, if p = 6n + 1, this number 

is 1+ (p—2—2-3)/6 = n. If p = 6n — 1 then the number is 
again 1 + (p—2-—3)/6 =n. In each class M, (with more than two 
elements) let @ be the smallest integer, 1 < @ < p— 2, such that 

ae M,. Clearly @ < (p — 1)/2. 
If 1+y?+z? = 0 (mod p’) then necessarily z = —(1+y) (mod p). 

With this solution we associate y, and we note that (1+y)?—1-y’? = 

0 (mod p?). If 1+ y’? + 2’? = 0 (mod p’), this is an equivalent 

solution to the above one, if and only if y’ mod p € M,, that is, 

y = 4. 
By Fermat’s little theorem, if t > 1 then (1+ t)? -1—t? = 0 

(mod p) hence (1 + t)? — 1 — t? = t(p)p (mod p) where 0 < t(p) < 
p—1. So the solutions of the congruence correspond to the integers 

tale (pe |) y2such thate (p= 0: 
We consider the sequence (t(p))+<(p—1)/2- 

(4S) Assuming that the sequences (t(p))t<(p—1)/2 are random, for 
all primes p= 6n +1 we have: 

(1) the probability that 1+Y? + Z? =0 (mod p’) have only the 
trivial or cyclic solution is equal to ((p — 1)/p)”. 

(2) The probability that the above congruence have r (nontrivial, 

noncyclic) equivalence classes of solutions is equal to 

bal ( p— =) 

DAG p 

(3) The density of primes for which there are exactly r (nontrivial, 

noncyclic) equivalence classes of solutions is equal to 

hl 

r! 6" </e 

ProoF. (1) As already indicated, there are n equivalence classes in 
{1,2,... ,p — 2} consisting of at least three elements. Let us denote 
them by M;,,M;.,; O66 Mz, 

M;, consists of solutions of (1 + t)’ = 1+ ¢ (mod p?) exactly 
when £;(p) = 0. Since the sequence (Z;(pP))z,<(p-1)/2 is random, the 
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probability is 1/p. Hence, the probability that none of the n classes 
M;,(p) consist of solutions is (1 — 1/p)". 

(2) In the same way the probability that r among the n classes 
Mj, consist of solutions is 

(3) The density in question is equal to 

wry 1 e) @ es 
lim — ——— 
poop’ \r p 

=e lin 
n—00 erin" (14 =~) 

(Pe Gn 

If p= 6n+ 1 then 

Ale e 6n "= lea 
T Grrl noe in + 

S 

Similarly, if p = 6n — 1 then 

1 Gi Cig! (1 1 \- a ( 62 oe iad 

d pred 

6rr! ve 

D 

Kldésgen computed the solutions of the congruence 1+Y?+Z? = 0 

(mod p?) for all primes p < 20000. ; 
If 0 < r let v* (respectively, v,) be the number of primes p < 

20000, p = 1 (mod 6) (respectively, p = —1 (mod 6)) for which the 

above congruence has exactly r (nontrivial, noncyclic) equivalence 

classes of solutions. 

There are 1124 primes p such that p = 1 (mod 6) and p < 20000. 

Klosgen found that 

vt =970, vg /1124 = 86.30%, probability 84.35%. 

o, = 144 v;} /1124 = 12.81%, probability 14.11%. 

On = 9, vp /1124 = 0.80%, probability 1.18%. 

ur, vz /1124 = 0.09%, probability 0.07%. 
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In a similar way for p= —1 (mod 6), p < 20000: 

ye NG vp /1136 = 84.24%, probability 84.35%. 
Ome = 1.605 v,; /1136 = 14.61%, probability 14.11%. 
Un =a 13s vy /1136 = 1.15%, probability 1.18%. 
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XI 
E;pilogue 

This book about Fermat’s last theorem was written for the enjoy- 

ment of amateurs. Most of the proofs are given in full detail and use 

only elementary and easily understandable methods. For this reason, 

it was imperative to exclude developments depending on the study 

of ideals of number fields or on more sophisticated theories. How- 

ever, in this final part we indicate the more important achievements 

which could not be dealt with using elementary methods. We also 

give a succinct description of the approach to the proof of Fermat’s 

last theorem. To help the reader who wants to know more about 

these matters, a bibliography of important articles is also included. 

XI.1. Attempts 

In this section, we give a brief overview of various approaches to the 

proof of Fermat’s last theorem. They were not quite successful but 

should not be dismissed. At their time, these results raised hopes for 

the proof of Fermat’s last theorem and led to new research problems 

of independent interest. 
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A. The Theorem of Kummer. 

In 1847, Kummer proved the following important theorem: 

If p > 2 is a regular prime, then Fermat’s last theorem is true for 

the exponent p. 

The concept of a regular prime needs explanation. It may be 

defined in terms of the class number of cyclotomic fields or by means 

of Bernoulli numbers. 

The Bernoulli numbers Bo, Bi, Bo,... are defined recursively: 

Bo ==. 

ANC Lome aes 

1 1 

Thus B, = >}, B, = 4, B; =0,.... It is easily seen that Bo,41 = 
0 for all k > 1. The prime number p is regular if p does not divide the 

numerators of the Bernoulli numbers Bo, By,... ,B,_s5, B,—3. Let p 

be an odd prime, let 

Cp = cos(2m/p) + isin(27/p) 

be a primitive pth root of 1. Let Q(¢,) be the pth cyclotomic field; 

it consists of all complex numbers of the form 

NS RGAE Cees? pears 

with 7r9,71,--- ,Tp-2 € Q. The class number h, of Q(¢,) is a certain 

positive integer attached to Q(¢,); it is the number of classes of 

ideals of Q(¢,), but we shall not explain these concepts any further 

(see any book on the theory of algebraic numbers, like the one by 

Borevich and Shafarevich (1966), or even this author’s own book 

(1999)). Kummer showed that the prime p is regular if and only if 

p does not divide hy. 
The smallest irregular prime is 37. It is known that there are in- 

finitely many irregular primes. On the other hand, it is conjectured, 

but it has never been proved, that there are infinitely many regular 

primes. 

The method of Kummer could be extended to deal also with many 

irregular primes. However, with these methods it was never possible 
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to establish that Fermat’s last theorem is true for infinitely many 
prime exponents. 

To determine if a prime p is regular is not a simple matter as 
soon as p is large, because the numerators of the Bernoulli numbers 
become very large. Noting that what is required is to ascertain 
that the exponent p does not divide the numerators of Bo,... pes 
(rather than calculating their numerators), Lehmer, Lehmer , and 

Vandiver gave a criterion which was possible to implement for actual 

calculations. In this way it was shown (at a time when the proof of 

FLT was not yet discovered) that FLT is true for all prime exponents 

up to 4 x 10° (see Buhler et al. (1993)). 
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B. The Theorem of Wieferich. 

In 1909, Wieferich proved: 

If the first case of FLT is false for the exponent p then 

Oe | modi 

This is a criterion involving only the exponent p and none of the 

hypothetical nonzero solutions z, y, Z of X°+Y? = Z?. It was 
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immediately noted that no very small prime p satisfies the above 

congruence. Before the age of computers Meissner proved in 1913 

that p = 1093 is the smallest prime with the above-mentioned prop- 

erty. It is difficult to imagine the amount of calculations which was 

required. A further example, p = 3511, was found by Beeger in 

1921. Further computations by Lehmer, Keller, Clark and lately by 

Crandall, Dilcher, and Pomerance have shown that no other prime 

p<4x 10! satisfies the congruence. 

Other criteria of a similar kind were discovered by Mirimanoff, 

Vandiver, Frobenius, Pollaczek, Rosser, and Granville and Monagan, 

namely, 

If the first case of FLT is false for the exponent p then 

[P= a= lemodrn- 

for all primes | < 89. 

A clever combinatorial combination of these criteria, by Gunder- 

son and Coppersmith, followed by extensive calculations (Granville 

and Monagan, Tanner and Wagstaff), allowed us to show that the 

first case of FLT is true for every exponent p < 6.93 x 10!”. All this 

was done before the discovery of the proof of FLT for all exponents. 
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C. The First Case of Fermat’s Last Theorem for Infinitely 
Many Prime Exponents. 

Using methods from sieve theory, Adleman, Heath-Brown, and Fou- 
vry proved in 1985: 

There exists an infinite set S of prime numbers, such that the first 
case of Fermat’s last theorem is true for every exponent p € S. 

A stronger result, valid not only for the first case, could not be 

established with the same methods. This theorem represented an 

important advance at that time. The method of proof was inspired 

from the old ideas of Sophie Germain and was connected with the es- 

timation of the size of the smallest prime in arithmetic progressions; 

the use of refined sieve theory was essential. 

The infinite set S, guaranteed by the theorem, is not effectively 

defined, so it is not possible, with the method of the proof, to deduce 

for any given p that the first case of FLT holds for p. 

Once again this substantial theorem is obsolete, due to the proof 

of FLT for all exponents n > 2. 
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D. The Theorem of Faltings. 

Mordell observed and conjectured that irreducible curves defined by 

homogeneous polynomials of high degree in three variables with ra- 

tional coefficients should have only finitely many rational points, 

when they have few singularities, all of lower order. The exact con- 

jecture is expressed in terms of the genus of the curve, a concept 

which will not be explained here. In a remarkable paper Faltings 

proved, among many other theorems, Mordell’s conjecture. In the 

particular case of Fermat’s equation his result becomes: 
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For every n > 3, there exist at most finitely many triples (x, y, z) 

where x,y,z are integers, not all equal to 0 and such that gcd(z, y, z) 

SLE t eet ae 

Despite its importance, this result could not lead to the proof of 

FLT. However it was used, independently by Granville and Heath- 

Brown, to deduce that the set of exponents n > 3 for which FLT is 

true has density one. This method of Granville or Heath-Brown is 

also applicable to a very wide class of exponential diophantine equa- 

tions (see Ribenboim, 1993), the conclusion being the zero density 

for the exponents for which the equations have nontrivial solution. 
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E. The (abc) Conjecture. 

The (abc) conjecture, attributed to Masser and Oesterlé, was in- 

spired by a result about polynomials, due to Mason. The conjecture 

is stated as follows: 
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For any € > 0 there exists a number C(e) > 0 such that if a,b,c 
are integers, 1<a<b<c, withc=a+b and gcd(a,b,c) = 1 then 
c< C(e)r'**, where r is the product of the distinct prime factors of 
abe. 

Intuitively, as an example, if a = 2™, b = 3” (with m,n large) 
then c= a +6 is large, so the conjecture states that c must have a 
large prime factor or a large number of prime factors, so that r is 
large. 

It is easy to show that the (abc) conjecture implies: 

FLT is true for all sufficiently large exponents. 

Indeed, let nm > 3 and assume that x,y,z are positive integers, 

such that gced(z,y,z) = 1 and z” + y” = z”. Let € = 3, so by the 
(abc) conjecture z” < C(;)r?/? where 

2= ll ots hose See 
pier yt 2” p|xyz 

so 2” < C(5)z°/?. This shows that there exists no such that n < no, 
in other words, FLT is true for every exponent n > no, or in short, 

FLT is asymptotically true. 

The (abc) conjecture is known to imply many other statements in 

number theory which have never been proved, as well as Mordell’s 

conjecture which was proved by Faltings. The proof of the (abc) 

conjecture should be very difficult and this is presently the object of 

intense research. 
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XI.2. Victory, or the Second Death of Fermat 

Mathematicians have the obligation of solving problems. When a 

long-sought proof, like the one for Fermat’s last theorem, is finally 

discovered, it is the moment of crying VICTORY. 

On June 23, 1993, in the third of his lectures at the Newton Insti- 

tute in Cambridge, England, Wiles announced the proof of Fermat’s 

last theorem. His manuscript, scrutinized by various experts, re- 

vealed flaws which needed corrections. Undeterred and with the help 

of Taylor, Wiles found a way out of the difficulties and in October 

1994, he made public two manuscripts, one co-authored by Taylor. 

They contain the proof of the conjecture of Shimura-Taniyama, for 

the case of semistable elliptic curves. According to the previous work 

of Ribet this entails that FLT is true. For most mathematicians this 

represents the end of the saga. Wiles deserves the admiration of all 

mathematicians for his achievement. The method used has already 

been applied to other diophantine equations. Wiles’ work was the 

final step in a new strategy which will be evoked shortly. 

There are some mathematicians who are not satisfied with the 

method of proof using elliptic curves and modular forms, considered 

— perhaps wrongly? or rightly? — to be extraneous to the problem. 

It is a legitimate task to try to find another, simpler, proof of FLT. 

But the solution of Fermat’s problem also harbors a negative aspect 

and a tear of regret is unavoidable, because mathematicians also 

like unsolved problems to stimulate their research, just like night 

butterflies are attracted by intense sources of light. The study of 

Fermat’s theorem led to the creation of the theory of algebraic num- 

bers, in the same way as the study of quadratic fields was prompted 

by Gauss’ theory of quadratic forms. The branch of mathematics 

which is the confluence of number theory and algebraic geometry, 

called Arithmetic Algebraic Geometry, developed not only by its in- 

ternal problems, but also in view of solving Fermat’s last theorem. 

The attempts to prove Fermat’s theorem, the old and the new, show 

a myriad of interesting ideas in many directions of number theory, 

by illustrious names. Will this stimulation disappear now that FLT 
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is proved? Not at all. Variants of the problem, generalizations to 
higher dimensions, will continue tantalizing mathematicians. So, 
we celebrate this striking victory and admire our colleagues who, 
through effort and ingenuity, succeeded in solving the problem. 

The proof of Fermat’s last theorem must be indirect. We assume 
that there exists n > 3 and positive integers a,b,c such that a”-++b” = 
c". The aim is to deduce a statement which is known to be false. 
No contradictions were found with statements in elementary number 
theory, nor with statements about number fields, nor for that matter, 

for any other statements until the expression of FLT in terms of 

elliptic curves. The proof of FLT was established with the following 
steps: 

(1) To associate an elliptic curve to a hypothetical nontrivial 
solution of Fermat’s equation, with arbitrary exponent n > 5. 

(II) To obtain a contradiction to the assumption of validity of a 
certain conjecture about elliptic curves and modular forms. 

(III) To prove the validity of the conjecture. 

These steps require sophisticated concepts and theories, far be- 

yond the level of this book and the knowledge usually expected from 

amateurs — and also from professional mathematicians working in 

other disciplines. My task is difficult if not hopeless. What will 

follow is simple-minded and superficial, but still mysterious and per- 

haps out of grasp for anyone who is not yet familiar with the concepts 

involved. The key notions needed are elliptic curves, modular forms, 

and Galois representations. 

A. The Frey Curves. 

For relatively prime positive integers A, B and A divisible by 16, 

Frey considered the elliptic curve of equation 

(2.1) Y? = X(X — A)(X + B) 

(see Chapter VIII, §1, (A6)) and studied its properties. 

If Fermat’s last theorem is false for the prime exponent q > 5, 

let a,b,c be positive pairwise relatively prime integers, with a even, 

such that a’ + 6? = c?. Let A = a’, B = bb’. The associated 

Frey curve displayed properties in sharp contrast with those of other 

elliptic curves. Frey became convinced that such a situation was not 

possible and envisioned a method to derive a contradiction with the, 
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by then well-known, conjecture of Shimura-Taniyama (see below). 

But there were serious obstacles to overcome, which would require 

many years of work (see below). 
Here are some propeties of the Frey curves. The minimal discrim- 

inant of the Frey curve is 

ne a*1b74(a7 +61)? (abc)*4 

Deg Per reigr pe O: 
Since A # 0, the curve is nonsingular, so it is an elliptic curve. 

For every prime p not dividing A, we consider the congruence 

(272) Y? = X(X — a’)(X +5") (mod p). 

It defines a curve in the two-dimensional space over the finite field F,,. 

Since p does not divide A, the curve is nonsingular, so it is an elliptic 

curve. On the other hand, if p divides A, the curve is singular. The 

type of singularities is encoded in the invariant called the conductor. 

The primes p dividing the conductor are exactly those dividing the 

discriminant, that is, the primes p for which the curve in F, x F, has 

singularity. The exponent of p indicates the type of singularity. In 

the present case, where the singularities are nodes, the conductor N 

is square-free, so it is equal to 

Noob 

p\|A 

Elliptic curves with square-free conductor are said to be semistable. 

Thus, Frey curves are semistable. As it was known, if Fermat’s last 

theorem is assumed false for the prime exponent q, then qg has to be 

very large; moreover, since Fermat’s equation is homogeneous, the 

discriminant is a power — and this seemed unlikely to be possible. 

We shall count the number of points of Frey’s curve modulo p (for 

every p not dividing A). To this count we add 1, which corresponds 

to the point at infinity in the associated projective curve. Let v, 

be the number of points and let a, = p+1— v, (a, need not be 
positive). We pause to recall that in Chapter I, §1, we studied the 

Pythagorean equation X°+Y* = 1 modulo all odd primes; we proved 

that the numbers a, defined there are easily determined by a simple 

congruence for the prime p. Similar considerations are important for 

all elliptic curves (not only for Frey curves). The discriminant, the 

conductor, and the integers a, (for p not dividing the discriminant) 

are defined and studied in the same spirit. Elliptic curves which 
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can be given by an equation with coefficients in Q are said to be 
defined over Q. The rule for determination of the integers a, involves 
modular forms. 

B. Modular Forms and the Conjecture of Shimura-Tani- 
yama. 

Let N > 1 be an integer. Let ['9(N) be the set of all 2 x 2 ma- 
trices 

C0 

Gonna 

where a,b,c,d are integers, N divides c and ad — bc = 1. To(N) isa 

multiplicative group called the congruence group of level N. Let H 

denote the upper half-plane, that is, H = {z =x+iyeC|y> 0}. 
Io(V) acts on H as follows: 

a b az+b 
7 = 
Gs) rf ae cza+d 

for all matrices of [9(NV) and z € H. Associated to the group 
To(NV) there are finitely many special points (which we do not define 
here), called cusps; these are the point at infinity of the half-line 

{iy | y > 0} and other points in H UQ (when N > 1). 
A modular form of level N (and weight 2 — the only ones we wish 

to consider) is a map f from H* = H U {cusps of I'9(N)} to C such 
that: 

(i) for all 4 a ET 9(N) and z € H*: 

(2.4) p (2) = (e+ as) 
(ii) f is holomorphic at every point of H* (this requires an ap- 

propriate definition at the cusps). 

A modular form which vanishes at all cusps is called a cusp form. 

The theory of modular forms is very rich. Here are some relevant 

facts (for which we give no hint of proof): 

(1) The set M.2(N) of modular forms of level N and weight 2 is a 

finite-dimensional vector space over C and the subset of cusp forms is 
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a subspace. For the level N = 2 the subspace of cusp forms consists 

only of the form 0. 

(2) There is a natural inner product on M.(N), so it is possible 

to consider orthogonality in M.(JV). 
(3) Let N > 1. If M divides N then M2(M) C M.(N). There 

is also the embedding from M.(M) into M.2(N) given as follows: 
if f © MeN ) letes (2) =sf (GN) Mz) formevery:. ze 1H = then; < 
M.(N). 

(4) A form f € M2(J) is called an old form if f is in the subspace 
of M.(N) generated by the images of the mappings. considered in 

(3), for all M dividing N. A form f € M2(JN) is called a new form 

if it is in the subspace which is orthogonal to the subspace of old 

forms. 

(5) Since 

& 1) €To(N) 

then f(z +1) = f(z) for each modular form and every z. Thus f 
has a Fourier expansion, which is of the form 

co 

(2.5) a eG ee 
nO) 

For cusp forms, co = 0. 

(6) Hecke defined for each n > 1 coprime to the level N, a linear 
operator T,, of M2(N). The Hecke operators commute: T,, 0 T, = 

T,, ° T,, for all m,n coprime to the level. A modular form which is 

an eigenvalue for all Hecke operators T,, is called an eigenform. 

Other operators associated to the integers n, not coprime with 

N, have also been introduced and, together with the above Hecke 

operators T;,, they generate a larger Hecke algebra, whose properties 

are of essential importance (see Wiles and Taylor, and also Lenstra). 

New forms of level N, which are eigenforms for each T;, (with n 

coprime to N) are also eigenforms of the operators of the larger 

Hecke algebra. 

Now we discuss the relationship between elliptic curves and mod- 

ular forms. For a given elliptic curve, the numbers a, (for all primes 

p not dividing the discriminant) contain very important “local” in- 

formation about the curve (for each p). It is crucial to relate these 
local data by means of some “global” invariant. 
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This important idea is a sophisticated transfiguration of the fact 
that every natural number is the product of powers of primes in a 
unique way. Thus Euler already introduced this relation between an 
infinite product extended over all primes and infinite Dirichlet series, 
summed over all integers: 

—1 oo 

I] (1 = =) SRLS, 
P Pp m= n° 

First s was restricted to be a real number s > 1, for which both sides 
converge and are equal. Riemann had the idea, courageous and deep, 

of allowing s to be any complex number with Re(s) > 1. The above 
series is the Riemann zeta function. To prove the existence of in- 

finitely many primes in arithmetic progressions, Dirichlet considered 

“twisted” L-series, where the numerators are no longer 1, but val- 

ues of characters of appropriate finite Abelian groups; each series 

has also an abscissa of convergence and admits an Euler product, 

reflecting also the multiplicative property of characters. 
As for the Riemann zeta function, L-series of characters have only 

poles but no essential singularities at the boundary of the domain 

of convergence. Riemann proved that the functions definded above 

could be extended to the whole plane by analytic continuation, and 

even more remarkably, the values to the right and left of the bound- 

ary line are linked by a functional equation involving the gamma 

function. A great discovery and the royal road for analytical meth- 

ods to enter into number theory. 

In great analogy with number fields, elliptic curves also display 

very important analytical properties of the same kind. The local 

numbers a,, defined above (not forgetting finitely many factors at- 

tached to the primes dividing the discriminant), combine together 

multiplicatively to define numbers a,, (for every n > 1), thus leading 

to a Dirichlet series, called the L-series of the elliptic curve; they 

converge for Re(s) > 2. In computed examples it was observed that 

these L-series admit analytic continuations and functional equations. 

Hasse conjectured that this should be true for every elliptic curve. 

Deuring proved it for the elliptic curves admitting more “symme- 

tries,” namely those with complex multiplication. 

For a certain time it had been observed by numerical calculations 

that for many specific elliptic curves the numbers a, coincide with the 

coefficients c, of the Fourier series of some modular form. Elliptic 
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curves with the above property have been called modular elliptic 

curves, or also Weil elliptic curves. 

In 1955, during the Tokyo—Nikko conference on number theory, 

Taniyama proposed problems, two of which concerned — if still 

somewhat imprecisely — the above question. If Hasse’s conjecture 

were true, would the L-series be associated to some automorphic 

function, or even to a modular form? These problems were dis- 

cussed with Shimura and Weil. By 1964, Shimura made known in 

his lectures a very specific conjecture (which however did not appear 

in print on that occasion). Weil contributed in an important way to 

the investigation of the modularity of elliptic curves. His paper (of 

1967) acknowledges previous communications by Shimura but does 

not contain a statement of the conjecture which he considered, even 

later, to be problematic. According to a well-documented study by 

Lang (1995), we shall adopt the name “Shimura~Taniyama conjec- 

ture” for this penetrating statement. 

(7) The Shimura—Taniyama Conjecture: Every elliptic curve 

is modular. 

This is a short way of expressing the following: 

If E is any elliptic curve defined over Q, if N is its conductor, then 

there is a new cusp eigenform f of level N, whose Fourier coefficients 

Cy are integers and such that for every prime p not dividing N, c, = 

a, (where a, is defined by counting the number of points of E in F,). 

This conjecture says that the rule of determination of the integers 

a, is given by some modular form. 

(8) Shimura proved the converse of the Shimura~Taniyama con- 
jecture. Let f € M2(N) be such that its Fourier coefficients are in 
Z. We explain how it is possible to associate an elliptic curve. Let 

zy € H. For each y € ['9(N) consider the integral 

wel) = [Fada 
Zo 

it is independent of the path. The set {w.,(7) | y € To(N)} is 
independent of zp), so it depends only on f. Using the fact that 

the Fourier coefficients of f are integers, the above set is a lattice 
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in H, that is, it is the set of all linear combinations, with integral 
coefficients, of two numbers in H* (the periods of f). This lattice 
gives rise in the usual manner to an analytic torus, hence to an elliptic 
curve —& having an equation with coefficients in Z (thus E is defined 
over Q). Let C2(N) = {f € M.(N) | f is a cusp eigenform whose 
Fourier coefficients are integers}. The above construction associates 
to each f € C2(N) an elliptic curve E defined over Q. Moreover, the 
conductor of EF is the level N of f and for each prime p not dividing 

the discriminant of FE, the Fourier coefficient c, of f is equal to the 
number a, (associated to E and p as was already indicated). 

Analytical methods involving the L-series of elliptic curves, their 

Euler product, analytic continuation, and functional equation play 

a fundamental role. 

C. The Work of Ribet and Wiles. 

The work of Ribet involved an argument of descent concerning Ga- 

lois representations and modular forms. We need to explain how 

Serre attached Galois representations to any elliptic curve EF defined 

over Q, that is, having an equation with integral coefficients. The 

set of points with complex coordinates (to which is added the point 

at infinity) constitutes an Abelian additive group, well defined by 

the stipulation that the point at infinity should be the zero for the 

addition. The addition is defined by the following rule: if P,Q,R 

are points on the curve, then P + Q + R = 0 when P,Q, R lie on 

one line (clarifications are needed when P = Q or in some other 

special cases). If K is a subfield of C, let E(K) be the set of pairs 
of elements of K which satisfy the equation of E; then E(K) is a 
subgroup of E(C). 

For each prime p, it is equally possible to define the additive group 

E(F,). In the Abelian group E(C) we consider the set E(C)|p] of all 

elements of order dividing p. These are the point 0 and the points 

P such that P+ P+---+P (p times) is equal to 0. Then E(C)[p] 

is a subgroup of order p?, which is isomorphic to Z/p x Z/p. The 

coordinates of the points in E(C)[p] are in some Galois extension 

of finite degree over Q. The elements of the Galois group of K|Q 

act linearly on E(K) and permute among themselves the elements 

of E(C){p]; by isomorphism with Z/p x Z/p this gives rise to linear 

transformations of Z/p x Z/p. Thus, we obtain a representation, 
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associated to E, of the Galois group of K|Q. It is usual to consider 

the field Q of all algebraic numbers; it has infinite degree and con- 

tains K. The Galois group of K|Q is a quotient of the Galois group 

G of Q|Q. So we obtain a representation pp,, from G by a group 

of 2 x 2 matrices with entries in Z/p = F, (attention is also paid 

to the natural Krull topology of G). Similar considerations lead to 

representations Pj)» by means of 2 x 2 matrices with entries in Z/p” 

(for all n > 1). All the representations pp.) (for n > 1) fit together 
to produce a representation pp.g, of G by 2 x 2 matrices with entries 
in the field Q,, of p-adic numbers. 

It is also possible to attach to any eigenform f with Fourier coeff- 

cients in Z, a representation p;,g, of G by 2 x 2 matrices with entries 
in Q,. If E is the elliptic curve associated to f, as indicated before, 

then the representations pyg, and pz,9, are isomorphic. 

We outline the proof of Ribet. Assume that FLT is false for the 

exponent q, let E’ be the Frey curve associated to a hypothetical so- 

lution; EF is a semistable elliptic curve. Assuming that the conjecture 

of Shimura-Taniyama is valid, there exists a new cusp eigenform f of 

weight 2 and level equal to the conductor N of FE. Then p;.9, = pzgq,- 
Ribet proved that if p is an odd prime dividing N, N, = N/p, 

then there is a new cusp eigenform f, of weight 2 and level N,, such 

that py, 7, = Prr,. The argument may be repeated, leading to a 

nonzero cusp form of weight 2 and level 2 — which is impossible. 

Wiles proved that the Shimura~Taniyama conjecture is valid for 

semistable elliptic curves, in particular for the Frey curve. The the- 

ory of deformation of representations, created by Mazur, plays a 

great role; so does the result (proved with Taylor, and also later 

by Lenstra) on the structure of the commutative algebra generated 

by the Hecke operators. Cohomological results were developed and 

used in essential ways. The proof is at a maximal level of sophistica- 

tion, so it is impossible to report in an intelligent way in this book. 

Among the expository papers listed in the Bibliography, we may 

recommend the one by Gouvéa which delineates the proof, avoiding 

technical details, making it accessible for the courageous amateur. 
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XI.3. A Guide for Further Study 

For my readers who are still courageous, I include a bibliography 
which lists not only research papers, but also expository material 
and should be explored by readers wishing to enter deeper into the 
proof of Wiles. 

For the convenience of the reader, the references are organized as 
follows: 

A. Elliptic Curves, Modular Forms: Basic Texts. 

1962 Gunning, R.C., Lectures on Modular Forms, Princeton Uni- 

versity Press, Princeton, NJ, 1962. 

1971 Shimura, G., Introduction to the Theory of Automorphic 

Functions, Princeton University Press, Princeton, NJ, 1971. 

1972 Ogg, A., Survey of modular functions of one variable, in: 

Modular Functions of One Variable (editor, W. Kuyk), Sprin- 

ger- Verlag, New York, 1972. 

1974 Tate, J., The arithmetic of elliptic curves, Invent. Math., 23 

(1974), 179-206. 

1976 Lang, S., Introduction to Modular Forms, Springer-Verlag, 

New York, 1976. 

1984 Koblitz, N., Introduction to Elliptic Curves and Modular 

Forms, Springer-Verlag, New York, 1984. 

1986 Silverman, J.H., The Arithmetic of Elliptic Curves, Springer- 

Verlag, New York, 1986. 

1986 Cornell, G. and Silverman, J.H. (editors), Arithmetic Geom- 
etry, Springer-Verlag, Berlin, 1986. 

1989 Miyake, T., Modular Forms, Springer-Verlag, New York, 1989. 

1989 Hida, H., Theory of p-adic Hecke algebras and Galois repre- 

sentations, Sagaku Expositions, 2 (1989), 75-102. 

1989 Gouvéa, F.Q., Formas Modulares, uma Introdugao, Instituto 

de Matematica Pura e Aplicada, Rio de Janeiro, 1989. 

1991 Cassels, J.W.S., Lectures on Elliptic Curves, Cambridge Uni- 

versity Press, Cambridge, 1991. 

1992 Tate, J. and Silverman, J.H., Rational Points on Elliptic 

Curves, Springer-Verlag, New York, 1992. 
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zeta de courbes algébriques, J. Math. Soc. Japan, 10 (1958), 

1-28. 
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1967 Shimura, G., Construction of class fields and zeta functions 

of algebraic curves, Ann. of Math., (2), 85 (1967), 58-159. 
1967 Weil, A., Uber die Bestimmung Dirichletscher Reihen durch 
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B=C, J. Indian Math. Soc., 51 (1987), 117-145. 
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Schlickewei and E. Wirsing), Springer Lect. Notes in Math., 
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1989 Mazur, B., Deforming Galois representations, in: Galois 
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X1.4. The Electronic Mail in Action 379 

Serre), Math. Sci. Res. Inst. Publ., Vol. 16, Springer- 
Verlag, New York, 1989. 
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an elliptic curve, Invent. Math., 109 (1992), 307-327. 

1993 Lenstra, H.W. Jr., Complete intersections and Gorenstein 

rings, preprint (September 27, 1993). 

1993 Ramakrishna, R., On a variation of Mazur’s deformation 
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1995 Ribet, K.A., Galois representations and modular forms, Bull. 
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XI.4. The Electronic Mail in Action 

As aconcluding note, here are timely communications by Karl Rubin 

which circulated widely. 

E-mail message no. 1: 

Date: June 23, 1993, 05:52:30 

Subject: big news 

Andrew Wiles just announced, at the end of his 3rd lecture here, 

that he has proved Fermat’s Last Theorem. He did this by proving 

that every semistable elliptic curve over Q (i.e. square-free conduc- 

tor) is modular. The curves that Frey writes down, arising from 

countereramples to Fermat, are semistable and by work of Ribet they 

cannot be modular, so this does it. 

It’s an amazing piece of work. 

Karl 
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E-mail message no. 2: 

Date: Oct. 25, 1994, 10:24:46 

Subject: update on Fermat’s last theorem 

As of this morning, two manuscripts have been released: 

Modular elliptic curves and Fermat’s last theorem, 

by Andrew Wiles 

Ring theoretic properties of certain Hecke algebras, by 

Richard Taylor and Andrew Wiles. 

The first one (long) announces a proof of, among other things, 

Fermat’s last theorem, relying on the second one (short) for one 

crucial step. 

As most of you know, the argument described by Wiles in his Cam- 

bridge lectures turned out to have a serious gap, namely the construc- 

tion of an Euler system. After trying unsuccessfully to repair that 

construction, Wiles went back to a different approach, which he had 

tried earlier but abandoned in favor of the Euler systems idea. He was 

able to complete his proof, under the hypothesis that certain Hecke 

algebras are local complete intersections. This and the rest of the 

ideas described in Wiles’ Cambridge lectures are written up in the 

first manuscript. Jointly, Taylor and Wiles establish the necessary 

property of the Hecke algebras in the second paper. 

The overall outline of the argument is similar to the one Wiles de- 

scribed in Cambridge. The new approach turns out to be significantly 

simpler and shorter than the original one, because of the removal of 

the Euler system. (In fact, after seeing these manuscripts, Faltings 

has apparently come up with a further significant simplification of 

that part of the argument.) 

Versions of these manuscripts have been in the hands of a small 

number of people for (in some cases) a few weeks. While it is wise 

to be cautious for a little while longer, there is certainly reason for 

optimism. 

Karl Rubin 

Excitement, caution, and amazement in the face of a superlative 
feat in Mathematics. 



Appendix A 
References to Wrong Proofs 

It is well known that there have been literally thousands of wrong 

proofs of Fermat’s last theorem. This can be explained by the fact 

that the statement of the problem is easily understandable to an 

amateur. Moreover, there have been important prizes offered by 

academies and foundations which have stimulated efforts by dilet- 

tantes as well as professional mathematicians. 

Since the Wolfskehl Prize was established in 1908, in the first 

years alone, 621 wrong solutions were submitted, and today there 

are about 3 meters of file correspondence and proposed solutions of 

Fermat’s problem stored in Gottingen. 

We indicate below a list — obviously incomplete — of some noto- 

riously wrong published attempts to solve the problem. Even good 

professional mathematicians have not escaped from being included 

in the roll. 

Remarkable is the case of F. Lindemann, who discovered the tran- 

scendency of the number 7. Yet, with respect to Fermat’s last the- 

orem, all his attempts failed. 

F. Paulet seems to have been one of the most persistent, with 

twelve submissions to the Academy of Sciences of Paris, spanning 

the years 1841 to 1862, but not bringing any progress to the investi- 

gation. 
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With only a few exceptions, we do not mention wrong solutions 

published by the authors as independent books or brochures; some 

of these have been listed by Fleck and Maennchen (1908-1912), Mi- 

rimanoff (1909), and Perron (1916). Instead, we concentrate only on 
the intended, but failed solutions, published in mathematical jour- 

nals or proceedings of conferences. 

First, we give a selection of books or papers containing references 

to wrong proofs. This is followed by a list of wrong papers, including 

an indication of where the mistake is discussed. 

I. Papers or Books Containing Lists of Wrong Proofs 

1908 Hoffmann, F., Der Satz vom Fermat. Sein seit dem Jahr 

1658 gesuchter Beweis, J. Singer, Strasbourg, 1908. 

1909 Lampe, E., Jahrbuch Fortschritte Math., 40 (1909), 258- 
261. 

1909/10/11/12/16 Fleck, A. and Maennchen, A., Vermeintliche 
Beweise des Fermatschen Satzes, Arch. Math. Phys., (3), 

ue (1909), 284-286, 370-372; 
5 (1909), 108-111; 
6 (1910), 105-109 and 372-375; 
7 (1911), 108-109 and 370-374; 
8 (1912), 105-109 and 204-206: 
ze (1916), 267-268. 

1910 Lind, B., Uber das letzte Fermatsche Theorem, Abh. Gesch- 

ichte Math. Wiss., 26 (1910), 23-65. 
1920 Dickson, L.E., History of the Theory of Numbers, Vol. II, 

Carnegie Institution, Washington, DC, 1920; reprinted by 

Chelsea, New York, 1971. 

1973 Besenfelder, H.J.,! Das Fermat-Problem, Diplomarbeit, Uni- 

versitat Karlsruhe, 1973, 61 pp. 

II. Wrong Proofs in Papers 

1810 Barlow, P., Demonstration of a curious numerical proposi- 

tion, J. Nat. Phil. Chem. Arts, 27 (1810), 193-205. 

"His family name has changed from “Besenfelder” to “Bentz” since Au- 
gust 1979. 

This paper uses an incorrect result of Kapferer (1933). 
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TABLE 8. Wrong proofs. 

| Year Author | Mistake Pointed Out by Year 
1810, | Barlow Smith + 1860 
1811 Talbot 1864 
1845 Drach Dickson, p. 738 1820 
1847 Lamé Liouville 1847 

Kummer 1847 

Dickson, pp. 739/40 1920 
1855 Calzolari Lind, p. 48 1910 
/57/64 Dickson, pp. 743, 744, 746 1920 
1864 Gaudin Dickson, p. 746 1920 

1890 Lefébure Pepin 1880 

1889 Varisco Landsberg 1890 

Dickson, p. 754 1920 

1893 Korneck Picard and Poincaré 1894 

Dickson, p. 756 1920 

1901/ Lindemann Fleck and Maennchen 1909 
1907/ Furtwangler, Fleck 1909 
1909 Ivanov 1910 

Dickson, pp. 759, 762 1920 

1908 Werebrusow Dickson, Worms de Romilly, 1908 

Duran-Loriga, Curjel 

Dickson, p. 762 1920 

1910 Lind Fleck 1910 

Dickson, p. 760 1920 

1913 Fabry Mirimanoff 1913 

1955 Becker, W. W. | Eggan 1981 

1956 Fraga Torrején | Rodeja, F. 1956 

1957 Villasenor, Z. | Math. Rev., 19 (1958), No. 251f | 1958 
1957 Noguera Math. Rev., 19 (1958), No. 16e | 1958 

Barreneche | Math. Rev., 20 (1959), No. 1658 | 1959 
1958/9 | Draeger Morishima 1960 
1958/73 | Yahya? Gandhi and Stuff 1975 
1973/77 Inkeri 1984 

1966 Sarantopoulos | Garrison 1967 

1978 Zinoviev Kreisel 1978 

1979 Clarke and Oral communication by 1983 

Shannon J. H. Ursell 

1980 Maggu Eggan 1980 

1980 Lallu-Singh Yamaguchi ‘| 1982 
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1811 

1845 

1847 

1847 

1847 

1847 

1847 

1847 

1847 

1855 

1857 

1860 

1864 

1864 

1864 

Barlow, P., An Elementary Investigation of Theory of Num- 

bers, pp. 160-169, J. Johnson, St. Paul’s Church- Yard, Lon- 

don, 1811. 
Drach, S.M., Proof of Fermat’s undemonstrated theorem that 

x” + y”" = 2” is only possible in whole numbers when n = 1 

or 2, Phil. Mag., 27 (1845), 286-289. 

Lamé, G., Mémoire sur la résolution en nombres complexes 

de l’équation A” + B" + C” = 0, J. Math. Pures Appl., 12 

(1847), 172-184. 
Lamé, G., Démonstration générale du théoréme de Fermat 

sur lV’impossibilité en nombres entiers de l’équation x” + y" = 

ze CR. Acad, sci. Paris, 24°(1847), 10-314. 

Lamé, G., Note au sujet de la démonstration du théoréme de 

Fermat, C. R. Acad. Sci. Paris, 24 (1847), 352. 

Lamé, G., Second mémoire sur le dernier théoréme de Fer- 

mat, C. R. Acad. Sci. Paris, 24 (1847), 569-572. 
Lamé, G., Troisiéme mémoire sur le dernier théoréme de 

Fermat, C. R. Acad. Sci. Paris, 24 (1847), 888. 
Kummer, E. E., Extrait d’une lettre de M. Kummer a M. 

Liouville, J. Math. Pures Appl., 12 (1847), 136; reprinted 

in Collected Papers, Vol. I, p. 298. Springer-Verlag, Berlin, 

1975. 

Liouville, J., Remarques a l’occasion d’une communication 

de M. Lamé sur un théoreme de Fermat, C. R. Acad. Sci. 

Paris, 24 (1847), 315-316. 

Calzolari, L., Tentativo per dimostrare il teorema di Fermat 

sull’equazione indeterminata x” + y” = z”, Ferrara, 1855. 

Calzolari, L., Dimostrazione dell’ultimo teorema di Fermat, 

Annali Sci. Mat. B. Tortolini, 8 (1857), 339-349. 
Smith, H.J.S., Report on the Theory of Numbers, Part II, 

Art. 61, “Application to the Last Theorem of Fermat”, Col- 

lected Math. Papers, Vol. I, 1894, pp. 131-137 Clarendon 

Press, Oxford, 1894; reprinted by Chelsea, New York, 1965. 

Calzolari, L., Impossibilita in numeri interi dell’equazione 

2” =2"+y" quando n> 2, Ann. Mat., 6 (1864), 280-286. 
Gaudin, A., Impossibilité de l’équation (x + h)” — 2” = 2”, 
C. R. Acad. Sci. Paris, 59 (1864), 1036-1038. 
Talbot, W.H.F., On the theory of numbers, Trans. Roy. Soc. 

Edinburgh, 23 (1864), 45-52. 
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1880 

1889 

1890 

1893 

1893 

1894 

1901 

1907 

1908 

1908 

1908 

1908 

1908 

1909 

1909 
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Lefébure, A., Sur la résolution de l’équation x" y= 2” en 
nombres entiers, C. R. Acad. Sci. Paris, 90 (1880), 1406- 
1407. 

Pepin, T., Sur diverses tentatives de démonstration du théo- 
reme de Fermat, C. R. Acad. Sci. Paris, 91 (1880), 366-367. 
Varisco, D., Ricerche aritmetiche contenente la dimostrazione 
generale del teorema di Fermat, Giorn. Mat., 27 (1889), 371— 
380. 

Landsberg, O., Lettera al redattore, Giorn. Mat., 28 (1890), 
52. 

Korneck, G., Beweis des Fermatschen Satzes von der Unmég- 

lichkeit der Gleichung x" + y” = 2" fiir rationale Zahlen und 

n > 2, Arch. Math. Phys., (2), 13 (1893), 1-9. 

Korneck, G., Nachtrag zum Beweis des Fermatschen Satzes, 

Arch. Math. Phys., (2), 13 (1893), 263-267. 

Picard, E. and Poincaré, H., Rapport verbal sur les articles 

de M. G. Korneck, C. R. Acad. Sci. Paris, 118 (1894), 841. 

Lindemann, F., Uber den Fermatschen Satz betreffend die 

Unmdglichkeit der Gleichung x” = y” + 2", Sitzungsber. 

Akad. Wiss. Miinchen, Math., 31 (1901), 185-202; corri- 

genda, p. 495. 
Lindemann, F., Uber das sogenannte letzte Fermatsche Theo- 

rem, Sitzungsber. Akad. Wiss. Miinchen, Math., 37 (1907), 

287-352. 
Dickson, L. E., Dernier théoréme de Fermat, L’Interm. Math. 

5 (1908), 174. 
Curjel, H. W., Dernier théoréme de Fermat (Question 612 

de Worms de Romilly), L’Interm. Math., 15 (1908), 247. 
Duran-Loriga, J. J., Sur le dernier théoréme de Fermat (Ré- 

ponse de M. Werebrusow), L’Interm. Math., 15 (1908), 177. 

Werebrusow, A. S., Impossibilité de l’Equation x” = y” + 2” 

(Question 612 de Worms de Romilly), L’Interm. Math., 15 

(1908), 79-81. 

Worms de Romilly, A. S., Le dernier théoréme de Fermat, 

L’Interm. Math., 15 (1908), a Ne 
Lindemann, F., ther den sogenannten letzten Fermatschen 

Satz, Veit, einai 1909, 83 pp. 

Fleck, A. and Maennchen, A.: See in List I. 

1909 Furtwangler, P., Review of Lindemann’s “Uber den sogenan- 
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1910 

1910 

1913 

1913 

1920 

1933 

1956 

1956 

1957 

1957 

1957 

1958 
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nten letzten Fermatschen Satz,” Jahrbuch Fortschritte Math., 

40 (1909), 258. 
Ivanov, L.I., Uber den von Prof. F. Lindemann vorgeschlage- 

nen Beweis des Fermatschen Satzes (Brief an die Redaktion), 
Jahrbuch Fortschritte Math., 41 (1910), 238. 
Lind, B.: See in List I. 

Fabry, E., Un essai de démonstration du théoreme de Fermat, 

C. R. Acad. Sci. Paris, 156 (1913), 1814-1816. 

Mirimanoff, D., Remarque sur une communication de M. 

Eugéne Fabry, C. R. Acad. Sci. Paris, 157 (1913), 491-492. 

Dickson, L.E., See in List I. 

Kapferer, H., Uber die diophantischen Gleichungen z3 — y? = 
33.20? und deren Abhdngigkeit von der Fermatschen Ver- 
mutung, Heidelberger Akad., Math. Naturwiss. Klasse, Abh., 

2 (1933), 32-37. 

Fraga Torrejoén, E. de, Note on Fermat’s last theorem, Las 

Ciéncias, 21 (1956), 5-13. 
Rodeja, F., E.G., On Fermat’s last theorem, Las Ciéncias, 21 

(1956), 382-383. 

Noguera Barreneche, R., Soluci6n general de la ecuacion alge- 

braico-exponencial X” + Y” = Z”, Studia Rev. Univ. At- 

lantico, 2 (1957), 119-126. 

Noguera Barreneche, R., Historically the first proof incon- 

trovertible, complete and universal of the grand theorem of 

Fermat, with the Davidic algebra of the “principle of the am- 

ateurs” in mathematical investigation (in Spanish), Studia 
Rev. Univ. Atlantico, 2 (1957), 199-209. 
Villasenor Z., F., El celebre teorema de Fermat y su demon- 

stracion, Mexico, 1957, 127 pp. 

Yahya, Q.A.M.M., Complete proof of Fermat’s last theorem, 

Author’s publication, Pakistan Air Force, Kohat, Pakistan, 

1958, 14 pp. 

1958/9 Draeger, M., Das Fermat-Problem, Wiss. Z. Techn. Hoch- 

1960 

1966 

19th 

sch. Dresden, 8 (1958/9), 941-946. 

Morishima, T., Review of the paper by Draeger “Das Fermat- 

Problem,” Math. Rev., 23 (1960), A2375. 
Sarantopoulos, S., Du premier cas du théoréme de Fermat. 

Bull. Soc. Math. Gréce (N.S.), 10 (1966), 76-115. 
Garrison, B., Review of the above paper by Sarantopoulos 
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(with a remark by E.G. Straus), Math. Rev., 42 (1971), No. 
4483. 

1973 Yahya, Q.A.M.M., On general proof of Fermat’s last theorem, 
Portugal. Math., 32 (1973), 157-170. 

1975 Gandhi, J.M. and Stuff, M., Comments on ceriain results 
about Fermat’s last theorem, Notices Amer. Math. Soc., 22 
(1975), A-502. 

1978 Kreisel, G., Letter to Ribenboim (6 June 1978). Atlantis 
Hotel, Zurich. 

1979 Clarke, J.H. and Shannon, A.G., Some observations on Fer- 

mat’s last theorem, New Zealand Math. Mag., 16 (1979), 
80-83. 

1979 Zinoviev, A. A., Complete (rigorous) induction and Fermat’s 

great theorem (with a report by G. Kreisel), Logique et Anal., 

22 (1979), no. 87, 243-263. 

1980 Maggu, P.L., On the proof of Fermat’s last theorem, Pure 

Appl. Math. Sci., 12 (1980), 1-9. 
1981 Eggan, L.C., Review of the above paper by Maggu, Math. 

Rev., 81g (1981), No. 10032. 

1984 Inkeri, K., On certain equivalent statements for Fermat’s last 

theorem — with requisite corrections, Ann. Univ. Turku., 

Ser. AI, 186 (1984) 12-22; reprinted in Collected Papers 
of Kustaa Inkeri (editor, P. Ribenboim), Queen’s Papers in 

Pure and Applied Mathematics, Vol. 91, Kingston, Ontario, 

1992. 

III. Insufficient Attempts 

We add to the above list some publications involving methods which 

are clearly insufficient to solve the problem. 

1951 Natucci, A., Osservazioni sul problema di Fermat, Bull. Un. 

Mat. Ital., (3), 6 (1951), 245-248. 
1953 Natucci, A., Ricerche sistematiche sull’ultimo teorema di Fer- 

mat, Giorn. Mat., (5), 1(81) (1953), 171-179. 

1975 Peiulescu, V., Teorema lui Fermat, Ed. Litera, Bucuresti, 

1975, 86 pp. 

1976 Yahya, Q.A.M.M., On general proof of Fermat’s last theorem— 

epilogue, Portugal. Math., 35 (1976), 9-15. 



388 Appendix A. References to Wrong Proofs 

1977 Yahya, Q.A.M.M., Fermat’s last theorem—a topological ver- 

ification, Portugal. Math., 36 (1977), 25-31. 
1979 De Fermate, J.F. (pseudonym of Guillotte, G.), A Famous 

Problem in Number Theory of the First Kind Dating from 

1687: x? +y? = z?,p > 2, Cowansville Printing, Cowansville, 

Quebec; Vol. I, 1979, 22 pp.; Vol. II, 1980, 8 pp. 

1980 Singh, L., The general proof of Fermat’s last theorem, J. In- 

dian Acad. Math., 2 (1980), 43-50. 

There have also been quite a number of mistakes in papers re- 

lated to Fermat’s last theorem, aiming to establish partial results, 

necessary conditions, etc. We have referred to these errors at the 

appropriate place in the text. 
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General Bibliography 

I. The Works of Fermat 

After Fermat’s death, his collected papers were published under the 

supervision of his son Samuel de Fermat. 

1679 Varia Opera Mathematica, D. Petri de Fermat, Sen- 

atoris Tolosani. Tolosae, Apud Joannem Pec, Comi- 

tiorum Fuzensium Typographum justa Collegium P 

P. Societatis JESU. 

These books were reprinted in four volumes and a supplement: 

1891, 1894, Oeuvres de Pierre de Fermat, 

1896, 1912, Publiées par les soins de MM. Paul Tannery et 

1922 Charles Henry. Gauthier-Villars, Paris. 

Among the letters of Fermat, the following ones are relevant to the 

subject of this book: 

1636, April 26 Lettre 4 Mersenne,! Correspondance du Pére Marin 

Mersenne, Vol. 6, p. 50. Commencée par Mme. 

Paul Tannery, publiée et annotée par Cornelis de 

Waard. Ed. du C.N.R.S, Paris, 1962. 

' According to Itard (1948) the actual date of this letter is June 1638; it 

has appeared with this date in Mersenne’s Correspondence. 
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1636, 

1636, 

1638, 

1640, 

1654, 

1657, 
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Sept. Lettre 4 Mersenne [pour Sainte-Croix]. Oeuvres de 
Fermat, Vol. III, pp. 286-292. 

Nov. 4 Lettre 4 Roberval. Oeuvres de Fermat, Vol. II, p. 

83. 
beg. June Lettre & Mersenne. Correspondance du Pere 

Marin Mersenne, Vol. 7, pp. 272-283. Commencée 

par Mme. Paul Tannery, publiée et annotée par 

Cornelis de Waard. Ed. du C.N.R.S, Paris, 1962. 

May (?) Lettre 4 Mersenne. Oeuvres de Fermat, Vol. II, pp. 

194-195. 

Aug. 29 Lettre a Pascal. Oeuvres de Fermat, Vol. II, pp. 

307-310: 

Aug. 15 Lettre 4 Kenelm Digby. Oeuvres de Fermat, Vol. 

I, pp. 342-346. 

II. Books Primarily on Fermat 

1910 

SND 

1927 

1961 

1966 

1972 

197¢ 

1979 

Lind, B., Uber das letzte Fermatsche Theorem, Abh. Gesch- 

ichte Math. Wiss., no. 26, 1910, pp. 23-65. 

Bachmann, P., Das Fermatproblem in seiner bisherigen Ent- 

wicklung, W. de Gruyter, Berlin, 1919; reprinted by Springer- 

Verlag, Berlin, 1976. 

Khinchin, A.I., Velikai Teorema Ferma (The Great Theorem 

of Fermat), Moskau-Leningrad, Staatsverlag, Vol. 76, 1927. 

Bell, E.T., The Last Problem, Simon & Schuster, New York, 

1961. 

Nogues, R., Théoréme de Fermat, son Histoire, A. Blan- 

chard, Paris, 1966. 

Mahoney, M.S., The Mathematical Career of Pierre de Fer- 

mat, 1601-1665, Princeton University Press, Princeton, NJ, 
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